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Abstract

A local automorphism of the semigroup S is de�ned as an isomorphism between

its two subsemigroups. The set of all local automorphisms of the semigroup S relati-

ve to the operation of composition forms an inverse monoid of local automorphi-

sms. In the current theses we present some properties of the inverse monoid of local

automorphisms of the quaternion group.
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Íàïiâãðóïà íàçèâà¹òüñÿ iíâåðñíîþ, ÿêùî äëÿ áóäü-ÿêîãî åëåìåíòà x ∈ S
iñíó¹ ¹äèíèé åëåìåíò x−1 ∈ S òàêèé, ùî xx−1x = x i x−1xx−1 = x−1. Âiäîìî
(äèâ. ÊËèôîðä Ïðåñòîí), ùî íàïiâãðóïà S ¹ iíâåðñíîþ òîäi i ëèøå òîäi, êîëè
êîæíèé ¨¨ åëåìåíò ¹ ðåãóëÿðíèì i áóäü-ÿêi äâà iäåìïîòåíòè êîìóòóþòü. Äàëi,
íåõàé C � äîâiëüíà ìàòåìàòè÷íà ñòðóêòóðà. Içîìîðôiçì ìiæ äâîìà ïiäñòðó-
êòóðàìè A ∈ Sub(C) i B ∈ Sub(C) íàçèâàþòü ëîêàëüíèì àâòîìîðôiçìîì
ìàòåìàòè÷íî¨ ñòðóêòóðè C. Ìíîæèíà âñiõ ëîêàëüíèõ àâòîìîðôiçìiâ ñòðó-
êòóðè C âiäíîñíî çâè÷àéíî¨ îïåðàöi¨ êîìïîçèöi¨ áiíàðíèõ âiäíîøåíü óòâîðþ¹
iíâåðñíèé ìîíî¨ä ëîêàëüíèõ àâòîìîðôiçìiâ ìàòåìàòè÷íî¨ ñòðóêòóðè C i ïî-
çíà÷à¹òüñÿ ÷åðåç LAut(C). Âiäîìî, ùî àâòîìîðôiçì ìàòåìàòè÷íî¨ ñòðóêòóðè
C âèçíà÷à¹ ãëîáàëüíó ñèìåòðiþ öi¹¨ ñòðóêòóðè. Äî òîãî æ ìíîæèíà âñiõ àâ-
òîìîðôiçìiâ âiäíîñíî êîìïîçèöi¨ óòâîðþ¹ ãðóïó àâòîìîðôiçìiâ (ãëîáàëüíèõ
ñèìåòðié) ìàòåìàòè÷íî¨ ñòðóêòóðè C. Öÿ ãðóïà ïîçíà÷à¹òüñÿ ÷åðåç Aut(C).
Ìîæíà ñòâåðäæóâàòè, ùî îñíîâíèì äæåðåëîì ãðóï ¹ ãðóïè àâòîìîðôiçìiâ
òèõ ÷è iíøèõ ìàòåìàòè÷íèõ ñòðóêòóð. Àíàëîãi÷íî, îñíîâíèì äæåðåëîì ií-
âåðñíèõ ìîíî¨äiâ ¹ iíâåðñíi ìîíî¨äè ëîêàëüíèõ àâòîìîðôiçìiâ (ëîêàëüíèõ
ñèìåòðié) ìàòåìàòè÷íèõ ñòðóêòóð. Çíàõîäæåííÿ âñiõ ãëîáàëüíèõ ñèìåòðié i
âèâ÷åííÿ âëàñòèâîñòåé âiäïîâiäíî¨ ãðóïè àâòîìîðôiçìiâ ìàòåìàòè÷íî¨ ñòðó-
êòóðè C ¹ êëàñè÷íîþ i àêòóàëüíîþ ïðîáëåìîþ. Àíàëîãi÷íî, çíàõîäæåííÿ âñiõ
ëîêàëüíèõ àâòîìîðôiçìiâ i âèâ÷åííÿ ñòðóêòóðè iíâåðñíîãî ìîíî¨äà LAut(C)
¹ àêòóàëüíîþ çàäà÷åþ â òåîði¨ iíâåðñíèõ íàïiâãðóï.

Â ïðîïîíîâàíèõ íîòàòêàõ ìè ðîçãëÿäà¹ìî ìiíiàòþðíó êîíñòðóêöiþ, à ñà-
ìå � iíâåðñíèé ìîíî¨ä LAut(Q8) ëîêàëüíèõ àâòîìîðôiçìiâ ãðóïè êâàòåðíiîíiâ
Q8. Çîêðåìà ìè îá÷èñëþ¹ìî êiëüêiñòü åëåìåíòiâ íàïiâãðóïè LAut(Q8), äîâî-
äèìî, ùî iíâåðñíèé ìîíî¨ä LAut(Q8) ¹ ïîäiëüíèì (factorisable). Öiëà íèçêà
iíøèõ âëàñòèâîñòåé ìîíî¨äà LAut(Q8) âèïëèâà¹ ç áiëüø çàãàëüíèõ ðåçóëüòà-
òiâ ( äèâ Äåðå÷).
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1. Îçíà÷åííÿ. Òåðìiíîëîãiÿ. Ôîðìóëþâàííÿ ïîòðiáíèõ ðåçóëüòà-

òiâ.

The group Q8 = {1,−1, i,−i, j,−j, k,−k} in which multiplication is speci�ed
by the rule i2 = j2 = k2 = −1, ij = k, ji = −k, jk = i, kj = −i, ki = j, ik = −j
is called a quaternion group. It is well known (see, for example, [11]) that
the group of quaternions is the smallest (in terms of the number of elements)
non-commutative group in which each subgroup is normal.

A semigroup S is called structurally uniform if any two its subsemigroups of
the same height in the lattice Sub(S) are isomorphic. It is known (see [6], Theorem
1) that a �nite semigroup is structurally uniform if and only if the set of ideals of
the inverse monoid LAut(S) is linearly ordered by inclusion.

An inverse monoid S is called factorizable if S = GE; where G and E are,
respectively, a group of invertible elements and a semilattice of idempotents of
the monoid S. It is known that an inverse monoid is factorizable if and only if,
for any element x there exists an element g ∈ G such that x ≤ g.

Let S = (S, ·) be an arbitrary semigroup. We �x an element a ∈ S and de�ne
a new operation ∗a on S by the rule x ∗a y = x · a · y. It is easy to see that the
operation ∗a is associative. The semigroup (S, ∗a) is called a variant of semigroup
(S, ·).

2. Some propositions

Proposition 1. |LAut(Q8)| = 44.

Proposition 2. The inverse monoid LAut(Q8) is factorizable.

Proposition 3 (see [7], Theorem 1). The ideals of LAut(Q8) form a chain with

respect to containment.

Proposition 4 (äèâ. [6], òåîðåìà 1). Let α, β ∈ LAut(Q8). The variants (S, ∗α)
and (S, ∗β) are isomorphic if and only if rank(α) = rank(β) .

In the proposed note, we consider a miniature construction, namely, the inverse
monoid LAut(Q8) of local automorphisms of the quaternion group. In particular,
we calculate the number of elements of the semigroup LAut(Q8), prove that the
inverse monoid LAut(Q8) is factorizable. A number of other properties of the
monoid LAut(Q8) follow from more general results (see Derech).
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