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Abstract. The optimal location of workplaces plays an important role in the structure of occupational safety. The design of the workspace should ensure
the optimal distribution of functions between person and machine in order to create safe working conditions, reduce the severity of work and the level
of production injuries. Most often, workplace planning is carried out manually, by simple calculation, and then the rationality of workplace planning
is evaluated, based on statistics of industrial accidents and occupational diseases, as well as indicators of labor productivity, for example, the ratio
of compliance with norms. To solve the problem of optimal placement in the work mathematical models are built that can take into account various
regulatory restrictions and are simple for further software implementation. It is proposed to choose the theory of g-functions as a basis, which can
be characterized as measures of proximity of objects. Thus, the set task of optimal placement of workplaces is reduced to the task of mathematical
programming. The objective function determines the criterion of optimality — the minimization of the area or perimeter that will be occupied by the objects.
This formulation of the problem is relevant because the use of the smallest production area, taking into account safety requirements, is an economic
condition for effective production management. The constraint on the relative location of workplaces is set using ¢-functions, which defines the decision
domain. That, when formalizing restrictions, you can take into account all regulatory safety distances between workplaces, equipment, walls, etc.
Thus, the work explores an approach that will allow automatic planning of the placement of a large number of technological objects, workplaces
in accordance with occupational safety standards. Use of the software application, which can be implemented on the basis of the ¢-functions apparatus,
will significantly reduce the time of workplaces planning and increase its efficiency.
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ZARZADZANIE MIEJSCEM PRACY ZA POMOCA BADAN OPERACYJINYCH

Streszczenie. W strukturze ochrony pracy wazng rolg odgrywa optymalna organizacja miejsc pracy. Projektowanie przestrzeni roboczej powinno zapewnié¢
optymalny podzial funkcji pomiedzy cztowieka i maszyne w celu stworzenia bezpiecznych warunkow pracy, zmniejszenia ucigzliwosci pracy i poziomu
urazow odniesionych w pracy. Najczgsciej planowanie miejsca pracy odbywa sie recznie, poprzez proste obliczenia, a nastgpnie ocenia si¢ racjonalnosé¢
planowania miejsca pracy na podstawie statystyk urazéw i choréb zawodowych, a takze wskaznikow wydajnosci pracy, na przyktad wspétezynnika
zgodnosci z normami. Do rozwigzania problemu optymalnego rozmieszczenia budowane sq modele matematyczne, ktore mogq uwzgledniaé rozne
ograniczenia normatywne i sq proste do dalszej implementacji programowej. Proponuje si¢ wybor teorii funkcji ¢, ktorq mozna scharakteryzowac jako
miarg bliskosci obiektow. W ten sposob problem optymalnego rozmieszczenia miejsc pracy sprowadza si¢ do problemu programowania matematycznego.
Funkcja celu okresla kryterium optymalnosci — minimalizacje obszaru lub obwodu, ktory ma by¢ zajety przez obiekty. Takie postawienie problemu jest
istotne, poniewaz wykorzystanie najmniejszej powierzchni produkcyjnej, z uwzglednieniem wymogow bezpieczenistwa, jest ekonomicznym warunkiem
efektywnego zarzqdzania produkcjg. Ograniczenia wzajemnej lokalizacji miejsc pracy ustalane sq za pomocq funkcji ¢, co okresla domeng decyzyjng. Tak
wiec przy formalizowaniu ograniczen mozna uwzgledni¢ wszystkie normatywne odleglosci bezpieczenstwa miedzy miejscami pracy, urzqdzeniami,
Scianami itp. W zwiqzku z tym w artykule badane jest podejscie, ktore bedzie automatycznie planowaé rozmieszczenie duzej liczby obiektow
technologicznych, miejsc pracy odpowiednio do standardow bezpieczeristwa pracy. Zastosowanie oprogramowania, ktore moze by¢ realizowane na bazie
funkcji ¢, znacznie skroci czas planowania miejsc roboczych i zwigkszy jego efektywnosé.

