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Abstract

In this paper, we have modeled the dynamics of an election process in the case of the
transformation of bipartisan (the ruling party and one opposition party) election into three-party (ruling
and two opposition parties) election during the inter-election period. Special case is considered.

In the particular case, with the zero demographic factor of all three political parties, and also with
some relation between the variable coefficients of the model in the time segment [0, T4] and the
constancy of the model coefficients in the time interval (T, T), exact analytic solutions are found.

For computer modeling of the process of transformation of bipartisan elections into three-party, in
general, the model coefficients are taken as variable time functions. Also, the process of the appearance
of a new party in the period between two elections (in many countries this period is T = 4 years = 1460
days) is considered after 400, 800 and 1200 days from the date of previous elections. To analyze the
results obtained, the case T1 = 400 days is taken. It should be specially noted that with some selection of
the variable coefficients of the model (for example, when the coefficient of attracting supporters for the
emerging second opposition party significantly exceeds the coefficients of attracting the other two
parties), in the time interval (T, T) there is an effect of an increase and a subsequent decrease in the
number of supporters of the first opposition and the ruling party, i.e. the functions have a stationary
points.

AHHOTanus

B omou cmamve Mmbl MOOenuposanu OuHAMUKY U30UpamenvbHO20 npoyecca 8 Caydae
mpancgopmayuy 08yXnapmuiiHou (npassueti napmuu 1 O0OHOU ONNO3UYUOHHOU NAPMUU) 6blOOPOE 6
mpexcmoponnue (npassuue 1 08e ONNO3UYUOHHbIE NAPMUL) 8bIO0PBL 8 MENCELLOOPHBIU NEPUOO.

B uacmnom cnyuae c nynesvim demozcpaguueckum Gaxmopom ecex mpex noiumudeckux napmui,
a maxoice ¢ HeKOMopou 3A6UCUMOCTNBIO MENCOY NePEeMEHHbIMU KOID@uyueHmamu mMooenu 8 ceemenme
spemenu [0, T1] u nocmosncmeom ko3guyuenmos mooenu 8o epemennom unmepsane (11, T) HatideHsi
MOYHbIE AHATUMUYECKUE PeUEHUsL.

Jist komMnvlomepHo2o MOOeIuposanust npoyecca mpanchopmayuy O8yXnapmuiHblx 8bloopos 6
mpexnapmuiinvie, 6 00ujemM, K0IDPuyUeHmbl MOOeIU NPUHUMAIOMCS KAK NePEeMEHHble (DYHKYUU DEMEHU.
Kpome mozo, npoyecc nosignenust HO8oU napmuu 8 NepUod MexNcoy 08yMst 8blOOPAMU (80 MHO2UX CIPAHAX
amom nepuoo cocmagisiem T = 4 200a = 1460 oneir) paccmampusaemcs nocae 400, 800 u 1200 oueii ¢
oamul npedvloyuux 8blo0pos. [l anaiu3a noayyeHuvix pe3yiomamos ovin 63am cayuai T1 = 400 Owueil.
Credyem 0cobo ommemumv, YmMo npu HEKOMOPOM 6blOOpe NepeMeHHbiX Kod(d@uyuenmos mooenu
(Hanpumep, Koz0a KoOIphuyuenm npumsadNiCeHUs CMOPOHHUKOB 0N HOBOU 6MOPOU ONNOZUYUOHHOU
napmuy 3HAYUMeNbHO Npesblutden KoID uyuenmol NPUMSIICEHUs: 08yX Opyeux Cmopow), 8 uHmepeaae
spemenu (T1, T) nabmooaemcs s3¢pghexm ysenuuenus u nociedyroweco ymMenbulenus Yucia CmopoHHUKO8
nepeotl ONNO3UYUY U NPAGSUell Napmuu, M. e. PYHKYUU UMEIOm CMAYUOHAPHbIE MOYKU.

Introduction

Mathematical and computer modeling has been widely recognized in such disciplines as
sociology, economics, history, political science and others [1,2]. Of great interest is
mathematical modeling of political elections. Many scientists deal with this topic. In most cases,
stochastic models of political elections are proposed, which involve an analysis of the statistics
of elections already held [3,4]. Extremely important is the creation of a mathematical model,
which would give an opportunity to define the dynamics of change in the number of supporters
of different political subjects during the election period and a possible forecast of the election
results. In [5] is proposed the nonlinear mathematical model with variable coefficients in the
case of three-party elections, that describes the dynamics of the quantitative change of the votes

113



MareMaTH4YHe MOAEJTIOBAHHSA

of the progovernment and two opposition parties from election to election. In the particular case
obtained exact analytical solutions.

