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HO3BOJISIET HaM CO3JaBaTh (POPMAaJbHBIC AITOPUTMbI
JUTsT 00pa0OTKH dTUX MOJIETICH.

Takum 00pa3oM, TpaHCHOPTHAs CeTh YHOOHO
npecTaBicHa B BUIE rpada.

TpaHCTIOPTHASL CETh CMOCOOHA OPraHU30BaTh CO-
OTBETCTBYIOIIYIO TPAHCIIOPTUPOBKY, TO €CTh OrPaHH-
YCHHS HA COCTOSHHE JOPOTH, T.C. JBIKCHHUE B OIHY
CTOPOHY, OTPaHHYCHHUSI Ha JBMKCHHE TPY30BBIX Hepe-
BO30K, OOLIYI0O Maccy TPaHCHOPTHOTO CPEACTBa, IIO-
IPY3Ky. YUHTHIBaTh TOJNBKO KOJIMYECTBO. Takux Kak
OCh.

TpaHCTIOPTHBIE CETH MOTYT OBITh IPEICTABIICHBI
TOJIBKO CBSI3HBIMH rpadamu. MoIenupoBaHHe TpaHC-
MOPTHOW CETH HAYMHACTCS C Pa3MEIICHUS BEpIIUH.
BepinHa mpenHasHayeHa sl MYHKTOB (OPMHPOBa-
HHS TPY30B U MOTJIOLICHHS IPY30B, LIEHTPa OOJIBIIOrO
KUJIOTO  paifoHa, H30JMPOBAHHOTO  HACEJICHHOTO
IIyHKTa. BepIIuHbI ¢ TPAHCIIOPTHBIMU CBSI3IMU MEXAY
HUMH COCJMHEHBI pebpamu win (B ciydae OTHOCTO-
POHHHX COCIMHEHWIT) HalpaBlICHHBIMU ayramu. Kax-
oMy peOpy NpHCBauBaeTCsS Mepa MPUOBUTEHOCTH, KO-
TOpasi ONpEACIIAETCS HEe TOJIBKO 3aTPauyeHHbIM BpeMe-
HeM, HO M IeIIMH, KOTOpble JOJDKHBI —OBITH
JOOCTUTHYTBl TPU PEIICHUHM 3aJadd ONTHMAJILHOI'O
TpaHCopTa. B GONBIIMHCTBE CiiydaeB 3a OCHOBY Oe-
percsi MUHUMaJIbHOE 3HaueHue obuiero npoodera. [Ipu
OAWHAKOBBIX YCJIOBHAX BOXKICHHUA Ha BCCX YyYaCTKax
npobera ONTUMAaJIBHBIN IU1aH IpoOera SIBISETCS] ONTH-
MaJIbHBIM C TOYKH 3pEHUA BPEMEHU U CTOUMOCTH.
Kpome Toro, BbI MOXKETE HCIIOJIB30BATH TAKHE MOKa3a-
TCJIN, KaK IUIaTHBIC TOPOTH, MHOT'OJIIOAHBIC JOPOI'd U
YacTOTy MEPECeUCHUIH HACENCHHBIX ITYHKTOB Ha 3TOH
Jopore B KauecTBE MOKa3aTelsi NPUOBUILHOCTH.

Taxkum 06pa3oM, MOXKHO CHENATh BBIBOJ, YTO HC-
M0JIb30BaHKUE TEOPUH IPadoB B MMakeTax nmporpamm 0y-
JIUT BBITOJTHO JUIsl OOJIBIIMHCTBA MPEATIPUSTHH.

