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ABSTRACT 

In the article the combined reflectance model based on quadratic and cubic polynomials is discussed. The main 

characteristics of physically accurate Torrance-Sparrow, Löw models and empirical Blinn, Phong, Schlick models are 

analyzed. The advantages and disadvantages of the cubic and quadratic Blinn-Phong model approximations are explored. 

The need in the development of new Blinn-Phong model approximation through combining the quadratic and cubic 

functions is justified. The cubic model is improved in order to improve the accuracy of Blinn-Phong model 

approximation in the attenuation zone. The formulas of the improved cubic model coefficients are simplified. The 

precise and approximated formulas for the calculation of connection point between quadratic and cubic functions are 

obtained. The productivity gain from the replacing the cubic function by the quadratic function in the glare’s epicenter 

zone is calculated. The absolute and relative errors of Blinn-Phong model approximation by the quadratic, cubic and the 

proposed model are compared. Through the visualization of the test figures “Teapot” and “Robot” the advantages of the 

proposed function usage for increasing the realism of glares formation are shown.   

Keywords: optical system, reflectance model, cubic model, quadratic function, polynomial function, rendering  

 

1. INTRODUCTION  

During the formation of the three-dimensional graphics images the highly accurate reproduction of the scene objects’ 

features is important. Among the approaches to highly realistic rendering are the increasing of surface polygons numbers, 

ray tracing, realistic textures mapping, anti-aliasing, the usage of the complex models of light reflectance from the surfaces. 

The providing of high realism of the image increases the full time of its forming, it does not always complies with the 

requirements of modern graphics systems. The objects’ surfaces shading procedure1 is the most computationally expensive 

substage of rendering. At this substage the color intensity is obtained for every point of the image. The productivity of color 

intensity calculation strongly depends on the complexity of the used light reflectance model. 

The existing models of light reflectance from surface don’t always comply with the high realism and high productivity 

characteristics
1
. Therefore, the development of light reflectance models, that increase the accuracy of representing the 

light reflection from the objects’ surfaces and increase the productivity of surfaces shading, is actual.  

2. THE LITERATURE OVERVIEW 

For representing the optical characteristics of material relative to the illumination source and camera positions changes 

the bidirectional reflectance distribution function (BRDF)
2
 is used. BRDF is calculated using the formula

3
. 

 i

i i i

dI(V )
BRDF

I( L )cos d 
  

where d  - differential solid angle, i
I(V )  - the light intensity in the direction to the viewer, i

I( L )  - the light intensity 
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in the direction to the light source. 

Torrance-Sparrow 
4,5

 and Löw
6
 BRDFs are classified as physically accurate reflectance models. The disadvantage of 

physically accurate models is a high computational complexity. Torrance-Sparrow BRDF 
4,5

 lies in taking into account 

the surface roughness through using the micro-facets regions. The model involves the calculation of Gauss or Beckmann 

micro-facet distribution, the Schlick approximation of the Fresnel factor, Geometric attenuation factor. The model is 

calculated using the formula 
7
 

 
4 ( )

DFG

LN
, 

where D  -micro-facet distribution, F - Fresnel factor, G - Geometric attenuation factor, L  - vector to the source of 

light, N - normal to the surface. 

Micro-facet Löw BRDF
6
 is the improvement of Cook-Torrance model and lies in using the ABC-like micro-facet 

distribution. The specular component of model is calculated using the formula 

 
( 1 ( ))

( )( )

S HN FG

LN NV


, 

where V - vector to the viewer, H - half-vector between V  and L , S  - the ABC-like distribution function. 

The empirical light reflectance models, among which are Phong
8
, Blinn

9
 and Schlick

10
 BRDFs, are highly productive but 

they less accurately reproduce of the optical characteristics of surfaces. 

Phong BRDF
8
 involves the angle   calculation between V  and specular reflectance vector R . Blinn BRDF

9
 lies in the 

improvement of Phong BRDF through the replacing the   angle by the   angle between N  and H . Blinn-Phong 

model is calculated using the formula 

  cos( )
n

x , 

where x  - the angle (  or  ), n  - the surface shininess coefficient, it corresponds to the diapason [1,1000] .  

When the values of n  are big the Blinn-Phong BRDF doesn’t comply with requirement of highly productive image 

formation. Therefore the Blinn-Phong BRDF approximations are used. Among the approximations are Schlick function, 

the polynomial cubic and polynomial quadratic functions. 

The Schlick function
10,11,12

 is characterized with the elimination of the exponential computational complexity increasing 

during the increasing of n . The disadvantage of function is not accurate enough reproduction of the attenuation zone. 

The function is calculated using the formula
13,14

 

  
cos( )

cos( ) cos( )n n



  
. 

The quadratic polynomial function
11,15

, which is used for Blinn-Phong model approximation, is calculated using the 

approximate formula
11,16

 

  
2

0.786 cos( ) (1 0.786 ) cos( )n n     . 

The quadratic function reproduces the glare in the epicenter zone quite accurately but leads to unnatural attenuation zone 

representation, because this function is a parabola and falls too fastly to the level of the ordinate axis zero. The another 

disadvantage of function is the need in the clipping operation performing because of the ordinate axis crossing. 