Stowa kluczowe: ochrona pracy, miejsce pracy, funkcja ¢, ergonomia miejsc pracy, badania operacyjne

Under the workplace is understood as a place equipped with
means of displaying information, management and auxiliary
equipment, where the work of a specialist is carried out.
The organization of the workplace is called a system of measures

Introduction

The issues of workplace ergonomics in safety play an
important role. Equipment and organization of the workplace must

ensure that all its elements and the mutual position of all
workplaces according with ergonomic requirements, taking into
account the nature and characteristics of work. Production
equipment should be installed, located and used in the way to
reduce risks for operators and other workers (sufficient space
between moving and stationary parts of equipment or moving
parts around it, safe supply and disposal of all energy and
substances used or produced). Workers must have safe access to
all areas intended for operation, regulation and maintenance, as
well as the ability to safely stay in them and safely leave these
areas.

At the same time, occupational safety and environmental
protection requirements are basic, and are present in every sphere
of human activity. Many of them boil down to the fact that objects
should be placed in a limited area, as close (further) as possible
to each other or to some fixed objects, with restrictions on the
pairwise minimum (maximum) distance, the presence of
prohibition zones, etc. Forbidden areas may be residential
buildings, reserves, sanitary zones, landscape elements and other
areas. Objects can be, for example, hazardous production, waste
disposal, noise and vibration generators, or simply workplaces
of PC users and light sources [7].

to equip the workplace with tools and objects of labor and their
placement in a certain order to optimize the working conditions,
security, maximum efficiency and reliability of human.

The standard approach in the occupational safety system to the
placement of workplaces is as follows: specialists study all the
requirements for the size of workplaces, their mutual placement
and manually draw up a layout. However, often there are problems
of planning a large number of workplaces in a limited space.
This paper proposes a formalized approach to the organization
of workplaces, which can be used when planning the placement
of objects of various purposes and shapes. There are several ways
to solve this problem, in this paper it is proposed to use
the mathematical apparatus of operations research, namely,
the construction of ¢-functions, which can be characterized
as a measure of the proximity of an object.

The tasks of optimal placement of objects — one of the most
important classes of problems in the operations research. Their
applications arise in various fields of science and technology,
and take of great practical importance. When placing
technological equipment, enterprises and other objects of the real
world, as a rule, it is required to locate them on a smaller area,
not chaotically, but with observance of a certain order, taking into
account the many restrictions dictated by state regulations.
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The purpose of this work is to apply the formal apparatus
of operations research, namely o@-functions, to solving the problem
of workplaces placing, taking into account all occupational safety
requirements. The proposed model can be easily implemented
programmatically using any modern applications and languages,
which will allow you to automatically receive a layout of
production facilities in the shortest possible time, which takes into
account various safety requirements and will be cost-effective,
as it allows to reduce production resources, which is certainly
interesting from a practical point of view.

1. Formulation of the problem

The correct organization of the workplace should ensure,
firstly, the safety of work, and secondly, high labor productivity.
When designing a workplace, it is necessary to proceed from the
analysis of a specific labor process performed by a person on this
equipment, take into account the anthropometric data of a person,
sanitary and hygienic working conditions.

The main role among ergonomic indicators belongs to
anthropometric parameters, which determine the conformity
of the equipment to the size and shape of the human body,
the distribution of his mass. The design of the workplace should
provide such physical loads for the worker, in which the energy
consumption of the human body during the working day would
not exceed 1046.7 kd/h [5].

At the same time, the equipment should be able to support
the work process that eliminate the monotony of job by limiting
the frequency of simple repetition processes and the duration
of continuous monitoring. Production equipment has to provide
the necessary space to operator for any of its positions.

The rational layout of the workplace provides a comfortable
working posture, the possibility of using advanced techniques
and methods of work, minimal trajectories of movements
of the worker, objects of labor, which prevents premature fatigue
and a decrease in labor productivity. At the same time,
the placement of workplaces and equipment on it must comply
with the norms and requirements for occupational safety.
In modern conditions at enterprises this issue is solved by a safety
specialist, based on theoretical calculations in each specific case
(taking into account the production tasks performed, the
technologies used, etc.). This approach takes a lot of time,
especially when planning large industrial premises, and does not
exclude the appearance of calculation errors.

Subsequent estimation and rationalization of the layout of the
workplace are carried out on the basis, for example, of the
occupancy rate of the production area or during the certification
of the workplace (on average once every 5 years). The occupancy
rate of the production area is calculated as the sum of the ratios
of the norms of the area occupied by the equipment element
to the area of the workplace according to its layout (should
be in the range of 0.4-0.65).

Thus, the task of the study is to apply the mathematical
apparatus of operations research to the problem of workplace
placement, which allows you to automatically obtain the optimal
placement in accordance with the specifics of production, taking
into account the requirements of regulatory documents on safety.