XOTsl BBITO/IBI SBJISIFOTCSI KOCBEHHBIMH, OHH, KaK
MIPaBUJIO, CTAHOBATCS 3AMETHBIMH B CPEJIHE- U JIOJr0-
CPOYHOI1 IepCIeKTUBE U3-3a OoJiee HU3KUX MPOU3BOI-
CTBEHHBIX 3arpaT. Bce 3T0 ompenenser mepcrnekTuB-
HOCTh BHEJPEHUS PEAI0KEHHOI METO/I0IOTUH B TIPO-
MBIIIUIEHHOCTH U cdepe OOCIyXMBAaHUS HACEICHUS
BlamenbnaMu Bcex ¢opMm PecnyOmukm BamrkopTo-
CTaHa.
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Abstract

Vinnytsia National Agrarian University, Ukraine

A mathematical model of the plant growth dynamics of based on a system of differential equations is con-
structed. A separate differential equation which describes the development of the subsystem and its connection
with other subsystems is developed for each plant subsystem. The system of differential equations is solved by a
numerical method. From the set of solutions of the system of differential equations, only those are selected for
which the sum of the squares of the deviations from the experimental values is the smallest.

The constructed mathematical model makes it possible to conduct simulation experiments and translate the

results of field experiments into digital format.

Keywords: mathematical model, system of differential equations, Mathcad, subsystem, Brussels sprouts, dry

matter, growth rate, Chanter equation.

Introduction. In the process of plant growth, plant
subsystems undergo dynamic changes. In mathematical
modelling of such processes there is a number of prob-
lems. Determination of plant parameters during growth
is carried out at certain points of time. For fixed mo-
ments of time the regression equations are written

down, trying to make generalizations for intermediate
moments of time, and if possible, for the following, en-
tering time into the regression equation. As it is known,
the results obtained when using simple regression equa-
tions often do not coincide with the experimental data
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and such a semi-empirical description may have noth-
ing to do with the real process of plant growth, which
makes the constructed model inefficient.

Only a dynamic mathematical model that de-
scribes the interaction of plant subsystems, reveals the
essence of the process of changing plant subsystems
over time and the patterns of processes in them, is ade-
quate in the mathematical description of individual
characteristics of the real agrobiological system. As a
rule, dynamic models are built on the basis of differen-
tial equations and their systems [1, 2, 3]. Therefore, the
development of methods for obtaining mathematical
models to describe multidimensional dynamical sys-
tems is relevant.

The purpose of this work. Construction of a math-
ematical model of the plant growth dynamics.

Analysis of recent research and publications. A
significant contribution to the study of cabbage growth
was made by V.I. Lykhatsky. [6], Cherednichenko
V.M. [4,5,6, 7, 8], Chernensky V.M. [9, 8].

Cherednichenko V.M. during 2009-2013 in the re-
search areas of Vinnytsia National Agrarian University
conducted fundamental field experiments on growing
cauliflower and broccoli [4, 5, 6, 7, 8]. The influence of
water-retaining granules, mulching with film and black
agrofiber on plant growth was studied. Phenological
observations, biometric measurements and accounting
were performed, the relationship between plant subsys-
tems was studied, and a statistical analysis of plant
growth indicators was performed.

Presentation of the main research material. The
growth and development of plants can be described us-
ing growth functions that reflect the mathematical de-
pendence of the amount of dry matter on time. Consider
the most common equations of growth: logistics, Gom-
pertz and Chanter's [1, 2].

Let's analyze Chanter's equation

M = M, B )
M, +(B—M,)-expi- |ull-e )/ D]

where, M ,MO, B, 4, D - parameters that

have a biological meaning.
Let M = 100 g — the mass of dry matter for the
period of harvest;
M, = 1 g— the mass of dry matter of the plant at
the time t = 0;
B — availability of nutrient medium;
g MM, (" 1)
D
M, -e*® —M
= 0,5 — specific growth rate;

, @

D _ anindicator of complication, which charac-
terizes £¢ the change with plant development.

When deriving the logistic equation, it is assumed
that the growth rate of the plant is regulated by the re-
source of the nutrient medium. In the Gompertz equa-
tion it is assumed that the resource of the nutrient me-
dium is unlimited, i.e. the growth energy is not affected
and is proportional to the dry mass, and the specific
growth rate is constant [1].

