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@?A?5∞D…AQ±>DQ561<Q±1GQ«@6A6FQ5>≤F@A?G6BQ3QC?=D?2SAD>C?31>?=D
3≤2?AD5?@D√6>LB<Q5@A≤5Q<»C≤>1:@≤<L>QIDD314D

1.2

A?±A1FD>;1F 131AQ:>≤F A6∞≤=Q3 D @A≤>G≤@Q =?∞DCL
3≤;?A≤BC?3D31C≤B»2D5L-»;QB≤BC6=≤?5≤>≤GL 1<6CA15≤GQRQ?B?2≤BCQ
@6A6314≤5?B<Q5>≤;Q3±1±3≤H1:±3D∞D«CL=6∞Q=?∞<≤3≤F31AQ1>CQ3
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A≤ A?±A1FD31>>QBCAD=Q3 ;?A?C;?4? ±1=≤;1>>», »; @A13≤<?,
3≤;?A≤BC?3D«CLB»4

B≤BC6=1 3Q5>?B>≤F ?5≤>≤GL ± @A≤3656>>»= @1A1=6CAQ3
±1BCD@>≤FBF6=5?3≤2A1>?4??B>?3>?4?BCD@6>»>1@AD4≤B≤BC6=≤ √?
5?B<Q5∞D…CLB» ±3A1FD31>>»= E1;C≤H>≤F;?6EQGQ…>CQ3CA1>BE?A=1GQR
CA1>BE?A=1C?AQ3Q13C?CA1>BE?A=1C?AQ35

B≤BC6=1 Q=6>?31>≤F ?5≤>≤GL ± @A≤3656>>»= @1A1=6CAQ3
±1BCD@>≤FBF6=5?3≤2A1>?4??B>?3>?4?BCD@6>»>1@AD4≤±3A1FD31>>»=
E1;C≤H>≤F;?6EQGQ…>CQ3CA1>BE?A=1GQRCA1>BE?A=1C?AQ3Q13C?CA1>BE?A-
=1C?AQ35

B≤BC6=1 Q=6>?31>≤F ?5≤>≤GL ± @A≤3656>>»= @1A1=6CAQ3
±1BCD@>≤FBF6=5??5>?4?BCD@6>»>1@AD4≤26±3A1FD31>>»E1;C≤H>≤F
;?6EQGQ…>CQ3CA1>BE?A=1GQRCA1>BE?A=1C?AQ3Q13C?CA1>BE?A=1C?AQ35

B≤BC6=1?5≤>≤GL @A≤3656>≤F5? ; @1A1=6CAQ3±1BCD@>≤F
BF6=C1Q>

D=?31F >65?BC1C>L?RQ>E?A=1GQR@A? E1;C≤H>Q;?6EQGQ…>C≤
CA1>BE?A=1GQRCA1>BE?A=1C?AQ3 Q13C?CA1>BE?A=1C?AQ3 5?@DB;1…CLB»
>12<≤∞6>≤:B@?BQ2RF3A1FD31>>» Q>±3?5≤CLB»5?±1=Q>≤RFB6A65>Q=≤
±>1H6>>»=≤ »;Q3≤±>1H1«CLB»3Q5>?I6>>»=≤B6A65>QF<Q>Q:>≤F>1@AD4
3Q5@?3Q5>≤FBCD@6>Q3CA1>BE?A=1GQR 6;?=6>5D…CLB»3≤;?A≤BC?3D31C≤
C1;≤:A»5B6A65>QF>1@AD44 /505 /5 25/1/525 5.51/5
15 /5/.5 5. 5// ;

A?±A1FD>;1FBCAD=Q3;?A?C;?4?±1=≤;1>>»36<6;CA?DBC1>?3;1F5?
; A»5B6A65>QF>1@AD45?@?3>«…CLB»C1;≤=≤36<≤H≤>1=≤4 035 //5
.5 ; A≤GL?=DA?±A1FD>;≤A6;?=6>5D…CLB»3≤;?>D31C≤3B≤BC6=Q
Q=6>?31>≤F?5≤>≤GL 1?@?A≤6<6=6>CQ3±1BCD@>≤FBF6= 3≤A1∞1C≤3
=Q<Q?=1F

A≤ A?±A1FD31>>QBCQ:;?BCQB≤BC6= 3≤;?A≤BC?3D…CLB» B≤BC6=1
3Q5>?B>≤F?5≤>≤GL»;15?@?3>«…CLB»56»;≤=≤Q=6>?31>≤=≤@1A1=6CA1=≤
>1@A≤;<15 4A15DB1=≤5<»12B?<«C>≤F 3±1…=>≤F12?;A≤C≤H>≤F;DCQ3
A?C?AQ3B≤>FA?>>≤F =1I≤> »5 B6A65>QF>1@AD4@A≤ A?±A1FD31>>Q
BCQ:;?BCQ@A≤:>»C?3≤;?A≤BC?3D31C≤C1;≤:: 1150; 750; 500; 330; 230; 154; 
/515 5/1/5 25 /505 /5//;
•?BC?BD…CLB»B≤BC6=;??A5≤>1CC?±1<6∞>?3Q5=6C≤A?±A1FD>;Q3Q

3≤5D131AQ:>?4?A6∞≤=D3≤;?A≤BC?3D«CLB»>1BCD@>QB≤BC6=≤;??A5≤>1C4
E1±>Q );
B≤=6CA≤H>Q;??A5≤>1C≤»;Q3≤CQ;1«CL±=6C?5DB≤=6CA≤H>≤F

B;<15?3≤F5
@A»=?;DC>1Y-q- >6ADF?=15
√??26AC1…CLB»Y-q-0;
@A»=?;DC>1±;??A5≤>1C1=≤3≤5Q<6>≤F@1A1=6CAQ3D=6C?5Q=-

A?±2≤CC»QC5
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2SAD>CD31>>»B≤BC6= ;??A5≤>1C3≤;?>D…CLB»@A≤ E?A=D31>>Q
A?±A1FD>;?3≤FD=?3

1.3

A≤>G≤@?3?2D5L-»;Q@6A6FQ5>Q@A?G6B≤@A≤131AQ:>≤FA6∞≤=1F
=?∞DCL2DC≤A?±4<»>DCQ»;A?±3»±?;3Q5@?3Q5>?RB≤BC6=≤5≤E6A6>GQ1<L>≤F
AQ3>»>L 1:2Q<LI?«CAD5>QBC«CDC…>6C6F>Q;1A?±3»±D31>>»1B≤>C6±
=1C6=1C≤H>?R=?56<Q»;1±@?CAQ2>?«@?3>?C?«3A1F?3D…>1:2Q<LIBDCC…3Q
±3»±;≤ A?C6D2141CL?F3≤@15;1FGQ<QA?±A1FD31>>»131AQ:>≤FA6∞≤=Q3
3≤@A135?3D«CLB@A?√6>Q@Q5F?5≤5?RF5?B<Q5∞6>>» ?>≤;<1B≤EQ;D«CLB»
»;Q>∞6>6A>Q=6C?5≤A?±A1FD>;D

A≤A?±A1FD31>>QBCAD=Q3;?A?C;?4?±1=≤;1>>»3≤;?A≤BC?3D«CLB»
C1;Q=6C?5≤

>1<QC≤H>≤:=6C?5?B>?31>≤:>1@6A6C3?A6>>»F±1BCD@>?RBF6=≤
6±D<LC1C?= C1;?4?@6A6C3?A6>>»…6;3Q31<6>C>1 A6±D<LCD«H1
±1BCD@>?RBF6=≤Q6;3Q31<6>C>≤:A6±D<LCD«H≤:RR?@QA»;QQ3≤±>1H1«CL
BCAD= C1@?CD∞>QBCL )6:=6C?5A6;?=6>5D…CLB»3≤;?A≤BC?3D31C≤3
=1<?;?>CDA>≤FA?±A1FD>;?3≤FBF6=1F

6C?53D±<?3≤F>1@AD4 ±1B>?31>≤:>1A?±3»±D31>>QC1;?4?
36;C?A>?-=1CA≤H>?4?AQ3>»>>»4

I = Y U ,                                                   (1.1)
56I 36;C?A-BC?3@6GL3D±<?3≤FBCAD=Q35
Y ;315A1C>1=1CA≤G»3<1B>?RQ3±1…=>?R3D±<?3?R@A?3Q5>?BCQ5
U 36;C?A-BC?3@6GL3D±<?3≤F>1@AD4

)6:=6C?5A6;?=6>5D…CLB»5<»2141C?;?>CDA>≤FA?±A1FD>;?3≤FBF6=
6C?5;?>CDA>≤FBCAD=Q3 ?B>?31>≤:>1A?±3»±D31>>QC1;?4?

36;C?A>?-=1CA≤H>?4?AQ3>»>>»4
E = Z I ,                                                  (1.2)

56Z 36;C?A-BC?3@6GL;?>CDA>≤F ;
Z ;315A1C>1=1CA≤G»3<1B>≤FQ3±1…=>≤F?@?AQ3>6±1<6∞>≤F

;?>CDAQ35
I 36;C?A-BC?3@6GL;?>CDA>≤FBCAD=Q3

)6:=6C?5C1;?∞ A6;?=6>5D…CLB»5<»2141C?;?>CDA>≤FA?±A1FD>;?3≤F
BF6=

. Q±>?=1>QC>Q36ABQR=6C?5Q3A?±A1FD>;?3≤F;A≤3≤F3»;≤F131AQ:>Q
BCAD=≤3≤±>1H1«CLB»>1?B>?3QB@6GQ1<L>≤F;A≤3≤F √?3A1F?3D«CL
;?>BCAD;C≤3>Q?B?2<≤3?BCQ46>6AD31<L>≤F 6<6=6>CQ351>?RBF6=≤ RF
B≤BC6=≤±2D5∞6>>»@?C?H>≤:H1BQA»5Q>I≤F;??A5≤>1C[5, 6].

/ 6C?53≤@A»=<6>≤FF1A1;C6A≤BC≤;=6C?5 1B;1;?31-&<L»>?31
?B>?3D»;?4?B;<151«CLA?±A1FD>;?3QEQ;C≤3>Q) Q?@QA46>6A1C?A1√?
±151…CLB»B@6GQ1<L>≤=≤;A≤3≤=≤DED>;GQRH1BD
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0 6C?5 @?CD∞>?BC6: ?B>?3D»;?4?B;<151«CLA?±A1FD>;?3Q
E?A=D<≤ √? 3≤±>1H1«CL@?CD∞>QBCL;?A?C;?4? ±1=≤;1>>»;?∞>?4?
6<6=6>C1A?±A1FD>;?3?RBF6=≤ ?C1;≤F@1A1=6CAQ3;?∞>?4?6<6=6>C1
±1BCD@>?RBF6=≤ =?∞>1 BC3?A≤C≤ 3<1B>D 1<462AD @?CD∞>?BC6: Q
A?±A1FD31C≤@1A1=6CA≤131AQ:>?4?A6∞≤=D

1 6C?5±1B>?31>≤:>13≤;?A≤BC1>>QBC1C≤H>≤F12?5≤>1=QH>≤F
=?56<6:BC?<Q3@?BCQ:>?4?12?±=Q>>?4?BCAD=D A≤GL?=D3@63>?=D
=1BIC12Q>1=>6=?BF6=QBC?<D@?51…CLB»A?±A1FD>;?31BF6=1Q>1=?56<»F
3≤=QA««CLB»D@63>?=D=1BIC12Q@1A1=6CA≤131AQ:>?4?A6∞≤=D

>13656>?4?3≤√6;?A?C;?4??4<»5D=6C?5Q3A?±A1FD>;DBCAD=Q3
;?A?C;?4?±1=≤;1>>»3≤5>?√?2Q<LIQBCL±>≤F?AQ…>C?31>1>1ADH>≤:
A1FD>?;QI3≤5I6…Q<«BCA1GQ…«A?±3≤C;D>1D;≤@A?@6A6FQ5>Q@A?G6B≤
6»;Q±>≤F351>≤:H1B=?∞DCLA?±4<»51C≤B»»;1AF1R±=≤

DH1B>Q=6C?5≤A?±A1FD31>>»BCAD=Q3;?A?C;?4?±1=≤;1>>» G6
=6C?5≤ ?AQ…>C?31>Q>1±1BC?BD31>>» )6 @6AI ±13B6 =6C?5≤
?B>?31>Q>1Q>C64AD31>>QB≤BC6= ±3≤H1:>≤F5≤E6A6>GQ1<L>≤FAQ3>»>L
5≤E6A6>GQ1<L>≤FAQ3>»>L 1A;1- ?A…31Q=1I≤>>?-?AQ…>C?31>?=D=6C?5Q
3D±<?3≤F>1@AD4

A≤A?±A1FD31>>Q131AQ:>≤FA6∞≤=Q3 @?3»±1>≤F±@?ADI6>>»=
BCQ:;?BCQ 6<6;CA≤H>≤F B≤BC6=, 3≤;?A≤BC?3D«CL B@6GQ1<L>Q =6C?5≤
A?±A1FD>;Q3BC1C≤H>?RBCQ:;?BCQQ=6C?5≤A?±A1FD>;D5≤>1=QH>?RBCQ:;?BCQ
[8, 9, 10].