The use of the proposed mathematical apparatus will speed up
the planning of workplaces, help save enterprise resources and
guarantee a safe organization of the workplace and high work
productivity.

2. Theoretical research

Placement problems, as the most important class of
optimization geometric design tasks, determine the optimal
position of a finite set of geometric objects of arbitrary spatial
shape in given areas of placement in the presence of various
restrictions and quality criteria and related to geometric
information processing. The beginning of the development
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of approaches to modeling and solving problems of optimal
placement, especially the problems of cutting and packaging, was
laid by the works of L.V. Kantarovich, B.A. Zalgaller, Yu.G.
Stoyan, P. Gilmore and others.

Development of geometric design, thanks to the works
of the scientific school Yu.G. Stoyan and O.0 Yemets,
contributed to the creation in the 1990s of Euclidean
combinatorial optimization, which allowed the optimal placement
of objects using analytical [4] and algorithmic [13] optimization
methods on combinatorial sets.

The creation of the theory of optimization geometric design,
which is based on the construction and study of various types
of mappings of geometric information, allowed to build
a mathematical apparatus for modeling such important applied
problems as the problem of optimal cutting of industrial materials
[5, 6], development of master plans of industrial enterprises, waste
management, design and management of complex technical
systems, including taking into account physical fields of various
nature [3], if the carriers of these fields have an arbitrary spatial
shape.

One of the most important stages in the construction and study
of mathematical models of such problems is analytical modeling
of constraints (geometric constraints, taking into account
the spatial shape of objects and areas of location, and constraints
due to the peculiarities of this problem, such as constraints on the
characteristics of the resulting physical fields, technological
constraints, etc.), which highlight the area of acceptable solutions
to the optimization problem. Therefore, to solve the problems
of these classes it is necessary to develop tools for modeling
the basic geometric constraints, namely, the conditions of mutual
non-intersection of objects and their affiliation to the location,
based on the apparatus of ¢-functions [10].

The objects to be placed are divided into many simplest
geometric objects, such as a rectangle, a polygon and a circle.
Using the theory of ¢-functions, a decision tree is constructed,
the leaves of which are independent linear programming tasks.
Each such subtask consists of an objective function and a system
of linear constraints, operating with a measure of the proximity
of objects and implementing the constraints of the model.
Introduce the some definitions.

An object T;, translated on a vector u; is denoted as

T(u)={X eRIX =y +Y,Y eT}, &

where u, e R",n=2,3 is the vector of parameters of object

placement T;, i = 1,2.
A continuous and everywhere defined function

R >R n=23, @)

is called ¢-function of objects T;(u;) and T,(u,) if it satisfies the
following characteristic properties [17]:
° (p(Ul,U2)>O, if C|T1(U1)ﬁC|T2(U2)=®,
d (p(Ul, UZ) =0, if intT1(u1) mim-l—z(uz) =0
and frT,(u) N frT,(u,) =9,
*  ¢(ug,uy) <0, ifintT (u)NintT,(u,) = 9.

Due to the fact that it is of interest to locate workplaces
(for example tables), i.e. objects of rectangular shape, then we
give an example of constructing a @-function for two rectangles.
The task of optimal placement of workplaces is reduced to the
problem of mathematical programming. The objective function
determines the optimality criterion — minimizing the area
or perimeter occupied by objects. Restrictions on the mutual
arrangement of tables are set with the help of ¢-functions,
and describe the scope of the solutions search.

Let the rectangles Ry(u;) and R,(u,) be given by the length 2a,,
2a, and width 2b;, 2b, and respectively. Construct a curve y;; — a
set of points at which ¢1,(u;, U;)=0 (as was shown in Fig. 1), so

712 = TH{R.(0) + (DR, (0) | @A)
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Fig. 1. The curve y, for rectangles

Consider the equations of four lines that limit y;,:
Xl(xl y) =X- Ar XZ(Xr y) =y- B!
X3(Xr y) =-X- Ar X4(X7 y) =-y- Br (4)
where A=a;+a,, B=b;+b,.
Thus Ty, ={(x, y) € R% %i(x, y)<0, i=1,...,4}, and therefore:

7o = () eR* 7 (0 Y) = max 7, (¢ y)=0f  ©)