The cubic polynomial function
11

 for Blinn-Phong model approximation is calculated using the formula 

  3 2
cos( ) cos( ) cos( )A B C     

where , ,A B C - coefficients. 
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The coefficient A  is calculated using the formula 

 
3 2 2 3 2

( ) (1 ) ( 1)

( ) ( ) ( 1)

LR R L GR R LQ L

L R R L R R LR R

    

    
, 

where Q - the ordinate axis point at the level cos( )
n

t , G - the ordinate axis point at the level cos( )
n

u  (is located near 

ordinate axis zero), ,t u  - the abscissa axis points, cos( )R t , cos( )L u . 

The coefficient B  is calculated using the formula 

 
2 2 2 2

3 2 2 3 2

( 1) ( ) (1 )

( ) ( ) ( 1)

GR R LR L R QL L

L R R L R R LR R

    

    
. 

The coefficient С  is calculated using the formula 

 
2 2 2 2

3 2 2 3 2

( ) ( 1) ( )

( ) ( ) ( 1)

GR R R L Q L LR LR L R

L R R L R R LR R

    

    
. 

As the Q , G  it’s recommended to use the values 0.5,1 18  [11] respectively. 

Let’s denote the Blinn-Phong BRDF as 
B

F , its quadratic approximation as 
KV

F , its cubic approximation as 
KUB

F . Fig. 1 

shows the plots of 
B

F , 
KV

F , 
KUB

F .when 80.n    

 

Figure 1. The plots of B
F , KV

F , KUB
F .when 80n   

As shown in the picture, the plot of KV
F  in the glare’s epicenter zone approximately coincides with the KUB

F  plot. 

Therefore, in the epicenter zone it’s advisable to calculate KUB
F  as KV

F . The another direction of KUB
F  improvement is 

increasing the approximation accuracy of the glare’s attenuation zone. 

The aim of the work is development of combined surface reflectance model that provides the increasing of cubic model 

calculation productivity and increasing of the accuracy of attenuation zone reproduction.  

3. THE DEVELOPMENT OF COMBINED BRDF BASED ON CUBIC AND QUADRATIC 

FUNCTION 

The proposed BRDF includes the KV
F  calculation in the glare’s epicenter zone and the improved KUB

F  calculation in the 

attenuation zone. 
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Let us find the modified cubic function 
2KUB

F  that will provide the 
B

F  approximation accuracy increasing in the 

attenuation zone compared to the 
KUB

F . In order to do this we create the system of equations 

  

3 2

3 2

3 2

A2 cos( E ) B2 cos( E ) C2 cos( E ) D2 0.6 ,

A2 cos( t ) B2 cos( t ) C2 cos( t ) D2 Q, 

A2 cos( u ) B2 cos( u ) C2 cos( u ) D2 G,

D2 0 

       


      


      
 

 

where 
0.511 n

E a cos( e )


 , 0.6 - the ordinate axis level of 
KV

F  and 
2KUB

F  connection  

From the system we find that the coefficient A2  
2KUB

F  is calculated using the formula 

 

2 2

3 2 2 2 3 3 2 2 3

(3 3 ) (5 5 ) ( 5 5 )
0.2

( ) ( ) ( )

LR R L GR E R E LQ L E E

L RE R E L R E RE LR RE E

    

    
. 

The coefficient B2  is calculated using the fornula 

 
2 3 2 2 3 2

3 2 2 2 3 3 2 2 3

( 5 5 ) (3 3 ) (5 5 )
0.2

( ) ( ) ( )

GR R E E LR L R QL E L E

L RE R E L R E RE LR RE E

    

    
. 

The coefficient C 2  is calculated using the formula 

 
3 2 2 2 2 3 2 2

3 2 2 2 3 3 2 2 3

( 5 5 ) ( 5 5 ) (3 3 )
0.2

( ) ( ) ( )

GR R E R E L Q L E E LR LR L R

L RE R E L R E RE LR RE E

    

    
. 

The values of Q , G  are set as 0.125,1 32 . 

Using the MS Excel tools the simplified polynomial formulas of these coefficients are obtained. The simplified formula 

of A2  is computed using the expression 

 2

4 6 10 11 16 3 4 7 8 7 8 11

1 1 1 1 1 1 1 1 1 1 1 1
( ) ( ) ( )
2 2 2 2 2 2 2 2 2 2 2 2

n n           . 

The simplified formula of B2  is defined as 

 

3 2

16 20 3 5 9 14 3 5 9 1 3 5 9

2

3 5 9 10 16 3 7 8 10 11 1 3 5 9

1 1 1 1 1 1 1 1 1 1 3 1 1
( ) ( ) ( ) ( ) 5 32
2 2 2 2 2 2 2 2 2 2 2 2 2

1 1 1 1 1 1 1 1 1 1 1 1 1 1
( ) ( ) ( ) 32 256
2 2 2 2 2 2 2 2 2 2 2 2 2 2

n n n if n n

n n if n n


               

                


. 