Q5±>1H≤=?C1;Q=6C?5≤A?±A1FD31>>»BC1C≤H>?RBCQ:;?BCQA6∞≤=D
1. 6C?5=1<≤F;?<≤31>L ±1B>?31>≤:>1A?±3»±D31>>QB≤BC6=≤

AQ3>»>L D 5≤E6A6>GQ1<L>Q: 12? ?@6A1C?A>Q: E?A=Q ADFD A?C?AQ3
B≤>FA?>>≤F=1I≤> 6±D<LC1C?=@A»=?4?A?±3»±D31>>»C1;?RB≤BC6=≤
=?∞62DC≤±=Q>13±1…=>≤F;DCQ33Q5H1BDQ3≤B>?3?;>1GQ:?B>?3Q@A?
=?∞<≤3QBCL 3≤>≤;>6>>» =?>?C?>>? 12? ;?<≤31<L>? >1A?BC1«H?4?
@6A6FQ5>?4?@A?G6BD

6C?5√?3≤;?A≤BC?3D…=1C6=1C≤H>Q;A≤C6AQR»;Q3≤CQ;1«CL±
=6C?5D=1<≤F;?<≤31>L A≤GL?=D±1=QBCL@A»=?4?A?±3»±D31>>»B≤BC6=≤
5≤E6A6>GQ1<L>≤F12??@6A1C?A>≤FAQ3>»>L B≤>C6±D…CLB»<Q>61A≤±?31>1
B≤BC6=1AQ3>»>LC1RR4?<?3>≤:3≤±>1H>≤; 1@?CQ= F1A1;C6A≤BC≤H>6
AQ3>»>>»

? ?56A∞1>?4? F1A1;C6A≤BC≤H>?4? AQ3>»>>» ±1BC?B?3D«CLB»
=1C6=1C≤H>Q;A≤C6AQR DA3≤G» 1DB1 L…>1A1-+≤@1A1 ≤F1:<?3112?
=6C?5D-A?±2≤CC» A≤56»;≤F5?@D√6>>»F>1?B>?3QG≤F;A≤C6AQR3
A?2≤CLB»3≤B>?3?;@A?=?∞<≤3QBCL@?ADI6>>»BC1C≤H>?RBCQ:;?BCQA6∞≤=D

6C?5 √?3≤;?A≤BC?3D…@A1;C≤H>Q;A≤C6AQRBC1C≤H>?RBCQ:;?BCQ
?>≤…>6AQ3>?BC»=≤3≤4<»5D:

 C<>
dB

dA
,                                             (1.3)
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D<Q3Q:H1BC≤>Q»;≤F±>1F?5»CLB»@?FQ5>Q3Q556»;≤FA6∞≤=>≤F@1A1=6CAQ3
@? BD=>Q3>≤F ;??A5≤>1C1F A1>≤H>QB@Q33Q5>?I6>>» >1=6∞Q

BCQ:;?BCQ>12D31«CL3≤4<»5DAQ3>?BCQ@A≤H?=D  (0; ts).
A1;C≤H>Q;A≤C6AQR=1«CL3±1…=?±3»±?; Q±BCA?4≤=≤ D=?31=≤

BC1C≤H>?RBCQ:;?BCQQ±1 3Q5BDC>?BCQB1=?A?±4?:5D31>>» 3 B≤BC6=Q
3Q5@?3Q51«CL@?±≤C≤3>?BCQ3Q<L>?4?H<6>1F1A1;C6A≤BC≤H>?4?AQ3>»>>»

. 6C?5±1B>?31>≤:>13≤;?A≤BC1>>QA?±A1FD>;?3≤FBC?<Q3±=Q>>?4?
BCAD=D ?±A1FD>;≤BC1C≤H>?RBCQ:;?BCQCDC±3?5»CLB»5?@?B<Q5?3>?4?
3BC1>?3<6>>»A»5DA6∞≤=Q3√?3Q5AQ±>»«CLB»?5≤>3Q5?5>?4?±=Q>?«
?5>?4?12?56;Q<L;?F@1A1=6CAQ3 >1@A≤;<15 E1±≤ @6A65131<L>?R
BC1>GQRH≤>1@AD4≤3@A≤:=1<L>Q:B≤BC6=QC?2C?3B62Q<LI Q2Q<LI
DB;<15>6>≤FA6∞≤=Q3 GQ>«31>>»BCQ:;?BCQ±1±3≤H1:@A?3?5≤CLB»>1
?B>?3Q@A1;C≤H>≤F;A≤C6AQR3:

0=
d

dP


 (1.4)

C?2C?±1=6∞6«@?CD∞>?BCQ12?

0=
dU

Qd
(1.5)

C?2C?±14A1>≤H>≤=±>≤∞6>>»=>1@AD4≤
.Q/4
1;C≤3>1@?CD∞>QBCL,»;1@6A651…CLB»@?BD=>Q3>Q:<Q>QR;

 ;DC@6A65131<L>?RBC1>GQR5
Q @A≤AQBCA61;C≤3>?R@?CD∞>?BCQ5
U >1@AD41
≤>1=QH>1BCQ:;QBCLB≤BC6= @?3»±1>1±B≤<L>≤=≤ ±2DA6>>»=≤

A6∞≤=DQ3≤=141…5<»A?±A1FD>;DB@6GQ1<L>≤F=6C?5Q3 Q>G63?«=6C?«
5?B<Q5∞6>>»5≤>1=QH>?RBCQ:;?BCQA6∞≤=D…3≤»3<6>>»3Q5>?B>?4?ADFD
A?C?AQ3B≤>FA?>>≤F46>6A1C?AQ3Q>1GQ:?B>?3Q3≤B>?3?;@A?RF±51C>QBCL
±26AQ41C≤B≤>FA?>>DA?2?CD

1:2Q<LI 5?36AI6>≤==6C?5?=1>1<Q±D5≤>1=QH>?RBCQ:;?BCQ…
=6C?5±1B>?31>≤:>1@?3>≤FAQ3>»>>»F 1A;1- ?A…3135≤E6A6>GQ1<L>Q:
12??@6A1C?A>Q:E?A=Q5<»B≤>FA?>>≤F=1I≤>, √?3F?5»CL3B≤BC6=D. 
?56<QB≤>FA?>>≤F=1I≤>±1±3≤H1:5?@?3>««CLB»AQ3>»>>»=≤5≤>1=Q;≤
13C?=1C≤H>≤FA64D<»C?AQ3±2D5∞6>>» 46>6A1C?AQ3 13C?=1C≤H>≤F
A64D<»C?AQ3 I3≤5;?BCQ @6A3≤>>≤F 53≤4D>Q3 +) Q AQ3>»>>»=≤
5≤>1=QH>≤FF1A1;C6A≤BC≤;3D±<Q3>131>C1∞6>>»

6√?B@A?√6>≤=, @?AQ3>»>?±3Q5=QH6>≤= 3≤√6, …=6C?5
±1B>?31>≤:>1AQ3>»>>»F …2…5…31- 51>?31 AQ3>»>>»F ?>4<6» )»
=?56<L C1;?∞ Q>?5QDC?H>«…CLB» AQ3>»>>»=≤ + Q3D±<Q3
>131>C1∞6>>»

<»@A?BC?RB≤BC6=≤6;3Q31<6>C>≤:46>6A1C?A I≤>≤>6±=Q>>?R
>1@AD4≤ =1C6=1C≤H>1=?56<LB@A?√D…CLB»5??5>?4?5≤E6A6>GQ1<L>?4?
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AQ3>»>>»5AD4?4?@?A»5;DQ3?>?Q>C64AD…CLB»=6C?5?= @?B<Q5?3>≤F
Q>C6A31<Q3

Q5=QH6>Q3≤√6CA≤=6C?5≤1>1<Q±D5≤>1=QH>?RBCQ:;?BCQ@?-BDCQ
3≤H6A@D«CL36BL1@1A1C5?B<Q5∞6>>»»;√?>62A1C≤5?D314≤>1CDA>Q
6;B@6A≤=6>C≤ EQ±≤H>Q=?56<Q±=Q>>?4?BCAD=DQADH>≤:A?±A1FD>?;
1«H≤>1D31±QB;<15>QBCL@6A6FQ5>?4?@A?G6BD@A≤36<≤;≤F±2DA6>>»F
3BQ3Q5=QH6>Q3≤√6=6C?5≤A61<Q±D«CLB»351>≤:H1BCQ<L;≤>1

•6B;<15>QI≤FA?±A1FD>;Q33≤=141…1>1<Q±A6±D<LCD«H?RBCQ:;?BCQ
=1…CLB»>1D31±Q±51C>QBCL6>6A4?B≤BC6=≤3Q5>?3<«31C≤B≤>FA?>>DA?2?CD
@QB<»3≤>≤;>6>>»1B≤>FA?>>?4?F?5D 1=1B≤>FA?>>≤:A6∞≤= 3B≤BC6=Q
3≤>≤;1…@QB<»@?ADI6>>»RRBC1C≤H>?R12?5≤>1=QH>?RBCQ:;?BCQ

1±3≤H1:A?±AQ±>»«CLCA≤31<≤:1B≤>FA?>>≤:A6∞≤= 5<»<Q;3Q51GQR
»;?4?@?CAQ2>65Q<6>>»B≤BC6=≤>1>6B≤>FA?>>QH1BC≤>≤, Q;?A?C;?H1B>≤:
1B≤>FA?>>≤: A6∞≤= √? ±136AID…CLB»A6B≤>FA?>Q±1GQ…« A65=6C?=
A?±A1FD>;Q33GL?=D3≤@15;D…3BC1>?3<6>>»B1=?4?E1;CD=?∞<≤3?BCQ
B1=?3Q<L>?RA6B≤>FA?>Q±1GQR. 5>?H1B>?3≤AQID«CLB»@≤C1>>»@?365Q>;≤
B@?∞≤31HQ3@Q5H1B1B≤>FA?>>?4?F?5DB≤BC6=≤@A?3656>>»±1F?5Q3√?
B@A≤»«CLA6B≤>FA?>Q±1GQRQC5 1= @6A6<Q;±1351>L @?3»±1>≤FQ±
±126±@6H6>>»= A6±D<LCD«H?RBCQ:;?BCQ4?3?A≤CL@A?RFB;<15>QBCLQ
>6?2FQ5>QBCL13C?=1C≤±1GQRA?±A1FD>;Q3