..... A

The corresponding orientation y(x, y)=0 is set so that the
¢-function of the rectangles takes the form:
P12 (Ug, Uz) = % (X2~ X1, Y2~ Y1) (6)
It should also be noted that ¢;, is not normalized [9] since
the values of ¢1,(u;, Uy) are not equal to the distances between
the rectangles Rj(u;) and Ry(up) in the general case, namely:
in cases when (dx, dy) with dx = x, — x; and dy =y, — y, satisfy one
of the following systems:
x1(dx,dy) >0 (x,(dx,dy) >0
{){z(dx' dy) >0 {X3(dx' dy) >0
{)(3(dx, dy)>0 {){,;(dx, dy)>0 @
Xa(dx,dy) >0 (x1(dx,dy) >0

For construct a normalized ¢-function of two rectangles Ry(u;)
and R,(u,) it is necessary to introduce some additional functions:

fl (X, y) = x+y-s, ;?2 (X, y) = —X+y-s, (8)
)23 (X, y) = —x-y-s, %4 (X, y)=x—y-s, s=A+B, 9)
%, Y) = J(x= A + (y-B",
2%, Y) = J(x+ A + (y—BY . (10)
3%, Y) = /(X + A2 + (y + B)? ,
0106 Y) = J(x— A)? +(y +B)? . (11)

Then we have

P12 (O, Ov X, y) = C()(X, y) =
=max{max_ z(x,y), max min{p,(x,), (xy)}f (12

Normalized ¢-function Ry(u;) and R,(u,) takes the form
P12 (Uy, Up) = 0(Xa=Xg, Y2X1). (13)
Thus, the optimization problem was formulated,

and constraints were chosen to model the optimal placement
of workplaces (rectangular tables) in the minimum area.

3. Experimental research

It is proposed to solve the obtained system of linear equations
(8-12) with the help of a simplex-method, which provides a fast
working time for tasks of small and medium dimension. In the
future, the solution of the obtained system of linear equations will
give the opportunity to correctly locate workplaces in the
minimum area in compliance with all the rules and regulations.

The proposed solution to the task of optimal placing
of workplaces can have several interpretations. It depends
on the choice of the optimization function and the specifics
of the setting requirements. For example, you need to minimize
the space between a few geometrical objects. In this case, with
known geometric dimensions of the given rectangle, this model
has the solution shown in the figure 2.
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Fig. 2. Example of model realization

Above, we considered the simplest case of placing workplaces
(for example, tables). However, this mathematical apparatus
is applicable to all the simplest mathematical objects. Consider
a situation where the optimization of placement is necessary
for the workplace and some equipment [2].

Let the object R;"(u;) and the rectangle R,(u,) be known, while
R," is characterized by 2a; and 2b;. The length 2a, and width 2b,
of rectangle R, are such that a; > a, and b; > b,. In this case

Y12 = frTi = fr{Ry*(0)+(-1)R2(0)}, (14)
where Ty, = cl(RA\ {(x, y) ER*: ~A<x <A, -B <y <B}), A =a,—a,,
B:bl_bz.

Setting,

Xl(x1 y) = A=, XZ(Xl y) = B_y,
XX, Y) = A+X, xa(X, y) = By, (15)
we have
Do=cl(RAT1) = {(x, ) ER% 7i(x,y) = 0,i=1,.., 4} (16)
and therefore
112= frDo = frT1, = {(xy) € R% 5(xy) = 0}, (€]
where y(x, y) = min{ys(X, y), %X, ¥), x3(X, ¥), xa(X, y)}-

Thus, the normalized ¢-function of the object R;*(u;)

and the rectangle R,(u,) takes the form

912Uz, Up) = x(X2~X1, Y2—Y1)- (18)
Suppose that we need to place two round objects Cy(uy)
and C,(u,). Let C; and C, be circles of radiuses r; and r,
respectively (Fig. 3). In this case
T12=C4(0) + (-1)C,(0) =
= {06, y): (X ¥) = X° +y? = (r+r,)* < O} (19)

=Y

Fig. 3. The curve y;, for objects C1(u;) and C(u,)

Therefore, the curve yi, = frTy, can be described by the
equation (X, y) = 0, i.e. the set of positions of the circle C,
relative to C, is such that the circles are touching [2]. The equation
x(X, ¥) =0 according to [10]. Therefore, in order to determine
the o-function, in this case it is sufficient to set the corresponding
orientation of the equation y(X, y) = 0.

