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THE INVERSE MONOID OF LOCAL AUTOMORPHISMS OF
THE QUATERNION GROUP

Abstract

A local automorphism of the semigroup S is defined as an isomorphism between
its two subsemigroups. The set of all local automorphisms of the semigroup S relati-
ve to the operation of composition forms an inverse monoid of local automorphi-
sms. In the current theses we present some properties of the inverse monoid of local
automorphisms of the quaternion group.
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Hamnisrpyma Ha3suBaeTbCs 1HBEPCHOIO, SAKINO JIJIsi OY/b-sIKOTO ejeMeHTa x € S
icHye enunuii ejement x~ ' € S raxkuii, mo rr 'x = x i v 'zx ! = 1. Bigomo
(muB. KJIudops Ipecron), mo HamiBrpyna S € iHBEpCHOO TOJI 1 JIAIIE TO, KOJIH
KOYKHUIA 1T €JIEMEHT € peryJjisipHuM i OyJib-s1Ki JIBa 1JIeMIIOTEHTH KOMYTYIOTh. JlaJi,
Hexaii C' — JI0OBIJIbHA MaTeMaTUUIHa CTPYKTypa. [3oMopdizm MiXK JIBOMA MiICTPY-
krypamn A € Sub(C) i B € Sub(C') nazmBaiorh JOKaJILHUM aBTOMOP(dI3MOM
maremaTudHol crpykrypu C. MHOXKWHA BCIX JIOKAJbHUX aBTOMOP(DI3ZMIB CTPY-
kTypu C' BiJHOCHO 3BHYaiHOI oeparliil KOMIIO3uIIil OiHapHUX BiJIHOLIEHb YTBOPIOE
IHBEPCHUI MOHOIJI JIOKAJIbHUX aBTOMOPQI3MIB MaTeMaTndHol crpykrypu C' 1 1o-
sHadaeThest epe3 LAut(C). Bigomo, 1o aBroMopdism MareMaTuaHOl CTPYKTYPH
C BusHagae 1/100aJIbHY CUMETPifo 1€l cTpykTypu. Jlo TOTO »K MHOXKHHA BCIX aB-
TOMOPMI3MIB BITHOCHO KOMIIO3HUIIT YTBOPIOE TPYIY aBTOMOPMI3MIB (r1obaabHuX
cumerpiit) maremarnanol crpykrypu C. st rpyna nosnauaersest depes Aut(C).
MoxkHna creepjiKyBaTu, 1110 OCHOBHUM JI2KEPEJIOM I'DYIl € I'Pyliu aBTOMOP(dIi3MiB
TUX 9 IHIIAX MaTeMaTHIHKX CTPYKTYp. AHAJOrIIHO, OCHOBHUM J?KEPEJIOM iH-
BEPCHUX MOHOIJIB € IHBEPCHI MOHOTIM JIOKAJIbHUX aBTOMOPMI3MIB (JIOKAJIBHUX
CHMETPIiil) MaTeMaTHIHUX CTPYKTYD. SHAXO/KEHHS BCIX TIOOAJIbHUX CHMETPIil i
BUBYEHHs BJIACTUBOCTEN BIJIIOBIJIHOT I'PYIU aBTOMOP(]I3MIB MaTeMaTudHOl CTPY-
kTypu C' € KIaCHIHOIO 1 aKTYaJILHOI0 Tpo01eMot0. AHAIOTIYHO, 3HAXOXKEHHS BCIX
JIOKAJBHIX aBTOMOP(DI3MIB 1 BUBUYeHHsT ¢TPYKTYpH iHBepcHOro mouoiga LAut(C)
€ aKTYyaJIbHOIO 33J/1a4€i0 B TeOPll IHBEPCHUX HAIIBIPYIL.

B npononoBannx HOTaTKax MH PO3IJVISIIA€MO MIHIATIOPHY KOHCTPYKITIO, a Ca-
me — inBepcuuii Mmonoiy LAut((Qg) sokaibaux aBroMopdiamiB rpyliu KBaTepHIOHIB
(Q)s. Bokpema MU 06IMCITIOEMO KITbKICTh estemenTiB Hamsrpynu LAut(Qg), 10Bo-
aumo, 1o iuBepcrunii Monoin LAut(Q)s) € mopinpuum (factorisable). Hina nuska
inmux BiaacruBocreit Monoina L Aut(Q)s) BuminBae 3 GIIbIT 3araJbHUX PE3yJIbTa-

1B ( auB depeu).



1. O3HauenHsa. Tepminosioriga. @opmysIIOBaHHA MOTPIOHUX pe3yJIbTa-
TiB.

The group Qs = {1, —1,4, —i, j, —j, k, —k} in which multiplication is specified
by the rule i? = j2 = k? = —1,ij = k,ji = —k, jk = i,kj = —i, ki = j,ik = —j
is called a quaternion group. It is well known (see, for example, [11]) that
the group of quaternions is the smallest (in terms of the number of elements)
non-commutative group in which each subgroup is normal.

A semigroup S is called structurally uniform if any two its subsemigroups of
the same height in the lattice Sub(S) are isomorphic. It is known (see [6], Theorem
1) that a finite semigroup is structurally uniform if and only if the set of ideals of
the inverse monoid LAwut(S) is linearly ordered by inclusion.

An inverse monoid S is called factorizable if S = GFE; where G and E are,
respectively, a group of invertible elements and a semilattice of idempotents of
the monoid S. It is known that an inverse monoid is factorizable if and only if,
for any element x there exists an element g € G such that z < g.

Let S = (.9, +) be an arbitrary semigroup. We fix an element a € S and define
a new operation %, on S by the rule x x, y = x - a - y. It is easy to see that the
operation #, is associative. The semigroup (.9, *,) is called a variant of semigroup
(S,-).

2. Some propositions
Proposition 1. |LAut(Qg)| = 44.
Proposition 2. The inverse monoid LAut(Qsg) is factorizable.

Proposition 3 (see |7], Theorem 1). The ideals of LAut(Qg) form a chain with
respect to containment.

Proposition 4 (qus. [6], Teopema 1). Let o, f € LAut(Qs). The variants (.S, *,)
and (S, *3) are isomorphic if and only if rank(a) = rank(f) .

In the proposed note, we consider a miniature construction, namely, the inverse
monoid LAut(Qg) of local automorphisms of the quaternion group. In particular,
we calculate the number of elements of the semigroup LAut(Qs), prove that the
inverse monoid LAut(Qg) is factorizable. A number of other properties of the
monoid LAut(Qg) follow from more general results (see Derech).
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