1.4

1@A1;C≤GQH1BC?5?3?5≤CLB»?GQ>«31C≤@1A1=6CA≤131AQ:>≤F
A6∞≤=Q3D3D±<1F@A≤>65?BC1C>L?@?3>Q:Q>E?A=1GQR@A?∞≤3≤<L>D
B≤BC6=D3H1BC≤>QRRC?@?<?4QRQ@1A1=6CAQ3©B;A13≤=@A≤;<15?=GL?4?…
@6AB@6;C≤3>QA?±A1FD>;≤131AQ:>≤FA6∞≤=Q3 ;?<≤?BC1C?H>?RQ@?3>?R
»B>?BCQ@A?=1:2DC>…∞≤3≤<L>?RB≤BC6=≤>6=1… ©;Q>I≤:@A≤;<15,
3;1∞6=?3≤@15?; ;?<≤<«5≤>1√?@A?3?5≤CLA?±A1FD>;≤ @A?BC?>6
3?<?5Q…@?3>?«Q>E?A=1GQ…«»;13@A≤>G≤@Q…1<6±>1F?5≤CLB»>1Q>I?=D
AQ3>Q;6AD31>>»

%1;≤= H≤>?= @A≤A?51 >65?BC1C>L?RQ>E?A=1GQR3 C?=D √?
6<6;CA≤H>1B≤BC6=1 ?2…;C±Q…A1AFQH>?« BCAD;CDA?« @<1>D31>>»
A?±3≤C;D»;?4?3656CLB»>15?BC1C>L?36<≤;?=DH1B?3?=D4?A≤±?>CQ@A≤
56»;Q:>63≤±>1H6>?BCQ@?CA62≤3RR@?CD∞>?BCQQ6<6;CA?6>6A4QR AQ=C?4?
5<»6;B@<D1C1GQ:>≤FA?±A1FD>;Q3BCAD=Q3;?A?C;?4?±1=≤;1>>»H1BC?
3Q5BDC>»>15Q:>1Q>E?A=1GQ»@A?@?C?H>≤:BC1>B≤BC6=≤, ±31∞1«H≤>1RR
Q…A1AFQH>≤:F1A1;C6A

&±141<L>««H≤3≤;<156>6=?∞>1BC36A5∞D31C≤ √?Q>E?A=1GQ:>6
±126±@6H6>>»5<»A?±A1FD31>>»131AQ:>≤FA6∞≤=Q3=1…C1;D@A≤A?5D4
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@63>1Q>E?A=1GQ» @A?C?@?<?4Q«Q@1A1=6CA≤ @A?B≤BC6=D
∞≤3<6>>»;

H1BC;?3?>63≤±>1H6>1;?<≤56»;1Q>E?A=1GQ»@A?∞≤3≤<L>D
B≤BC6=D±>1F?5≤CLB»3@1A1=6CA1F131AQ:>≤FA6∞≤=Q3L;±, I;±32D5L-»;≤F
±151>≤F3D±<1F5

±>1H>?>63≤±>1H6>1;?<≤>65?BC1C>QBCLQ>E?A=1GQR3»;Q:BL
=QAQ5?<1…CLB»I<»F?=3≤;?A≤BC1>>»>6@A»=≤F3Q5?=?BC6:>1@A≤;<15@A?
@1A1=6CA≤ 3BC1>?3<6>?4? ;?=DC1GQ:>?4? ?2<15>1>>» 12? A6±D<LC1C≤
@?5Q2>≤FA?±A1FD>;Q331>1<?4QH>≤FB≤BC6=1F

A?±D=Q<? √?C?H>QBCLA?±A1FD>;Q3131AQ:>≤FA6∞≤=Q3QBC?C>?
3≤±>1H1«CLB»Q>E?A=1GQ:>≤=±126±@6H6>>»=QG6>6?2FQ5>?2A1C≤5?D314≤
@A≤E?A=D<«31>>QA?±A1FD>;?3≤FD=?3

1.5

n t n t
n n n n , 

n n ?-BDCQ, 
A?±A1FD>;?3QD=?3≤…;?>G6@GQ…«=1:2DC>L?RA?±A1FD>;?3?RA?2?C≤

?@A≤>G≤@?3≤F@?<?∞6>L√?±151«CLB»±±?3>Q3Q5>?B»CLB»:
=6C1A?±A1FD31>>»131AQ:>≤FA6∞≤=Q3√?@A?3?5»CLB» 5<»

3≤2?ADQ@6A63QA;≤BCAD=?@A?3Q5>≤FH1BC≤>C1;?=DC1GQ:>?R1@1A1CDA≤5<»
A?±A1FD31>>»DBC13?;QHDC<≤3?BCQA6<6:>?4?±1F≤BCD5<»5?B<Q5∞6>>»
@?365Q>;≤ B≤BC6=>?R13C?=1C≤;≤ @Q5 H1B131AQ: 5<» A?±A1FD31>>»
5≤>1=QH>?RBCQ:;?BCQQC55

A?±A1FD>;?3≤:3D±?< (3D±<≤>1±151>Q:BF6=Q6>6A4?B≤BC6=≤5
A?±A1FD>;?3≤:3≤5;?A?C;?4?±1=≤;1>>»CA≤E1±>612?2D5L-

»;6Q±>6B≤=6CA≤H>≤F5
A?±A1FD>;?3≤:H1B@6A6FQ5>?4?@A?G6BDQQ>

B>D…A»5@A≤>G≤@?3≤F@?<?∞6>L√?@A≤:=1«CLB»B1=?«<«5≤>?«
»;13≤;?>D…A?±A1FD>;≤ ?>≤F=?∞>13Q5>6BC≤C1;Q

≤2QAA?±A1FD>;?3?RBF6=≤&A?±A1FD>;?3DBF6=D3±141<L>?=D
3≤@15;D@?3≤>>Q3;<«H1C≤B»3BQ46>6A1C?A≤ √?26ADCLDH1BCL Q3BQ
6<6=6>C≤ H6A6±»;Q±3»±D«CLB»46>6A1C?A≤ =Q∞ B?2?« C1C?H;?«
@?I;?5∞6>>» 131>C1∞6>>»,±1<6∞>?3Q5=6C≤A?±A1FD>;Q3,12?3±141<Q>6
33?5»CLB» 12?33?5»CLB»D±141<L>6>?« BF6=?« ID>C?= A61;C≤3>?4?
?@?ADH≤BC1C≤H>≤=≤5≤>1=QH>≤=≤F1A1;C6A≤BC≤;1=≤

56»;≤F3≤@15;1F3≤»3<»…CLB»5?GQ<L>≤=6;3Q31<6>CD31C≤?;A6=Q
H1BC≤>≤ 6<6;CA≤H>?R B≤BC6=≤ 12? ±>1H>? B@A?√D31C≤ BF6=D
6<6;CA?@?BC1H1>>»

≤2QAA?±A1FD>;?3?4?A6∞≤=D@Q5FQ55?»;?4?QBC?C>?3Q5=Q>>≤:
@A≤A?±A1FD31>>QBCAD=Q3;?A?C;?4?±1=≤;1>>»QBCQ:;?BCQB≤BC6=≤
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A≤A?±A1FD31>>QBCAD=Q3;?A?C;?4?±1=≤;1>>»±1±3≤H1:26A6CLB»5?
A?±4<»5D=1;B≤=1<L>≤:12?=Q>Q=1<L>≤:A6∞≤=≤&C6A=Q>=1;B≤=1<L>≤:
A6∞≤= 3;<151…CLB»C1;≤:±=QBC:

1D3Q=;>6>Q3BQ5∞6A6<1∞≤3<6>>»Q>?5Q>13QCLCQ√?±»3<»CLB»3
@6AB@6;C≤3Q;

2 D3Q=;>6>Q3BQCA1>BE?A=1C?A≤ Q13C?CA1>BE?A=1C?A≤, »;Q
>?A=1<L>?@A1G««CLQ±±1±6=<6>?«>6:CA1<<«5

3 @Q5BF6=1»;126±@?B6A65>L?@A≤=≤;1…5?C?H;≤@?I;?5∞6>>»
C1;1√?@?6<6=6>CD»;≤:3≤2≤A1…CLB»@A?F?5≤CL>1:2Q<LI≤:BCAD=

Q>Q=1<L>≤: A6∞≤= B≤BC6=≤ F1A1;C6A≤±D…CLB» D=?31=≤
@A?C≤<6∞>≤=≤=1;B≤=1<L>?=D)6:A6∞≤=51…>1:=6>I≤:BCAD=Q3Q>
>6?2FQ5>≤:>1@A≤;<155<»?GQ>6>>»HDC<≤3?BCQA6<6:>?4?±1F≤BCD.

A≤A?±A1FD31>>Q5≤>1=QH>?RBCQ:;?BCQ, »;@A13≤<?, 26A6CLB»5?
D314≤3Q5=QH6>≤:3≤√6=1;B≤=1<L>≤:A6∞≤=?B;Q<L;≤;?A?C;Q±1=≤;1>>»…
>1:2Q<LIB≤<L>≤=≤±2DA6>>»=≤.

?±A1FD31>>»BC1C≤H>?RBCQ:;?BCQ3≤;?>D«CLB»5<»C1;≤FA6∞≤=Q34
A6∞≤=D>?A=1<L>?RA?2?C≤±1>1:2Q<LI>1@AD∞6>≤FCA≤31<≤F

D=?3ED>;GQ?>D31>>»6>6A4?B≤BC6=≤5
@QB<»131AQ:>?4?A6∞≤=D5
A6=?>C>≤FA6∞≤=Q35
;?A?C;?H1B>≤F ?B?2<≤3? 31∞;≤F A6∞≤=Q3, C≤F √?

3Q5AQ±>»«CLB»3Q5>?A=1<L>≤F=6>I?«>15Q:>QBC«QC?=DA61<Q±D«CLB»3
;A1:>QF3≤@15;1F

6C?5A?±A1FD>;D 156;31C>≤:±151>Q:=6CQ%DC±QB>D«H≤F
1<LC6A>1C≤3>≤F=6C?5Q3@?CAQ2>?3≤5Q<≤C≤?5≤>Q=?C≤3D31C≤B3Q:3≤2QA
=6C?5>1?B>?3QAQ3>»>L 1A;1- ?A…31 =6C?5A?±A1FD>;?3≤F;A≤3≤F
=6C?5 3≤@A»=<6>≤F F1A1;C6A≤BC≤; =6C?5 @?CD∞>?BC6: ADH>≤:
1>1<QC≤H>≤:=6C?5=1I≤>??AQ…>C?31>≤:=6C?53D±<?3≤F>1@AD4QQ>

4. A1FD31>>»12?3Q5=?313Q53A1FD31>>»1;C≤3>≤F?@?AQ36<6=6>CQ3
6>6A4?B≤BC6=≤ @A≤H?=DB<Q5@A≤36BC≤F?H12;?A?C;61A4D=6>CD31>>»
B3?4?AQI6>>»±GL?4?@≤C1>>»

5. QA;D31>>» √?5? C?H>?BCQ, 56 31∞<≤36 =QBG6 ±1:=1…
?2SAD>CD31>>»3A1FD31>>»5Q:B>≤F;?6EQGQ…>CQ3CA1>BE?A=1GQRB≤<?3≤F
CA1>BE?A=1C?AQ3 »;≤=≤ ±3»±D«CLB»AQ±>QBCD@6>Q>1@AD43±151>Q:
6>6A4?B≤BC6=Q

0 ≤BC6=≤?5≤>≤GL3»;≤F±5Q:B>«31C≤=6CLB»A?±A1FD>?;(3Q5>?B>Q, 
Q=6>?31>Q@A≤3656>Q 1G6>6?2FQ5>?3;1±1C≤3Q5A1±D√?2>63≤>≤;1<?
AQ±>?H≤C1>L

1 ≤BC6=1;??A5≤>1C3»;Q:2D5DCL@A?3?5≤C≤BLA?±A1FD>;≤E1±>Q
- ;??A5≤>1C≤ ;??A5≤>1C≤ B≤=6CA≤H>≤F B;<15?3≤F, d-q-0-

;??A5≤>1C≤).
«5≤>?« »;1@A?3?5≤CLA?±A1FD>;≤DBD31…CLB»12?±4<15∞D…CLB»

?2…;C≤3>?QB>D«H1>6@?3>?C1±?3>QI>L?RQ>E?A=1GQR5<»A?±A1FD31>>»
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131AQ:>≤FA6∞≤=Q3)6>1:H1BCQI6BC?BD…CLB»C1;?4?6<6=6>CD, »;B≤BC6=1
D=?3@6A65131AQ:>?4?A6∞≤=DA?2?C≤;?>BCAD;C≤3>?4?3≤;?>1>>»<Q>Q:
6<6;CA?@6A651H√?=1…±>1H6>>»5<»3≤±>1H6>>»RFA61;C1>BQ3QC5

%1;≤=H≤>?= E?A=D<«31>>»A?±A1FD>;?3≤FD=?3@?3≤>>?2DC≤
3≤;?>1>?±1>1BCD@>≤=1<4?A≤C=?=.