The simplified formula of С2  is computed using the formula 

 2

4 6 10 11 2 4 10 11 3 4 7 9

1 1 1 1 1 1 1 1 1 1 1 1
( ) ( ) ( )
2 2 2 2 2 2 2 2 2 2 2 2

n n           . 

Fig. 2 shows the plots of 2KUB
F , KV

F , B
F .  

Therefore, the connection of 2KUB
F  and KV

F  provides the highly accurate B
F  approximation.  

Let us find the 2KUB
F  and KV

F  connection point. We solve the equation  

2 3 2
0.786 cos( ) (1 0.786 ) cos( ) 2 cos( ) 2 cos( ) 2 cos( )n n A B C              . 

The precise formula for the calculation of connection point ( )connect n  between 2KUB
F  and KV

F  when 32n   is defined as 
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2 4 2 3

2

1304125 5360000 5522912 15625 8453383423744 564728000 31208448000000 16664864256000
cos( )

2(652125 1632000 92000)

n n n n n n
a

n n

      

 
. 

The expression is calculated using the formula when 32n   

3 3 3 2

2

6 3 3 2 4 6 7 5 4 4

110336 10 1875 20744 10 90990592
cos(

2(26112000 10434000 1472000)

12808617984 10 86744733184 10 1636015759294464 918864330752 10 3515625 7779 10 473520128 10

2(26112000 104

n n n
a

n n

n n n n n n

n

     


 

          



2

)
34000 1472000)n 

. 

 

Figure 2. The plots of 
B

F , 
KV

F , 
2KUB

F .when 70n   

The simplified expression for ( )connect n  is computed using the formula 

 

2

12 18 6 1 4 6 7 9

2

16 20 21 7 8 10 15 2 7 10

2

20 11 14 15 3 6 7

1 1 1 1 1 1 1 1
( ) ( ) 32
2 2 2 2 2 2 2 2

1 1 1 1 1 1 1 1 1 1
( ) ( ) ( ) 32 100
2 2 2 2 2 2 2 2 2 2

1 1 1 1 1 1 1
( ) ( ) ( ) 100
2 2 2 2 2 2 2

n n if n

n n if n n

n n if n


       




           



      


. 

At the ordinate axis level 0.6 the smooth connection of functions is provided because the difference of values between 

2KUB
F  and KV

F  near ( )connect n  is insignificant (Fig. 3). Consequently, the derivatives calculation is not needed.  

 

Figure 3. The deviations between KV
F  and 2KUB

F  near ( )connect n  
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Let us denote the developed combined function as 
COMB

F . Fig. 4 shows the plots of 
COMB

F , 
KUB

F , 
KV

F , 
B

F  when 36n  . 

 

Fig. 4. The plots of 
COMB

F , 
KUB

F , 
KV

F , 
B

F  when 36n   

 

Figure 5. The plot of productivity gain from 
COMB

F  calculation 

Therefore, 
COMB

F  provides the increasing of attenuation zone reproduction accuracy while speeding up the glare’s 

epicenter zone calculations compared to KUB
F . 

In average, the 40.2%  of 
COMB

F  curve length is calculated as KV
F  (Fig. 5.), this value is a productivity gain.  

Fig. 6 shows the plots of maximum relative errors   between 
COMB

F , KUB
F , KV

F  and 
B

F  in the glare’s epicenter for 

[5,256]n . 

 

Figure 6. Plots of maximum relative errors between COMB
F , KUB

F , KV
F  and B

F  in the epicenter zone 
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Over the greater part of the interval [5,256]n  the relative errors of the specified functions coincide and are equal to 

3.04% . 

Fig. 7. shows the plots of maximum absolute errors   between 
COMB

F , 
KUB

F , 
KV

F  and 
B

F  for [5,256]n . 

 

Fig. 7. The plots of maximum absolute errors between 
COMB

F , 
KUB

F , 
KV

F  and 
B

F  

The maximum   
KUB

F  is 0.1 , maximum   
KV

F   – 0.28 , maximum   
COMB

F  – 0.06 .  

Fig. 8 shows the results of applying 
COMB

F , 
KUB

F , 
KV

F  to the visualization of the figures “Teapot”, “Robot” in BRDF 

Explorer.  

 

Fig. 8. The results of figures visualization based on COMB
F , KUB

F , KV
F  

Therefore, COMB
F  is characterized with the increased calculation productivity and more realistic glare’s attenuation zone 

reproduction.  
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4. CONCLUSIONS 

In the article the combined reflectance model based on quadratic and modified cubic functions is proposed. The 

quadratic polynomial function corresponds to glare’s epicenter zone, the cubic function corresponds to the attenuation 

zone. 

The realism level of attenuation zone reproduction and the speed of model’s coefficients calculations are improved 

through the modifying of cubic polynomial function. The productivity of BRDF calculation is increased by 40.2%  

through replacing the cubic function by quadratic in the epicenter zone. 

Using the visualization of test figures in the software app BRDF Explorer it is shown that compared to quadratic and 

cubic models the proposed combined BRDF provides more accurate glares reproduction at the surfaces of objects. 
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