Then,

01200, 0, X, Y2) = Xo* + 5" = (1 + 1),
P12(Ug, Up) = (Xo = X0)7 + (Y2 —y2)> = (11 + 12)% (20)
where u; = (x;, y;), i = 1, 2 —circle broadcast vector C; and C, .

Next, we consider the mutual placement of some object
C,*(uq) and the circle C,(u,). Let C, and C, be circles of radiuses
ryand ry, and let ri>r, (Fig. 4).
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Fig. 4. The curve y1, for object C1*(u;) and circle Cx(up)

Then,
Ti2 = Cy*(0) + (-1)Cx(0) =
= {6 Y): 1%, Y) = (r = 12)* - (¢ + y?) <0}, (21)
Therefore, the curve y;, can be determined by the equation
x(%, y) =0. Then,
01200, 0, X, Y2) = x(Xa, Y2) = (r; = 12)° =X = V2%,
Q12(U, Up) = - (X —X0)° - (Y2 = Y0)° + (r2 = 1)’ (22)
To construct a normalized ¢-function of the objects C;*(uy)
and C,(u,), instead of the function y, use the function

706y) =(h—1)—x* +y? (23)

d312(“11“2):(rl_rz)_\/(xz_xl)z +(Yz_y1)2- (24)

The theory of ¢-functions for 3-dimension space is called
a o-polytope [1, 8]. Other objects can be approximated by
polygons and polytops, which is a common practice [15, 17, 18].

In the future, the solution of this system of linear equations
will give the opportunity to correctly locate workplaces
on a minimum area in compliance with all rules and regulations.
Further study and application of this mathematical apparatus can
help improve the efficiency of production planning [12, 14, 16].

then

4. Conclusions

Proper placement and layout of workplaces that satisfy
the requirements of ergonomics and occupational safety ensure
the most productive workflow and reduce employee fatigue.
Insufficient organization of workplaces leads to professional
burnout, even injuries. The optimal placement of workplaces,
which contributes to high labor productivity and the preservation
of the health of workers, occupies an important place
in occupational safety.

This work is devoted to modeling and solving the general
problem of optimizing the workplaces placement, taking into
account safety standards. The apparatus of ¢-functions was used
to solve the stated problem. The optimization problem
of workplaces placing according to the criterion of the minimum
area of premises is formulated, which is important for ensuring
the minimum cost per unit of production (rental cost, energy costs,
etc.). To describe the full class of ¢-functions required to represent
all technological units in the workplace, it is necessary to study
each pair of such objects. All elements of the workplace can be
conditionally represented as objects of elementary geometric
shapes. An interesting problem is the placement of objects
of an arbitrary multidimensional shape, which would make
it possible to carry out 3D modeling of workplaces for rooms
of various configurations. Notice, the considered algorithm
is transformed to the problem of packing n-dimensional
parallelepipeds. If we consider n-dimensional polygons, then this
problem already belongs to the class of NP-hard problems
and requires additional study, maybe to involve quasi ¢-functions.
This approach is currently being studied and may be applied
in the future.
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Analytical representation of constraints in the presented
optimization problem using ¢-functions allows you to set any
constraints on the relative position of objects, i.e. take into account
all safety requirements when organizing workplaces. For example,
according to Normative legal acts on occupational safety
of Ukraine No. 0.00-7.15-18 "Requirements on the safety
and health of person working with screen devices", workplaces
with computers are located at a distance of at least 1 meter from
the walls with windows; the distance between the side surfaces
of monitors should be at least 1.2 meter; the passage between
the rows of tables with PC should be at least 1 meter. All these
restrictions are easily added to the mathematical model
or removed in the shortest possible time.

This method is easily applicable for software implementation,
for example, using the Mathematica environment. In a few
seconds, such a program can produce solutions in the form
of a layout of the placement of geometric objects. The constructed
constraints contain an insignificant number of variables
for modern computing systems. In this regard, it is considered
that the solution time of the constructed mathematical model
is insignificant. Undoubtedly, the effective application of this
approach to workplace planning is impossible without a specialist
who can correctly formally describe the restrictions, taking into
account all the requirements of regulatory documents in the field
of occupational safety. Thus, the professional training of an
employee has a significant impact on the effectiveness of this
technique, in turn, this drawback can be eliminated in software
implementation by creating active functionality.
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