Q5±>1H≤C≤>1:31∞<≤3QIQ;?=@?>6>C≤±?3>QI>L?RQ>E?A=1GQR
3≤F?5»H≤Q±±1351>>»Q3≤=?4≤;6AQ3>≤F5?;D=6>CQ3

?±>1H≤C≤ 5?51C;?3Q=QA;D31>>» ?B>?31>Q>1BD2…;C≤3>≤F
D»3<6>>»F<«5≤>≤»;13≤;?>D…A?±A1FD>;≤.

A≤:>»C≤5?@D√6>>» »;Q3≤F?5»CL±>6@?3>?C≤±?3>QI>L?R
Q>E?A=1GQR

1. 1±31C≤ @A≤H≤>≤ 3≤>≤;>6>>» 131AQ:>≤F A6∞≤=Q3 √?
BD@A?3?5∞D«CLB»@6A6FQ5>≤=≤@A?G6B1=≤ C1»;1:=?3QA>QBCL@?»3≤
;?∞>?4?±>≤F9

©;Q»3≤√13Q52D31«CLB»@A≤;?A?C;≤F±1=≤;1>>»F36<6;CA≤H>Q:
=6A6∞QF1A1;C6A±=Q>≤@1A1=6CAQ3A6∞≤=D5C6A=QH>QC15≤>1=QH>Q3@<≤3≤
>1 6<6;CA?=6A6∞QC1 6<6;CA??2<15>1>>»5A?2?C1 6<6;CA?@A≤:=1HQ35
±141<L>?B≤BC6=>Q>641C≤3>Q»3≤√19

<»H?4?±5Q:B>«…CLB»A?±A1FD31>>»;?A?C;≤F±1=≤;1>L9
. ?±A1FD>;?3QD=?3≤C15?@D√6>>» 3=6∞1F»;≤F3≤;?>D…CLB»

A?±A1FD31>>»;?A?C;?4?±1=≤;1>>» Q?B>?3>Q6C1@≤:?4?3≤;?>1>>»
E?A=D<«:C6A?±A1FD>;?3QD=?3≤5<»3≤@15;Q3;?<≤:
1±1A6±D<LC1C1=≤2D563≤2A1>?;?=DC1GQ:>6?2<15>1>>»5
2C6∞3≤2QADBC13?;A6<6:>?4?±1F≤BCDC1@6A63QA;1RFHDC<≤3?BCQ
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Z Z S ZZY U S U U S
Z S U U U

VZZ Z Z ST Z

 

n n n nt
n n n

nt n n n
- n n n

n n
3A1FD31>>»=5?@D√6>L±1±>1H6>≤FDA?±5Q<Q @6A6FQ5>≤:@A?G6B

5<»E1± ?@≤BD…CLB»C1;≤=≤5≤E6A6>GQ1<L>≤=≤AQ3>»>>»=≤»;Q…
=1C6=1C≤H>?«=?56<<«@A?G6BD√?5?B<Q5∞D…CLB»4






i R
di

dt

i R
di

dt

i R
di

dt

A ;
A

B ;
B

C ;
C

+
X

= U  sin t +

+
X

= U  sin t +

+
X

= U  sin t +

;
m

;
m

;
m











2
3

2
3

,

(2.1)

561A, iB, iC @6A6FQ5>QBCAD=≤E1± √?A?±A1F?3D«CLB»5
R; A6±D<LCD«H≤:1;C≤3>≤:?@QA±1BCD@>?RBF6=≤>1E1±D5
(; A6±D<LCD«H≤:A61;C≤3>≤:?@QA±1BCD@>?RBF6=≤>1E1±D5
Um 1=@<QCD51>1@AD4E1± 5
;DC?31H1BC?C15

 E1±1D3Q=;>6>>»>1;?A?C;6±1=≤;1>>»
?A?C;6±1=≤;1>>»=?∞63Q52D31C≤B»±1AQ±>≤F@?H1C;?3≤FD=?3

√?5?BCAD=Q3»;Q3≤±>1H1«CLB»A?±A1FD>;?=4
@6A65131AQ:>≤:A6∞≤= F?<?BC≤:FQ55
@6A65131AQ:>≤:A6∞≤= >131>C1∞6>>»

&B1=Q:±1BCD@>Q:BF6=Q=?∞DCL2DC≤AQ±>QB@Q33Q5>?I6>>»=Q∞K;Q
(; ?=?=6>CD@?H1C;D131AQRi7 @?<?∞6>>» AU >1;?=@<6;B>Q:

@<?√≤>Q=?∞62DC≤AQ±>≤= 7 12? B6G6BC3?A«…26±<QH
31AQ1>CQ3D=?3@A?CQ;1>>»131AQ:>?4?A6∞≤=D

&C12< @A≤3656>≤:A?±3»±?; B≤BC6=≤AQ3>»>L >1?B>?3Q
@A?4A1=≤=B?NK 5≤35?51C?; 3»;Q:@A?3?5≤CLB»Q>C64AD31>>»±1
=6C?5?= DCC1- 6AB?>1 ?±3»±?;>13656>?5<»@6A6FQ5>≤FBCAD=Q3E1±

D3Q5>?B>≤F?5≤>≤G»F5<»C1;≤FD=?34
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t = 0, iA = iB = iC = 0;
Um = 1;
= 0;
[7/ G5
R; = 0,2;
(; = 1.

%12<≤G» z QBC≤>4A?±3»±;DB≤BC6=≤5≤E6A6>GQ1<L>≤FAQ3>»>L
@6A6FQ5>?4?@A?G6BD

'1:<51>≤F5?@A?4A1=≤=B?NK
.000          .050               .001          3

.000          .000               .000

>C64AD31>>»=6C?5?= DCC1- 6AB?>1

A4D=6>CiB6; iA iB iC

1 2 3 4
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A?5?3∞6>>»C12<≤GQ

1 2 3 4

 
 
 


 


 















 












 






 






BG≤<?4A1=1@6A6FQ5>≤FE1±>≤FBCAD=Q3 ?CA≤=1>1±C12<
@A≤3656>1>1A≤B

≤BD>?; z'1±>QBCAD=≤3D=?31F@6A6FQ5>?4?@A?G6BD

>1<QC≤H>≤:3≤5ED>;GQR@6A6FQ5>?4?BCAD=D1A 5<»5?3Q<L>≤F
@?H1C;?3≤FD=?32D564

   i I t I IA b@ ; b> > b@ ; e
R

(
t;

;= + +sin sin sin      , (2.2)
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56Bb@ 1=@<QCD51@6AQ?5≤H>?4?BCAD=D5
Ib> 1=@<QCD51@?@6A65>L?4?@6A65131AQ:>?4?BCAD=D5
>; ; ;DC±BD3D=Q∞BCAD=?=Q>1@AD4?«3@6A65131AQ:>?=DC1

BC1<?=D131AQ:>?=DA6∞≤=1F

;= arctg
X

R
;

;

.                    (2.3)

AQ3>»>>Q @6AI≤:5?51>?;…@6AQ?5≤H>?«B;<15?3?«@?3>?4?
@6A6FQ5>?4?BCAD=D 1∞<≤3?√?G»B;<15?31 B≤>DB?R51<L>1>6±=Q>>1±1
1=@<QCD5?« ED>;GQ» H1BD )6 3Q5@?3Q51… BE?A=D<L?31>Q: D=?3Q4
6;3Q31<6>C>≤:46>6A1C?A>6B;Q>H6>>?R@?CD∞>?BCQC?2C?N7Xdchi

AD4≤:5?51>?; …6;B@?>6>GQ1<L>?B@151«H?«ED>;GQ…«H1BDQ
>1±≤31…CLB»1@6AQ?5≤H>≤=BCAD=?=

≤5>?√?3 =QBC≤CLB»CQ<L;≤?5>1@6AQ?5≤H>1B;<15?31Q?5>1
1@6AQ?5≤H>1 @6A6FQ5>?=DBCAD=Q;?A?C;?4?±1=≤;1>>»3A61<L>Q:
B≤BC6=Q±46>6A1C?A1=≤;Q>G63?R@?CD∞>?BCQG»D=?31>63≤;?>D…CLB»

65≤3<»H≤BL>1G6@?5Q2>6B@A?√6>6@A65BC13<6>>»@6A6FQ5>?4?
@A?G6BD36<L=≤;?A≤B>63@Q±>131<L>?=D3Q5>?I6>>Q 1@A≤;<15>1:?4?
?B>?3Q=?∞>13≤5Q<≤C≤2141C?36<≤H≤>√?F1A1;C6A≤±D«CL@6A6FQ5>≤:
@A?G6B@A≤ B≤<L>?=D±2DA6>>QA6∞≤=D 1C1;?∞ 3BC1>?3≤C≤ 56»;Q
±1;?>?=QA>?BCQ√?5?G≤F36<≤H≤>

 

?3≤±>1H6>?4?3≤√6@?>»CC»1@6AQ?5≤H>?4?BCAD=D5?51=?@?>»CC»
√?3Q5?2A1∞1…I3≤5;QBCL:?4?±41B1>>»

t

n t n . . 
C?B?3>?1@6AQ?5≤H>?4?BCAD=D Q1) G6@?>»CC»=?∞>1BE?A=D<«31C≤
Q>1;I6 »BD…=?36<≤H≤>D1@6AQ?5≤H>?4?BCAD=DH6A6±H1B»;≤:5?AQ3>«…
% ≤5Q<≤=?5AD4≤:5?51>?; Q±1@≤I6=?:?4?C1;4

  i I I1 b> b@ ;
a

H e
t

T= sin sin    .           (2.4)

*1BC≤>1 . »;1±>1F?5≤CLB»3;315A1C>≤F5D∞;1F…@?H1C;?3≤=
±>1H6>>»=1@6AQ?5≤H>?4?BCAD=D i1:

  i I I1 b> b@ ;H0 = sin sin    .                    (2.5)

±3A1FD31>>»= /3≤A1± .2D564



27

i i1 1 e
t

Ta= 0 .               (2.6)

A≤@DBC≤=?i7%15<»C?4?√?23BC1>?3≤C≤±>1H6>>»115<»H1BD
AQ3>?4?@?BCQ:>Q:H1BD4

i i1 1 1e e
T

T
a

a=  i = =
ia 0
e0 0

1
.                             (2.7)

©;√?@A≤4151C≤√?>6@6A?36H≤B<?
e 2 7182, ,

C?
i1 10,368 i 0 .     (2.8)

C∞6 n n t
n n n n

)63≤±>1H6>>»=?∞63≤»3≤C≤B»;?A≤B>≤=@A≤
6;B@6A≤=6>C1<L>?=D3≤±>1H6>>Q%1>1@A≤;<15±?BG≤<?4A1=

?A≤B>?±»BD31C≤D=?3≤@A≤»;≤F3≤>≤;1…=1;B≤=1<L>6±>1H6>>»
1@6AQ?5≤H>?4?BCAD=D)QD=?3≤A?±;A≤31…>1BCD@>6C36A5∞6>>»

%
©;√?=1…=QBG6;?A?C;6±1=≤;1>>»31;C≤3>?
Q>5D;C≤3>?=D ;?<Q C? >1:2Q<LI6 ±>1H6>>»
1@6AQ?5≤H>?4?BCAD=D3≤>≤;1…@A≤










.0

.F.F0I >m
(2.9)

©
A65BC13≤=? .C1;4

 i I I1 b>
a

b@ ;
a

H e e
t

T
t

T
0 = sin sin    .