By selecting the value D for from the interval

0< DS,U/[M(M / MO)], you can build a family of

curves, which is bounded on the left by the logistic
curve, and on the right — the Gompertz curve. When

D — 0 (for example, D = 0,00086), and B de-
termined by formula (2), equation (1) becomes logisti-

cal. when D —> z/[In(M /M,)]=0,1086  in

the Gompertz curve, when D = 0,05 the curve is be-
tween the logistic curve and the Gompertz curve. All
curves have the same values of initial and final dry
weight of the plant and the initial specific growth rate.
The inflection point shifts towards D larger values of
time as increases. The Gompertz curve shows faster
growth in the initial phase, slower approach to the as-
ymptote and a longer linear section at the ends of the
inflection point (Fig. 1).

120
100 I ==
— -
P
e 20
:
[=T1}
60
[in]
=
B
(] 40
—— Logistic function
20 — - Chanter's finction
—  Gomperz's function
o
an 40 50 a0
Time, days

Fig.1 Chanter's growth function
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Thus, the growth curves of Chanter, Gompertz and
the logistic curve can be used in the development of dy-
namic models of plant growth as its components.

Combining the growth curves of Chanter, Gom-
pertz and the logistic curve, we can build a perfect
mathematical model of plant growth dynamics, which
is described by a system of differential equations.

Most differential equations and their systems that
describe the dynamics of agrobiological systems do not
have analytical solutions or their solutions are too cum-
bersome [1, 2, 3, 12]. Therefore, it is important to be
able to solve the corresponding differential equations
and their systems by numerical methods. This possibil-
ity is provided by the Mathcad system [13, 14].

In the Mathcad system, you can solve differential
equations and their systems in symbolic and numerical
forms. Symbolic methods for solving equations are un-
fortunately limited, but instead of them numerical
methods have been developed for solving differential
equations and their systems, such as the Caushy prob-
lem. Numerical methods for solving problems such as
the Caushy problem for GDE (general differential
equations) is a long and detailed technology. The sim-
plicity of the form of presenting the results and the anal-
ysis of the solutions depending on the values of the sys-
tem parameters play a significant role here.

Most computational problems do not usually have
any computational problems (they are solved using a
simple Runge - Kuta algorithm), and special methods,
so-called «hard» ones, require special methods. All
these algorithms are embedded in the Mathcad system,
and the user has the opportunity to choose a specific
one based on the type of equation.

In modelling biological processes, biological sys-
tems or ecosystems are considered as those for which
the basic laws of physics, chemistry and biology are
valid. All the basic principles and laws, in accordance
with which various processes take place in inanimate
nature, retain their patterns for living nature. Therefore,
any mathematical model should be based on the laws of
conservation of matter, electric charge, energy, impulse

and momentum, on the laws of mass interaction, radio-
active and chemical transformations.

Let's consider the method of constructing a dy-
namic model of plant growth based on the obtained ex-
perimental data. Such mathematical model requires a
significant array of experimental data. Potatoes [3], to-
matoes [12], sugar beets and cabbage are convenient for
the development of mathematical models of growth.

For example, let's build a model that describes the
growth dynamics of Brussels sprouts. As a basis we
will take the model of Zagorodny Y. V. [3]. In plants,
we distinguish separate subsystems: Wi — root, W, —
stem, W3 — leaves, W, — heads. The total dry weight of
the plant is:

4
W=>Ww, 3
i=1

The growth of subsystems (stem roots, leaves) for
Brussels sprouts is described by the growth equation:

_ Ai'Bi
| 4+ (B, _Ai)'e_Kit 7

(4)

where A is the dry weight of the corresponding
subsystem for seedlings;

Bi — dry mass of the relevant subsystem for the

period of completion of harvesting.

The model is built according to the following al-
gorithm:

1. In plants, we distinguish separate subsystems:

W, —root, W, —stem, W, — leaves, W, — head.

2. We determine the dry weight of plant subsys-
tems with a period of 5-7 days throughout the growing
season.

3. Based on experimental data, we determine the
unknown parameters of growth functions for each sub-
system of the plant.