1. General mathematical model of transformation of two-party elections to three-party
elections

We will consider the general mathematical model of transformation of two-party elections
to three-party elections, from the accounting of demographic factor of elections which we have
an appearance:

d“f;t(‘) — (@ 1)~ )N, (N, (1) + (2 (0) - s )N, ON 0)— Fy (N, (0.) + 74 ON, 1)
N, (1)

dt :(az(t)_al(t))Nl(t)Nz(t)+(az(t)_as(t))Nz(t)Ns(t)_Fz(Nz(t):t)+72(t)N2(t) (1.2)
N, (1)

dt :(aa(t)_al(t))Nl(t)Ns(t)"'(aa(t)_az(t))Nz(t)Na(t)+F1(N1lt)+Fz(szt)+73(t)N3(t)
te(0,T],

Nl(O) = Nlo, NZ(O) =0, N3(0) = Nso' N30 > N10 1.2)

N,(t)=0, F,(N,(t),t)=0,t€[0,T,), T, <T N,(T,)=N,, >0
In this nonlinear mathematical model(1.1), (1.2) all coefficients are variables and demographic
factors are taken into consideration. Equations (1.1) is defined in the interval te(0,T], and

initial conditions (of Cauchy)t =0 moment of time. We look for the solution of the Cauchy
problemon the segment te[0,T] in the class of continuous differentiable functions

N, (t), N, (t), N,[t] € C*[0,T]. In anonlinear system of differential equations (1.1):
N, (t), N, (t),N,(t) —are the numbers of supports of two opposition and one ruling party
N, (t) at time t; t =0 - is the time of previous elections, when one of the parties N,(t) won the

elections and became the ruling party: t=T —js the time of the following elections (in many
cases T= 4 years or 1460 days); t = T,(0<T, <T) - time-point, when to political arena there is

the second opposition party ; «; (t), &, (t), a5 (t) - are the coefficients of attracting votes bythe

first and second opposition party and the ruling party at time t. They largely depend on the
action programs, as well as financial, technological and informational capacities of the political

parties; F,(N,(t),t), F,(N,(t),t) - are the continuous positive functions, that define the scale
of used administrative resources; y,(t),7,(t),7,(t) - are the coefficients that describe
demographic changes of the parties.

2.A special case with zero demographic factor and variable coefficient of elections

We will consider a special case when the functions characterizing use of administrative
resources are linear concerning the first variables, demographic factors of elections of all three
parties are equal to zero

Fl(Nl(t)1t) = ®) N, (t), F, (Nl(t)! t) = B, (N 2 (t), (2.1)
Taking into account (2.1), (1.1) and (1.2) will correspond in the following look
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FLO (0, () — s N ON, O = £ ONO + 7 ON,©
2.2)
T (0,0~ OINLON O + A ONL O +75ON )

te (O’Tl] Nl(o) = NlO’ N3(0) = Nso' Nso > NlO

% = (0{11 (t) —0y (t)) Nl(t) Ns (t) + (0(11 (t) ) (t)) Nl(t) N 2 (t) - ﬁn (t) N1 (t) N (t) N 1(t)

Ll 0+, ONLON, 0+ (@0 - ONONL0O- LON O +72ON-(0

B~ 0 OO0 (s + s ONON 0+ B ON )+ B OO+ 5 ON0

te (Tl’T] Nl(Tl) = N11’ NZ(Tl) = Nzo >0, N3(T1) = N31 (2.3)

Thus, we get the two Cauchy problem (2.2), (2.3).
Consider the case, when

n®=r,0)=y,t)=0 te[0,,T] (2.4)
Then the exact solution of the Cauchy problem (2.3) has the form

(@ ~a5)e = fy Ny, exp {[(an —ay)C— Bul(t- Tl)}
oy — g + Pla, —ay)

(@ =0)C =P\ expfiay, —am)e— Ful(t-T}- Ny,
ay —ay + pla, —ay) (2.5)

N1(t) =

N, (t) = pN,(t)

N3(®) =c—(p+DN, (1)

te[l,T]

3. Computer modeling

For the computer simulation of the process of transforming bipartisan elections into three-
party elections in the general case (1.1), the model coefficients are taken as variable time
functions. The process of entering the new opposition party's political arena in the period
between the two elections for definiteness was considered after 400, 800 and 1200 days from
the date of the previous elections. For a specific numerical count, the coefficients of the model
are taken as exponentially increasing functions, although in the sequel can be considered other
cases. For clarity, with a numerical calculation, the number of voters was chosen by the example
of two countries - Georgia and Australia. It should be specially noted that with some selection
of the variable coefficients of the model (for example, when the coefficient of attracting
supporters for the emerging second opposition party significantly exceeds the coefficients of
attracting the other two parties), in the time interval (T4, T) there is an effect of an increase and
a subsequent decrease in the number of supporters of the first opposition and the ruling party,
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i.e. the functions N; (t) and Ns (t), te (T1, T), have a stationary point t* e (T,,T), where
N, (t") =0 and stationary point t™ € (T;,T), where N, (t™)=0 (Fig. 1).

Conclusions

The paper considers a nonlinear mathematical model of the transition of bipartisan
elections to three-party elections, when in the period between elections to the political arena the
second opposition party stands. In the case, with the zero demographic factor of all three
batches, and also with some relation between the variable coefficients of the model in the
segment [0, T,] and the constancy of the model coefficients in the interval (T,,T), exact

solutions are found. In the case of variability of all coefficients of the model, numerous
computer calculations are performed, in which, depending on the choice of variable coefficients
and initial data, different election results are obtained. The results of the numerical account can
be used by both the ruling and opposition parties to achieve their goals.
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