≤5Q<≤=?4



 

 


 

i

I

i
I

a

b>

a
b> >

H e

e

t
T

t
T

a

a

= sin = 0

=  cos = 0
>




1 .

>1;I64

.
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sin( )

cos( )

 

 









>

t
Ta

b> >

t
Ta

e

I e

0

0 .

1;C≤3>?-Q>5D;C≤3>?=D;?<Q;?6EQGQ…>C±41B1>>» e
-t

Ta 0 5?365QCL
B1=?BCQ:>? QC?=D







)2.0)cos(I

a)0)sin(

>m>

> (2.10)

©;√?=1…=QBG6 1C?
cos (>)=1    C1

± 23≤F?5≤CL4

Im>= 0,                                                       (2.11)

√?Q>C6A@A6CD…CLB»»;F?<?BC≤:FQ5
©;√? B@A1365<≤3? C? 3 1 ±>≤;1… >>6=1…

>131>C1∞6>>»>6=1…Q:?4?E1±≤ QC?5Q

sin  = 0,                                                     (2.12)

1G6=?∞62DC≤;?<≤7 631∞;?2D<?2@?;1±1C≤√?±>1:56>QD=?3≤
3Q5@?3Q51«CL=1;B≤=D=D1@6AQ?5≤H>?4?BCAD=D ±1±=Q>?«

±>1;1@6AI?R@?FQ5>?R@A≤=1<Q:±=Q>Q1A4D=6>CQ33<Q3?Q3@A13?3Q5C?H;≤
?@C≤=D=D C∞6C6?A6=15?3656>1

D=?31F3≤>≤;>6>>»=1;B≤=1<L>?4?±>1H6>>»1@6AQ?5≤H>?4?BCAD=D:?4?
@?H1C;?36±>1H6>>»1a0 @A≤i7 5?AQ3>«…1=@<QCD5Q@6AQ?5≤H>?4?BCAD=D

©
3656=?3 .3≤A1± 34

ia = Im@sin ( k) e
t
Ta .

>1;I64

ia= Im@sin k e
t
Ta .

A≤k /2   sin k  1Q
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ia Im@e
t
Ta .

A≤t = 0  i  Im@G6Q@?CAQ2>?2D<?5?36BC≤
>CDRC≤3>?=?∞>1@A≤@DBC≤C≤ √?>1:2Q<LI6=≤CC…36±>1H6>>»

@?3>?4?@6A6FQ5>?4?BCAD=D;?A?C;?4?±1=≤;1>>»CQB>?@?3»±1>6±
D=?31=≤ √? ±126±@6HD«CL =1;B≤=D= 1@6AQ?5≤H>?4? BCAD=D 3
;?A?C;?±1=;>DC?=D;?<QC6?A6=1

3656=? 3 D=?3D @?@6A65>L?4? F?<?BC?4? F?5D
;?A?C;?±1=;>DC?4?;?<1( I>= 0, > = 0):

i = b@I [ sin ( t +  k)  sin ( k) e
t
Ta ].                (2.13)

?BC1>>L?4?3≤A1±D3≤5>?√?B6A651A4D=6>CQ3@6A6FQ5>?4?BCAD=D
@A≤;?A?C;?=D±1=≤;1>>Q@A≤BDC>QH1BiQ;DC:

i = f (t, ).

<» 5?B<Q5∞6>>» >1 =1;B≤=D= ED>;GQR@6A6FQ5>?4? BCAD=D
A?±4<»>6=?D=?3D4










.0
i

0
dt

i

                                                  (2.14)

 












0e)(cos)+t(cosI
i

0
T

1
e)(sin)+t(cosI

dt

i

a

a

Tt
kk

a

Tt
kk

@m

@m

B;Q<L;≤Im@  0, =1…=?4









.e)(cos)t(cos

e)(sin
T

1
)t(cos

a

a

T
t

kk

T
t

k
a

k
(2.15)

Q55Q<6>>»@6AI?4?AQ3>»>>»>15AD46?CA≤=1…=?4

 
1

T
tg 

a
k( ) . (2.16)

.
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A≤4151…=?√?

T
X

Ra
k

k

 ,

QC?5Q 0@6A6@≤I6=?C1;4







X

R
tg 

tg tg 

tg tg 

k

k
k

k k

k k

( );

( ) ( );

( ) ( ),

 

  

  

1G6=?∞62DC≤<≤I6@A≤ = 0.
%1;≤= H≤>?= ±1±>1H6>63≤√6Q>CDRC≤3>6=QA;D31>>»?56A∞1<?

5?;1±?3DB≤<D4
n n n n

t n n
n  = 0.

<»3BC1>?3<6>>»H1BD;?<≤=≤CC…36±>1H6>>»@6A6FQ5>?4?BCAD=D
>12D31…>1:2Q<LI?4?±>1H6>>»21∞1>?B@?H1C;D±36A>DC≤B»5?C12< Q
5??BG≤<?4A1=≤BCAD=D;?A?C;?4?±1=≤;1>>»5<»E1±≤ A≤B A≤
A?±4<»5Q=?∞>13BC1>?3≤C≤ √? H1B »;≤: GQ;13≤CL>1B BC1>?3≤CL
@A≤2<≤±>? B√?3Q5@?3Q51…@?<?3≤>Q@6AQ?5D@A≤H1BC?CQ/ G
Q5@?3Q5>6 =≤CC…36 ±>1H6>>» BCAD=D ±31∞1«H≤ >1:?4? ?B?2<≤3D
31∞<≤3QBCL?56A∞1<?>1±3DD51A>?4?BCAD=D

C∞6 n n
n n n n

n n
. %

?>»CC»D51A>?4?BCAD=D>1BCQ<L;≤31∞<≤365<»@A1;C≤;≤√?…B6>B
3>≤;>DC≤3>L?4?56√?4<≤2I6

%
©;√?=1…=QBG6;?A?C;6±1=≤;1>>»36<6;CA≤H>?=D
;?<Q26±1;C≤3>?4??@?ADC?H1B>1BC1>>»D51A>?4?
BCAD=D

t = A15 (2.17)
1:?4?3Q5>?B>6±>1H6>>»@A≤B2 = Ib@ .

iD = 2.                                    (2.18)

©

?36A>6=?B»5?A?±4<»5DAQ3>»>>» 1?B>?3QC6?A6=≤
@A≤:=6=?3>L?=D7 B;Q<L;≤A?±4<»51…=?;?A?C;?±1=;>DC6;?<?26±
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1;C≤3>?4??@?AD Kk 7 C?±41B1>>»1@6AQ?5≤H>?4?BCAD=D>62D56

Q:B>?;?6EQGQ…>C±41B1>>»e
t
Ta ±1<≤I1…CLB»>6±=Q>>≤=Q5?AQ3>«…4

T
X

R

X
a

k

k

k






0

;

e e e
e

t
T t

a     0
0

1 1

1
1.

Q±L=6=?5?D314≤√?@A≤Kk =0

k
k

k

arctg
X

R
arctg  ( )

2
.

DA1FD31>>»=GL?4? 2D56

i
i

I
tD

b@

 


sin sin
2 2

;

i tD 


sin
2

1 .         (2.19)

&=?31=1;B≤=D=D4

di

dt
t

D 

 cos

2
0 ;

cos t



2
0 ,             (2.20)

1G6@?<?∞6>>»3≤;?>D…CLB»»;√?1A4D=6>C;?B≤>DB?R51<L>?RED>;GQR

2D56AQ3>≤= 2 :

t 2  = 2 ;

t = 3≤A1± 15?3656>≤: ,

√?3Q5@?3Q51…t
f

 


 
2

1
100

0 01, B

3656=? 13 34

iD 


sin
2

1 ;
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iD 


sin
2

1=1+1=2 3≤A1± 25?3656>≤:

1;C≤3>?-Q>5D;C≤3>?=D;?A?C;?±1=;>DC?=D;?<Q±1>1:B@A≤»C<≤-
3QI≤FD=?37 FF 5<»D51A>?4?BCAD=D=1…=?4

t

iD








0 01

2

, ;

.
               (2.21)

?3656>>» ±1<≤I≤=?H≤C1HD 13Q5F≤<6>>»i3Q5 B
A6;?=6>5D…=?@?5≤3≤C≤B»3C12< .

%12<≤G» z ≤±>1H6>>»H1BD>1BC1>>»Q36<≤H≤>≤D51A>?4?BCAD=D
(RK=0; XK=1.)

A4D=6>CiB >1H6>>»ED>;GQRQi3?

0,00000
0,00900
0,00910
0,00920
0,00930
0,00940
0,00950
0,00960
0,00970
0,00980
0,00990
0,01000
0,01010
0,01020
0,01030
0,01040
0,01050

0,00000
1,95106
1,96029
1,96858
1,97592
1,98229
1,98769
1,99212
1,99556
1,99803
1,99951
2,00000
1,99951
1,99803
1,99556
1,99212
1,98769
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%12<≤G» z ≤±>1H6>>»H1BD>1BC1>>»Q36<≤H≤>≤D51A>?4?BCAD=D
(RK=0,1; ZK=1)

A4D=6>CiB >1H6>>»ED>;GQR i(t) 3Q5>?5

0,00000
0,00850
0,00860
0,00870
0,00880
0,00890
0,00900
0,00910
0,00920
0,00930
0,00940
0,00950
0,00960
0,00970
0,00980
0,00990
0,01000

0,00000
1,69272
1,70126
1,70886
1,71554
1,72127
1,72606
1,72989
1,73275
1,73465
1,73557
1,77552
1,73449
1,73248
1,72949
1,72553
1,72058

D51A>≤=BCAD=?=CQB>?@?3»±1>≤:Q>I≤:31∞<≤3≤:@1A1=6CA
n t , n

n n n n
n 4Q5>?±G≤=3≤±>1H6>>»=4

i

ID
D

b@

 .                                                   (2.22)

A≤@?@6A65>L?=DA6∞≤=QF?<?BC?4?F?5D1=@<QCD51@6AQ?5≤H>?4?
BCAD=D@A≤A?5>?>1BC1…H6A6±@?<?3≤>D@6AQ?5DC?2C?@A≤i7 B
1=65<»GL?4?H1BDQ@?CAQ2>?±1@≤B1C≤3BQ36<≤H≤>≤»;Q3≤±>1H1«CL
D51A>≤:;?6EQGQ…>C

%?5Q4


b@

aab@
D I

T01,0expiI
K 0 .      (2.23)
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%12<≤G» .z ≤±>1H6>>»H1BD>1BC1>>»Q36<≤H≤>≤D51A>?4?BCAD=D
(RK=0,05; ZK=1)