4. We write the differential equations for the dy-
namics of each subsystem.

We combine differential equations into a system:

+a1,2WW 2 (t)_al,3W 3 (t) _31,4W 4 (t)

+a2,3W 3 (t) _az,4W 4 (t)

e (5)
koe™ (Bs_As)

-a, W, (t
As_e_kSt(As_Bs) * 4()

()s(t)—a, W, (t)

a1,1 — coefficient characterizing the strength of root

a1 » — coefficient that characterizes the rate of ex-
change between the subsystem «root — stemy;
a1 3 — coefficient that characterizes the rate of ex-

dw, (t) ke ™ (B,-A,)
— 2 —a W, (t) plt) f(t) —2 11
at 11 (1) plt)- £(t) A—e ' (A-B,)
sz(t) kze_th(Bz_Az)
——2=a, W, (t W (t)-
dt a‘2,1 1( )+a2,2 2( ) A2 _e_kzt(Az_Bz)
de—:(t) :as,lwl(t)'as,zw 2(t)+as,3W 3(t)' f (t)
de—Ltl(t) = [a4,1W1(t)+a4,2W 2(t)+a4,3W 3(t)
&, B, Ay A, growth
a2,1 a2,2 a2,3 a2,4 .
where — matrix of
a‘3,1 a‘S,Z a3,3 a3,4
Q1 Y 3 A4y

coefficients of the system of equations, which charac-
terizes the interaction of elements of plant subsystems;

change between the subsystem «root — leaf» through
the stem;
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a1 4 — coefficient that takes into account the de-
crease in the rate of root growth due to the growth of
the head;

a1 — rate of exchange between subsystems «stem
— 1ooty;

a2 — characterizes the growth rate of the stem;

a3 — rate of exchange between subsystems «stem
— leaf;

a4 — takes into account the decrease in the growth
rate of the stem due to the growth of the heads;

as1 — rate of exchange «leaf — root» through the
stem;

as — rate of exchange «leaf — stemy;

az3 — characterizes the growth rate of leaves;

az 4 —takes into account the decrease in leaf growth
due to the growth of heads;

as1 — characterizes the influence of roots on the
growth rate of dry weight of heads;

as» — characterizes the influence of the stem on the
growth rate of dry weight of the heads;

as 3 — characterizes the influence of leaves on the
growth rate of dry weight of heads;

as 4 — takes into account the decrease in the inten-
sity of the growth rate of the heads due to the aging of
the plant organism;

p(t) — soil moisture function;

f (t) — soil temperature function;
F(t) — air temperature function;

A1 —dry mass of seedling roots;

B1 — dry mass of roots for the period of completion
of harvesting;

K; — coefficient of the logistic equation of root
growth;

A, — dry mass of seedling stem;

B2 — dry weight of the stem for the period of com-
pletion of harvesting;

K — coefficient of the logistic equation of stem
growth;

Az — dry mass of seedling leaves;

Bz — dry weight of leaves for the period of com-
pletion of harvesting;

K3 — coefficient of logistic level of leaf growth;

S(t) —a function that characterizes the growth rate
of heads.

4. We set the initial conditions — values W, for
the moment of time t = 0.

5. We give the initial approximations of the un-
known coefficients a;; of the system of differential
equations.

6. We solve the system of differential equations in
Mathcad by the Runge-Kutta method with a constant
step. We use the built-in function:

rkfixed(y, x1, x2,n, D).

7. We find the weighted sum of the squares of the
deviations of the experimental values from the calcu-

Wi j—WP;; 2
lated ones Y-y XL, (;T,]> .

8. By the method of coordinate descent we change
the values of the coefficients a, ;.

9. We solve the system of equations and calculate
the sum of squares of deviations.

10. The computational procedure is completed at

2
Wi j—WPy; ,
?=1Z}"=o(—;w,” ’) = min. (6)
11. We fix the optimal values of the coefficients

ai‘j.

12. We substitute the obtained optimal values of
the coefficients into the system of differential equations
(3) and solve it.

13. We analyze the solution of the system of equa-
tions and investigate the interaction between the indi-
vidual elements of plant subsystems. We build graphs.

To determine the dry weight of plant subsystems,
field experiments were performed (table 1). The plants
were cleaned from the soil, their components were iso-
lated: root, stem, leaves, heads, placed in a thermostat
with a temperature of 50-60°C and dried for 4-5 hours.
After that, at a temperature of 103-110 °C the plants
were dried (brought to constant weight) for 3-5 hours.
The average value was determined by averaging the
masses of 5-7 plants.