A4D=6>CiB >1H6>>»ED>;GQR i(t) 3Q5>?5

0,00000
0,00850
0,00860
0,00870
0,00880
0,00890
0,00900
0,00910
0,00920
0,00930
0,00940
0,00950
0,00960
0,00970
0,00980
0,00990
0,01000

0,00000
1,78636
1,79738
1,80749
1,81668
1,82493
1,83225
1,83861
1,84401
1,84845
1,85192
1,85441
1,85593
1,85646
1,85601
1,85457
1,85215

A1FD…=?√?3 i Ia b@0
 Q=1C≤=6=?4

eD
Ta1

0 01,

.               (2.24)

B;Q<L;≤%1  0 ... ,C?D51A>≤:;?6EQGQ…>C

1 D  2.                                                (2.25)

A≤5?B<Q5∞6>>Q@6A6FQ5>?4?@A?G6BD@A≤;?A?C;?=D±1=≤;1>>Q
±1±3≤H1:GQ;13<»CLB»>6CQ<L;≤=≤CC…3≤=≤36<≤H≤>1=≤@6A6FQ5>?4?BCAD=D
1<6QA»5?=5Q«H≤F36<≤H≤>D3≤±>1H6>>Q»;≤FQB>D…>6=1<?D=?3>?BC6:
<»?5>?±>1H>?BCQA?±D=Q>>»>≤∞H6@A≤3?5»CLB»GQC6A=Q>≤

n n I t
n n n n t n

n
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n n

DA1FD31>>»=GL?4?4

I
I

@i
b@i

2
.  (2.26)

n n 5t n n
n n n nt t n .
% .

n I  n n
n nt

n n 5at t
n

n t n ,

Iat = iat .                                                 (2.27)

n n
t It

It = I I@t ta
2 2                                           (2.28)

n n n n
t n

n n 5
t n n n t n

. % n
 n  = 0 ):

I I ID a@t t
  

2 2
0 01 0 01, ,

.                                    (2.29)

31∞1«H≤>133656>QA1>QI63≤±>1H6>>»

I I kD D 1 2 1 2( ) .                                         (2.30) 

≤CC…3QC15Q«HQ36<≤H≤>≤BCAD=D@A≤;?A?C;?=D±1=≤;1>>Q3
BD;D@>?BCQF1A1;C6A≤±D«CL@6A6FQ5>≤:@A?G6B±1?;A6=≤=≤:?4?H1B?3≤=≤
@6A6C≤>1=≤ 1G6?AQ…>CD…CLB»2141C?Q>∞6>6A>≤F=6C?5Q3A?±A1FD>;D
131AQ:>≤FA6∞≤=Q3 A?C6CA621DB3Q5?=<«31C≤ √?>1:2Q<LI @?3>1
Q>E?A=1GQ» @A? 5≤>1=Q;D @A?G6BD =QBC≤CLB» 3 A?±3»±;D B≤BC6=≤
5≤E6A6>GQ1<L>≤FAQ3>»>L
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 U

>∞6>6A>Q=6C?5≤A?±A1FD>;Q3131AQ:>≤FA6∞≤=Q3@A≤;?A?C;?=D
±1=≤;1>>QB@≤A1«CLB» >1 @?@6A65>L? B≤>C6±?31>D ±1BCD@>D BF6=D
1BCD@>1BF6=13Q5Q4A1…;<«H?3DA?<L3A?±A1FD>;1F C?=D;?A≤B>?
;6AD31C≤B»C1;≤=1<4?A≤C=?=

1. ?2D5?3D±1BCD@>?RBF6=≤CA621@?H1C≤±1;C≤3>≤F6<6=6>CQ3
6>6A4?B≤BC6=≤ 46>6A1C?A≤B≤BC6=1B≤>FA?>>Q;?=@6>B1C?A≤Q53≤4D>≤
1B≤>FA?>>Q53≤4D>≤D±141<L>6>Q>131>C1∞6>>» ±1?@?A1=≤»;≤F@?;1±1C≤
3Q5@?3Q5>Q

BQ6<6=6>C≤6>6A4?B≤BC6=≤H6A6±»;Q±5Q:B>«…CLB»@Q5∞≤3<6>>»
C?H;≤;?A?C;?4?±1=≤;1>>»@A65BC13≤C≤?@?A1=≤±3»±1>≤=≤=Q∞B?2?«
6<6;CA≤H>?

A≤GL?=D4
53??2=?C;?3QCA1>BE?A=1C?A≤QA61;C?A≤@A65BC13<»«CLB»

;?∞6>?;A6=≤=?@?A?=5
CA≤?2=?C;?3QCA1>BE?A=1C?A≤13C?CA1>BE?A=1C?A≤Q±53?…>Q

A61;C?A≤@A65BC13<»«CLB»BF6=?«CA≤@A?=6>63?R±QA;≤5
13C?CA1>BE?A=1C?A≤ Q CA1>BE?A=1C?A≤ ± A?±√6@<6>?«

?2=?C;?«>≤±L;?R>1@AD4≤ ±1@?3>?«BF6=?« 5≤3 % 1/.C12<
4);

<Q>QR6<6;CA?@6A651H26±3A1FD31>>»3±1…=?Q>5D;GQR ?5>≤=
?@?A?=

≤5Q<≤C≤2D5L-»;≤= H≤>?= >1@A≤;<15 I≤>;1=≤ 3BQ3D±<≤
±1BCD@>?RBF6=≤3»;≤F±…5>D«CLB»F?H12531?@?A≤Q3D±<≤±

. A?>D=6AD31C≤3BQ3D±<≤ I≤>;≤ Q?@?A≤±1BCD@>?RBF6=≤
5?3Q<L>≤=H≤>?=@A≤ADH>?=DA1FD>;D12?±1@A13≤<1=≤?@≤BD3≤2A1>?R
=1I≤>>?R@A?4A1=≤@A≤13C?=1C≤±?31>?=DA1FD>;D

/ ?H1C;?=±1BCD@>?RBF6=≤B<Q5331∞1C≤3BQ3D±<≤I≤>;≤± 1
;Q>G6= 3D±?<I≤>;D;?A?C;?4?±1=≤;1>>»

 U

A?4<»51«H≤BF6=D6>6A4?B≤BC6=≤Q@?@6A65>L?B≤>C6±?31>D
±1BCD@>DBF6=D3≤±>1H≤C≤C1±1@≤B1C≤@A≤>1<6∞>QBCLH1BC≤>±1BCD@>?R
BF6=≤5?@63>?4?BCD@6>»21±≤B>?R>1@AD4≤

<»1;C≤3>≤F6<6=6>CQ3±1BCD@>?RBF6=≤46>6A1C?A≤B≤>FA?>>Q
;?=@6>B1C?A≤ ;AD@>Q6<6;CA?53≤4D>≤ QD±141<L>6>Q>131>C1∞6>>»
3≤±>1H≤C≤3Q5>?B>621±≤B>6±>1H6>>» 2*( ) :

U2
2

*( )
( )

                                            (2.31)
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12?

E
U

U2 >
>

2
*( ) *( )

( )

( )
 ,                                    (2.32)

56N2 21±≤B>1>1@AD41C?4?BCD@6>»>1»;?=D±>1F?5≤CLB»51>≤:
6<6=6>C;5

1;C≤3>?4?6<6=6>C1;5

> 3Q5>?B>6>?=Q>1<L>6±>1H6>>» 1;C≤3>?4?6<6=6>C15
U > >?=Q>1<L>1>1@AD4151>?4?6<6=6>C1;
>1H6>>» >3≤±>1H≤C≤C1;≤=H≤>?=
<»B≤>FA?>>≤F46>6A1C?AQ3Q6<6;CA?53≤4D>Q3 »;Q@A1G«31<≤3

@?@6A65>L?=DQ>56;B A6∞≤=Q±>65?±2D5∞6>>»=@A?C≤>?=Q>1<L>?4?4

  U I X I X> > > d > d*( ) *( ) *( ) *( )( sin ) ( cos )0 0
2

0
2

1
2

0 0  ,        (2.33)

56N >, I > 3Q5@?3Q5>?3Q5>?B>Q>1@AD41QBCAD=3@?@6A65>L?=D
A6∞≤=Q5

Xd >15@6A6FQ5>≤:3Q5>?B>≤:>?=Q>1<L>≤:?@QA@?@?±5?3∞>Q:?BQ
<»B≤>FA?>>≤F46>6A1C?AQ3Q6<6;CA?53≤4D>Q3 »;Q@A1G«31<≤3

@?@6A65>L?=DQ>56;B A6∞≤=Q±@6A6±2D5∞6>>»=@A?C≤>?=Q>1<L>?4?4

 E U I X I X> > > d > d*( ) *( ) *( ) *( )( sin ) ( cos )0 0
2

0
2

1
2

0 0  .       (2.34)

<»B≤>FA?>>≤F;?=@6>B1C?AQ3 »;Q@A1G«31<≤3@?@6A65>L?=D
A6∞≤=Q±@6A6±2D5∞6>>»=@A?C≤>?=Q>1<L>?4?4

E U I X> > > d*( ) *( ) *( )0 0 .                                   (2.35)

<»B≤>FA?>>≤F;?=@6>B1C?AQ3 »;Q@A1G«31<≤3@?@6A65>L?=D
A6∞≤=Q±>65?±2D5∞6>>»=@A?C≤>?=Q>1<L>?4?4

E U I X> > > d*( ) *( ) *( )0 0 .                                  (2.36)

<»1B≤>FA?>>≤F53≤4D>Q3 ±13≤A1±?=
<»3BQF6<6=6>CQ3±1BCD@>?RBF6=≤3≤±>1H≤C≤3Q5>?B>Q21±≤B>Q

?@?A≤;6AD«H≤BL3≤A1±1=≤ 1 35

Z Z
S

U
2

2

2
*( 

2
;                                          (2.37)



38

Z Z
I

I

U

U2 >
2

>

>

2
*( ) *( )  ;                                   (2.38)

Z Z
S

S

U

U2 >
2

>

>

2
*( *( ) 



2

.                               (2.39)

G≤F3≤A1±1F4
Z ?@QA6<6=6>C1±1BCD@>?RBF6=≤ =5
Z > 3Q5>?B>≤:>?=Q>1<L>≤:?@QA6<6=6>C1±1BCD@>?RBF6=≤5
I>, U>, S> 3Q5@?3Q5>? >?=Q>1<L>QBCAD= ; >1@AD41 ; Q

@?CD∞>QBCL 5
I2, U2, S2 3Q5@?3Q5>?21±≤B>QBCAD=; >1@AD41; Q@?CD∞>QBCL

?A≤B>?±31∞≤C≤>1C6√?4
3≤A1± 1 ±ADH>? 3≤;?A≤BC?3D31C≤ 5<» @?3QCA»>≤F

;126<L>≤F<Q>Q:QA61;C?AQ35
3≤A1± 2 5<»A61;C?AQ3?@QA»;≤F±151>≤:D3Q5>?B>≤F

>?=Q>1<L>≤F?5≤>≤G»F5
3≤A1± 3 5<» 46>6A1C?AQ3 CA1>BE?A=1C?AQ3 C1

13C?CA1>BE?A=1C?AQ3 @A≤H?=D 5<» CA1>BE?A=1C?AQ3 Q
13C?CA1>BE?A=1C?AQ3

Z
e

>
;

*( )
%


100

,

15<»46>6A1C?AQ3»;√?3A1F?3D«CLB»CQ<L;≤A61;C≤3>Q?@?A≤=?∞>13±»C≤
±=>?∞≤>≤ X Xd , , ,X  Xd d 2 ±1<6∞>?3Q5F1A1;C6AD;?>;A6C>?4?±1351>>»

≤A1±≤ 1 3 @6A63656>Q3 @A1;C≤H>D@<?√≤>D @A≤
>63A1FD31>>Q 1;C≤3>≤F ?@?AQ3 =?∞DCL 3≤4<»51C≤ 5<» 6<6=6>CQ3
6>6A4?B≤BC6=C1;4

46>6A1C?A≤B≤>FA?>>Q;?=@6>B1C?A≤Q53≤4D>≤

X X
S U

U2 d
2 >

2
*( )  

 cos

P
>

>


2

;

CA1>BE?A=1C?A≤Q13C?CA1>BE?A=1C?A≤

X
e S

S

U

U2
; 2

>

>

2
*(

%


100

2

;

<Q>QR6<6;CA?@6A651H
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X X
S

U
2

2

2
*(  0 2

l ;

A61;C?A≤

X
X I

I

U

U2
p 2

>

>

2
*(

%


100
;

D±141<L>6>Q>131>C1∞6>>»

X X
S

S

U

U2 >
2

>

>

2
*( *( )



2

;

B≤BC6=1

X
S

S2
2

*(  .

. A≤13C?=1C≤±1GQRA?±A1FD31>>»@1A1=6CAQ3±1BCD@>?RBF6=≤>1
±?3>QI>« Q>E?A=1GQ« @A65BC13≤C≤ DE?A=Q »;13≤=141…CLB»

@A?4A1=?«

©;QD=?3≤3≤±>1H1«CLFQ5@6A6FQ5>?4?@A?G6BD@A≤;?A?C;?=D
±1=≤;1>>Q9

@<1>D:C6H≤B<?3≤:6;B@6A≤=6>C5?B<Q5∞6>>»@6A6FQ5>?4?@A?G6BD
@A≤;?A?C;?=D±1=≤;1>>Q3±1<6∞>?BCQ3Q5;DCQ3±BD3D=Q∞BCAD=?=C1
>1@AD4?« >C1 ;.

<»?5>?4?Q±3≤@15;Q3@Q54?CD:C6E1:<51>≤F5?@A?4A1=≤DIFUR C1
?CA≤=1:C6A?±3»±;≤. 

E?A=D<«:C6@6A6<Q;5?@D√6>L@A≤»;≤F3≤AQID31<1BL±151H1
©;≤=≤ ?B>?3>≤=≤ @1A1=6CA1=≤ F1A1;C6A≤±D…CLB» @6A6FQ5>≤:

@A?G6B@A≤;?A?C;?=D±1=≤;1>>QC1»;3?>≤±1<6∞1CL3Q5@1A1=6CAQ3
6<6;CA≤H>?R=6A6∞Q9
. <»BF6=≤=6A6∞Q√?±?2A1∞6>1>1A≤B B;<15QCL±1BCD@>D

BF6=D5<»A?±A1FD31>>»;?A?C;?4?±1=≤;1>>»3@?±>1H6>Q:C?HGQ



40

≤BD>?;2.2 z F6=16<6;CA≤H>?R=6A6∞Q

1A≤B 4

G1, G2 z 176 5/1/;5 ''
dX =0,155(2=0,2;

T1, T2z0 5. /1/5U;=12%;
T3z2 5 /5U;=10,5%;
T4z. 5 5U;=8,5%;
U1 z 110 ;=(= . =;=5(07( =;=5
U2z 80 ;=(7 . =;=5(07( =;=5
U3z 75;=(7 . =;=5(07( =;=
?±A1FD:C6@1A1=6CA≤±1BCD@>?RBF6=≤3B≤BC6=1FQ=6>?31>≤FC1

3Q5>?B>≤F?5≤>≤GL±1C?H>≤=Q>12<≤∞6>≤=@A≤3656>>»=
?±A1FD>;?=3≤±>1HC6 1;C≤3>≤F6<6=6>CQ3
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3 Z Z S ZZY U S U U S
Z S U U U

Z Z ST Z

3.1

1>QI6>14?<?ID31<?B»√?1>1<Q±131AQ:>≤FA6∞≤=Q3@A≤>G≤@?3?
=?∞>1A?2≤C≤3AQ±>≤FB≤BC6=1F;??A5≤>1C1<6BC?B?3>?A6∞≤=Q3±
@?ADI6>>»= B≤=6CAQRB≤BC6=≤ 5?GQ<L>QI63≤;?>D31C≤ A?±A1FD>;≤ 3
;??A5≤>1C1F B≤=6CA≤H>≤F B;<15?3≤F %1;1 A6;?=6>51GQ» >13QCL
±1EQ;B?31>1[1].

56» =6C?5D '?AC6B;L« 32 A BC?B?3>? 6<6;CA?6>6A46C≤;≤
@?<»41…3?5>?±>1H>?=D@6A6C3?A6>>Q>6B≤=6CA≤H>?RCA≤E1±>?RB≤BC6=≤
;?=@<6;B>≤FH≤B6<√?BC1>?3<»CL36;C?AE1±>≤F;??A5≤>1CF,





C

B

A

F

F

F

F (3.1)

3BD=DCAL?FB≤=6CA≤H>≤FB≤BC6=;?=@<6;B>≤FH≤B6< √?BC1>?3<»CL
36;C?A;??A5≤>1CB≤=6CA≤H>≤FB;<15?3≤FFs,





A0

AII

AII

S

F

F

F

F            (3.2)

Q3@6A6C3?A6>>Q±3?A?C>?4?>1@A»=;D.
?=@?>6>C≤36;C?A1FS ?CA≤=1<≤, 3Q5@?3Q5>?, >1±3DB≤BC6=@A»=?R

±3?A?C>?R Q >D<L?3?R @?B<Q5?3>?BCQ 5<» »;≤F B@A1365<≤3Q C1;Q
B@Q33Q5>?I6>>»4

3B≤BC6=Q@A»=?R@?B<Q5?3>?BCQ









AICI

AI
2

BI

FaF

FaF
; (3.3)

3B≤BC6=Q±3?A?C>?R@?B<Q5?3>?BCQ
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AIICII

AIIBII

FaF

FaF
2

; (3.4)

3B≤BC6=Q>D<L?3?R@?B<Q5?3>?BCQ

A0C0B0 FFF  , (3.5)

56a  exp  j 2 / 3 .

% 3.1   
©;√? FS z CA≤3≤=QA>≤: 36;C?A ;?=@<6;B>≤F
36<≤H≤> E1±≤ 3 ;??A5≤>1C1F B≤=6CA≤H>≤F
B;<15?3≤FC?CA≤3≤=QA>≤:36;C?AF ;?=@<6;B>≤F
36<≤H≤>DE1±>≤F;??A5≤>1C1F2D564

F = S FS,                       (3.6)

56

1aa

1aa

111

=
2

2S

.

               (3.7)

©
13≤±>1H6>>»=











C0CICIC

B0BIIBIB

A0AIIAA

FFFF

FFFF

FFFF

I

I

.

3A1FD31>>»= .. /G»B≤BC6=12D56C1;?«:











C0CIICIC

B0BIIBI
2

B

A0AII
F

AIA

FF2aFaF

FFaFaF

FFF

.

>1;I6D36;C?A>?-=1CA≤H>Q:E?A=Q
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 A0

AII

AI

2

2

C

B

A

F

F

F

1aa

1aa

111

F

F

F

.

±3A1FD31>>»= Q 1 @?H1C;?31B≤BC6=11<462A1RH>≤F
AQ3>»>L=?∞62DC≤±1@≤B1>13C1;Q:D±141<L>6>Q:=1CA≤H>Q:E?A=Q:

F=S FS.

)6Q@?CAQ2>?2D<?5?36BC≤

1CA≤G»Sz>6?B?2<≤31.
)6?H63≤5>?±C?4?√?4?<?3>≤:3≤±>1H>≤;=1CA≤GQS3Q5=Q>>≤:3Q5

>D<»4

0)a1(a3

1aa

1aa

111

det=det
2

2 



S .

% 3.2.
©;√?F CA≤3≤=QA>≤:36;C?A;?=@<6;B>≤F36<≤H≤>
DE1±>≤F;??A5≤>1C1FC?CA≤3≤=QA>≤:36;C?AFS

;?=@<6;B>≤F36<≤H≤>3;??A5≤>1C1FB≤=6CA≤H>≤F
B;<15?3≤F2D564

FS=S-1 F,                                (3.8)

56




111

aa1

aa1

3
1 2

2

1S

.

        (3.9)

©
1?B>?3Q>1B<Q5;DC6?A6=≤ =1CA≤G»S >6?B?2<≤31 C∞6QB>D…

±3?A?C>1=1CA≤G»S-1.
?=>?∞≤=?±<Q31>1S-1=1CA≤H>6AQ3>»>>» 04

S-1 F = S-1 S FS.

3Q5B≤FS = S-1 F √?Q@?CAQ2>?2D<?5?36BC≤
±C6?A6= Q 3≤CQ;1…√?Q56»@A??5>?±>1H>QBCL@6A6C3?A6>L

»;1<6∞≤CL3?B>?3Q=6C?5DB≤=6CA≤H>≤FB;<15?3≤F?56A∞1<15?;1±?36
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@Q5C36A5∞6>>» ?;A6=1>1?B>?3Q 0Q 1 =?∞>1±1@≤B1C≤B≤BC6=D
1<462A1RH>≤FAQ3>»>L4















CBAA0

CB
2

AAII

C
2

BAAI

FFF3
1F

FaFaF3
1F

FaFaF3
1F

.

(3.10)

6;C?A1=≤FQFS=≤=?∞6=?331∞1C≤2D5L-»;Q6<6;CA≤H>Q@1A1=6CA≤
√?=1«CL;?=@<6;B>D@A≤A?5DQ3Q5>?I6>>»5?E1± CA≤E1±>?R
B≤BC6=≤z@?CD∞>QBCLBCAD=>1@AD41@15Q>>»>1@AD4≤?@QAQ@A?3Q5>QBCLQ
C5C15<»3BQF>≤FB@A1365<≤3Q?56A∞1>Q3≤√6±1;?>?=QA>?BCQ

<»51>?4?=6C?5D…36<L=≤31∞<≤3≤=@≤C1>>»@A?>6±1<6∞>QBCL5QR
B≤=6CA≤H>≤FB;<15?3≤F»;≤:BC?B?3>?6<6;CA≤H>≤F;Q<3≤;?>D…CLB»<≤I6
5<»CA≤E1±>≤FB≤=6CA≤H>≤FB≤BC6= C?2C?C1;≤F ?@?A≤>1E1±D»;≤F
?5>1;?3Q5<»E1± Q

©;√?∞Z Z Z C?B1=Q?@?A≤=?∞>1A?±;<1BC≤>1B≤=6CA≤H>Q
B;<15?3QQ@15Q>>»>1@AD4≤>1@A≤;<15, @A»=?R@?B<Q5?3>?BCQ±1<6∞1C≤=6
>6CQ<L;≤3Q5BCAD=D@A»=?R1<6QBCAD=Q3Q>I≤F@?B<Q5?3>?BC6: GL?=D
3≤@15;D@A≤>G≤@>6±1<6∞>?BCQ5QRB≤=6CA≤H>≤FB;<15?3≤F>63≤;?>D…CLB»

>I631∞<≤36@≤C1>>»@?<»41…3C?=DH≤@?3≤>>Q=≤ID;1C≤3
B≤=6CA≤H>≤F B;<15?3≤F 6<6;CA≤H>≤F 36<≤H≤> 2D5L-»;≤: A61<L>≤:
EQ±≤H>≤:B6>B9 1G6@≤C1>>»CA621±DBQ…«@63>QBC«51C≤>641C≤3>D
3Q5@?3Q5L2?»;2D5L-»;≤:=1C6=1C≤H>≤:=6C?5-G6±ADH>112BCA1;GQ»Q>6
2Q<LI6C?4? ?B≤CL@A≤4151C≤√?@A≤?2A≤3Q?5>Q…RE1±≤CA≤E1±>?R<Q>QR,
BCAD=D3GQ:E1±Q@A≤A?5>?>6=1…1<6>1?B>?3Q51>?4?=6C?5D=?∞>1
?2H≤B<≤C≤BCAD=≤3BQF@?B<Q5?3>?BC6:3?2QA31>Q:E1±QRF1A4D=6>C≤QC5