Table 1
Dry mass of plant subsystems
t 0 10 30 37 46 55 60 67 75 91 98 112
Wy, g 0.53 2.2 3.7 6 12.8 12.4 14.1 16.1 16.2 18.5 17.3 18.9
Wo, g 034 | 11 6.7 7 152 | 20.1 | 23.8 | 26.0 | 26.1 | 28.7 | 28.8 | 285
W3, ¢ 261 | 58 | 185 | 28 | 57.3 | 65.2 | 66.0 | 69.6 | 75.9 77 753 | 78.1
Wa, g 0 0 0 0 0.9 6.8 22.1 30 36 38 39.6 | 41.7

The function that characterizes the growth rate of
Brussels sprouts has the form:
0, ift<50
S@) =<{e ™Mt if 75 <t =50, (7)
e Mt ift =75
where: T — the period of time from planting
seedlings to the beginning of tying the head,

n - exponent coefficients (

n, =0.09704, 7, =0.09623).

Unknown coefficients k; of growth functions of
plant subsystems were determined by a statistical

method based on the results of field experiments, the
value was obtained: k; = 0,0880; 0,0825; 0,0995.

The average daily values of soil temperature, air
and soil moisture were approximated by nonlinear
equations.

Let’s build a mathematical model of Brussels
sprouts growth based on experimental ones according
to the described algorithm (Table 1). Let’s estimate val-
ues of parameters of model for an array of experimental
data (table 1) under initial conditions (values of dry
weight of subsystems of plants at the time of landing of
seedling):
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w,(0) = 0,53 The optimal solution of the system of differential
W,(0) = 0,34 equations (5) will be at the values of the coefficients
W5(0) = 2,6 a;; (table 2):
W4(0) =0
Table 2
Values of model coefficients
1 2 2 4
i Root Stem Leaf Heads
1 Root 0,047 0,0041 0,0038 0,0083
2 Stem 0,015 0,675 0,0031 0,0134
3 Leaf 0,069 0,0078 0,064 0,036
4 Heads 0,35 0,27 0,43 0,00068
The simulation results are shown in Fig.2.
an
— - - Foot
soll Sterm
— - Leawes
* *
Head= (| | | | e - —
7012 o o Dry mass of raot T
O O O Dy mass of stem 0/,.-(
60 + #+ # Dy mass of leaves s
& & & Dy mass of heads s
gﬂ 50
2 i
E"' 40 &
o
30 B N A fg--
20 ol e — O
10
0
g0 110 120

The constructed model is very sensitive to changes
in parameters, it allows to simulate plant growth, for
example, changing the value of the coefficient a5,
which characterizes the rate of exchange «leaf — root»

Tire, days

Fig.2. Dynamics of dry mass of Brussels sprouts

growth.

through the stem from 0,069 to 0,076, leads to an in-
crease in head weight and a significant increase in leaf
weight (Fig. 3). A series of experiments is needed to
determine the real effect of the coefficients on plant
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Fig. 3.

The effect of changing parameters (the value of the coefficient of the model a5, changed from 0,069 to 0,076)

Conclusions.

Development of mathematical models of dynamic
processes in agro-industrial complex will contribute to
a detailed description of processes in dynamic systems,
simulation of computer processes, which will acceler-
ate the introduction of new technologies, reduce the
time for development of new machines and mecha-
nisms, adjust plant development and thus reduce the
cost of agro-industrial products. Its main advantage is
that it allows the scientist to translate the results of field
experiments into digital format.

The proposed mathematical model accurately de-
scribes the process of plant development. It gives the
opportunity to study the impact on the growth process
of various factors: irrigation, mulching, soil moisture,
temperature, light, climate, fertilizers and plant growth
regulators.

Disadvantages of the mathematical model:
the model is closed on itself;
it requires a significant array of field experi-
mental data;
it is accompanied by cumbersome mathemati-
cal calculations.
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