?BC1>>…31∞<≤36±1D31∞6>>»z@A?C6A=Q>?<?4Q« ©;√?3Q5@?3Q5>?
5?51>?4?=6C?5D?2H≤B<≤C≤B≤=6CA≤H>QB;<15?3QBCAD=Q3 C?5<»RF
G≤A;D<«31>>» CA621 @?±>1H≤C≤ 3Q5@?3Q5>Q I<»F≤ 1 I<»F1F
G≤A;D<«31>>»G≤FBCAD=Q3±DBCAQH1C≤=DCLB»6<6=6>C≤ 6>6A4?B≤BC6=
>1@A≤;<15<Q>QRCA1>BE?A=1C?A≤46>6A1C?A≤QC5 »;Q=?∞DCLH≤>≤C≤
BCAD=1=AQ±>≤F@?B<Q5?3>?BC6:>6?5>1;?3Q?@?A≤

&GL?=DB6>BQ2D<?2@A13≤<L>?4?3?A≤C≤@A??@QA»;?4?->62D5L
6<6=6>C1BCAD=1=@A»=?R@?B<Q5?3>?BCQBCAD=1=±3?A?C>?R@?B<Q5?3>?BCQ
BCAD=1=>D<L?3?R@?B<Q5?3>?BCQ >6B≤=6CA≤H>≤F6<6;CA?@6A651H1FG»
@A13≤<L>1C6A=Q>?<?4Q»√622Q<LI6DB;<15>≤<1B»

A?C63A?±A1FD>;?3Q:@A1;C≤GQD;?AQ>»<1B»B@A?√6>1C6A=Q>?<?4Q»
1@A≤;<15 4?3?A»CL @A? ?@QA ±3?A?C>?R@?B<Q5?3>?BCQ46>6A1C?A1
CA1>BE?A=1C?A1QC5 >13QCL@A≤RFB≤=6CA≤H>?=D3≤;?>1>>Q)6…
B3?…AQ5>≤= ∞1A4?>?= 5∞6 =1«CL >1 D31±Q ?@QA 46>6A1C?A1
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CA1>BE?A=1C?A1QC5 BCAD=1=±3?A?C>?R@?B<Q5?3>?BCQ%15?GL?4?
@?CAQ2>?±3≤;>DC≤

3.2

B;Q<L;≤ A?±A1FD31>>»>6B≤=6CA≤H>≤FA6∞≤=Q33≤;?>D«CLB»3
;??A5≤>1C1FB≤=6CA≤H>≤FB;<15?3≤F C?>1:2Q<LI 31∞<≤3Q@1A1=6CA≤
A6∞≤=DzBCAD=≤>1@AD4≤@?CD∞>?BCQ±>1F?5»CL±3Q5@?3Q5>≤F±1BCD@>≤F
BF6= C∞6@1A1=6CA≤A6∞≤=D@A»=?R@?B<Q5?3>?BCQ=?∞DCL2DC≤±>1:56>Q
Q±±1BCD@>?RBF6=≤@A»=?R@?B<Q5?3>?BCQ@1A1=6CA≤A6∞≤=D±3?A?C>?R
@?B<Q5?3>?BCQ±QBF6=≤±3?A?C>?R@?B<Q5?3>?BCQ1BCAD=≤Q>1@AD4≤
>D<L?3?R@?B<Q5?3>?BCQ±QBF6=≤>D<L?3?R@?B<Q5?3>?BCQ%?=DD=Q>>»
B≤>C6±D31C≤GQ±1BCD@>QBF6=≤…;<«H?3≤==?=6>C?=3A?±A1FD>;1F
131AQ:>≤FA6∞≤=Q3

n n n n
n n n n n n n

?2D5?3D±1BCD@>?RBF6=≤CA621@?H1C≤±1;C≤3>≤F6<6=6>CQ3
6>6A4?B≤BC6=≤ 46>6A1C?A≤B≤BC6=1B≤>FA?>>Q;?=@6>B1C?A≤Q53≤4D>≤
1B≤>FA?>>Q53≤4D>≤D±141<L>6>Q>131>C1∞6>>»±1?@?A1=≤»;≤F@?;1±1C≤
3Q5@?3Q5>Q .

BQ6<6=6>C≤6>6A4?B≤BC6=≤H6A6±»;Q±5Q:B>«…CLB»@Q5∞≤3<6>>»
C?H;≤;?A?C;?4?±1=≤;1>>»@A65BC13≤C≤?@?A1=≤±3»±1>≤=≤=Q∞B?2?«
6<6;CA≤H>?

A≤GL?=D4
53??2=?C;?3QCA1>BE?A=1C?A≤QA61;C?A≤@A65BC13<»«CLB»

;?∞6>?5>≤=?@?A?=5
CA≤?2=?C;?3QCA1>BE?A=1C?A≤13C?CA1>BE?A=1C?A≤Q±53?…>Q

A61;C?A≤@A65BC13<»«CLB»BF6=?«CA≤@A?=6>63?R±QA;≤5
13C?CA1>BE?A=1C?A≤ Q CA1>BE?A=1C?A≤ Q± A?±√6@<6>?«

?2=?C;?«>≤±L;?R>1@AD4≤z@?3>?«BF6=?« 5≤3 % 1/.C12<.5
<Q>QR6<6;CA?@6A651H26±3A1FD31>>»3±1…=?Q>5D;GQRzW?5>≤=

?@?A?=.
≤5Q<≤C≤ 2D5L-»;≤= H≤>?= >1@A≤;<15 I≤>;1=≤ 3BQ3D±<≤

±1BCD@>?RBF6=≤3»;≤F±…5>D«CLB»F?H12531?@?A≤Q3D±<≤± .
. A?>D=6AD31C≤3BQ3D±<≤ I≤>;≤ Q?@?A≤±1BCD@>?RBF6=≤

5?3Q<L>≤=H≤>?= @A≤ADH>?=DA1FD>;D 12?±1@A13≤<1=≤3≤2A1>?R
=1I≤>>?R@A?4A1=≤@A≤13C?=1C≤±?31>?=DA1FD>;D

/ ?H1C;?=±1BCD@>?RBF6=≤B<Q5331∞1C≤3BQ3D±<≤I≤>;≤± 1
;Q>G6=z3D±?<I≤>;D;?A?C;?4?±1=≤;1>>»
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n n n n
n n n n n n n

≤>C6±D31C≤±1BCD@>DBF6=D±3?A?C>?R@?B<Q5?3>?BCQ;6AD«H≤BL
C1;≤=≤=QA;D31>>»=≤4

%?@?<?4Q»BF6=≤±3?A?C>?R@?B<Q5?3>?BCQ>63Q5AQ±>»…CLB»
3Q5C?@?<?4QR±1BCD@>?RBF6=≤@A»=?R@?B<Q5?3>?BCQ

1.2. 6>6AD31<L>Q6<6=6>C≤6>6A4?B≤BC6= 3BF6=Q±3?A?C>?R
@?B<Q5?3>?BCQ…@1B≤3>≤=≤ C?2C?, G6?@?A≤ C1;≤F6<6=6>CQ3
3Q5BDC>».

≤5Q<≤C≤2D5L-»;≤= H≤>?= >1@A≤;<15, I≤>;1=≤ 3BQ3D±<≤
±1BCD@>?RBF6=≤±3?A?C>?R@?B<Q5?3>?BCQ3»;≤F±…5>D«CLB»F?H12531
?@?A≤

Q<L>Q;Q>GQ?@?AQ3√?3Q5>?B»CLB»5?46>6AD31<L>≤F6<6=6>CQ3
6>6A4?B≤BC6=±…5>1C≤=Q∞B?2?«±141<L>?«I≤>;?«.

. ≤5Q<≤C≤ @?±>1H≤C≤ @?H1C?;BF6=≤±3?A?C>?R@?B<Q5?3>?BCQ
»;≤=331∞1…CLB»3D±?<±141<L>1I≤>;1?56A∞1>≤:>1;A?GQ

/ ≤5Q<≤C≤@?±>1H≤C≤;Q>6GLBF6=≤±3?A?C>?R@?B<Q5?3>?BCQ»;≤=
331∞1…CLB»3D±?<I≤>;1;?A?C;?4?±1=≤;1>>»

n n n
n n n n n n n

1. A≤>6?2FQ5>?BCQB≤>C6±D31C≤BF6=D>D<L?3?R@?B<Q5?3>?BCQB<Q5
;6AD31C≤B»>1BCD@>≤=≤=QA;D31>>»=≤

1.1. ≤>C6±BF6=≤ >6?2FQ5>?@?H1C≤ 3Q5C?H;≤ ;?A?C;?4?
±1=≤;1>>»»;D3≤5Q<≤C≤3D±<?= I≤>;?« Q331∞1C≤5∞6A6<?=BCAD=Q3
>D<L?3?R@?B<Q5?3>?BCQ

=6∞1F;?∞>?4?6<6;CA≤H>?±3»±1>?4?;?<13≤»3≤C≤
=?∞<≤3QI<»F≤ @A?CQ;1>>» BCAD=Q3 >D<L?3?R@?B<Q5?3>?BCQ ?>≤
3≤>≤;1«CL »;√?3=6∞1F6<6;CA≤H>?±3»±1>?4?;?<1…F?H12?5>1
±1±6=<6>1>6:CA1<L @A≤56;Q<L;?F±1±6=<6>≤F>6:CA1<»FDC3?A««CLB»
@1A1<6<L>QI<»F≤5<»G≤A;D<«31>>»BCAD=Q3>D<L?3?R@?B<Q5?3>?BCQ 1
3Q5BDC>?BCQ±1±6=<6>≤F>6:CA1<6:3=6∞1F6<6;CA≤H>?±3»±1>?4?;?<1
I<»FQ35<»G≤A;D<«31>>»BCAD=Q3>D<L?3?R@?B<Q5?3>?BCQ3±141<Q>6=1…

1.3. ©;√?>6:CA1<L±1±6=<6>1>64<DF? 1H6A6±?@QAC??@QA
>6:CA1<Q33?5≤CLB»@?CAQ:>?«36<≤H≤>?«

1.4. Q5@A1G«31C≤@≤C1>>»CA1>BE?A=1GQRBCAD=Q3>D<L?3?R
@?B<Q5?3>?BCQBC?B?3>?CA1>BE?A=1C?AQ3 13C?CA1>BE?A=1C?AQ3 3FQ5>Q
?2=?C;≤»;≤F±QBC?A?>≤C?H;≤;?A?C;?4?±1=≤;1>>»=1«CL±1±6=<6>D
>6:CA1<L

A≤GL?=D4
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»;√?CA1>BE?A=1C?A=1…BF6=D±…5>1>L±QA;1Q±±1±6=<6>?«
>6:CA1<<« z CA≤;DC>≤; C? BCAD= >D<L?3?R @?B<Q5?3>?BCQ
CA1>BE?A=D…CLB»>1BC?A?>DCA≤;DC>≤;1@A?CQ;1…DE1±1F?2=?C;≤1<6±1
=6∞QCA≤;DC>≤;1>63≤F?5≤CL5

»;√?CA1>BE?A=1C?A=1…BF6=D±…5>1>L±QA;1Q±±1±6=<6>?«
>6:CA1<<«z±QA;1Q±±1±6=<6>?«>6:CA1<<« C?CA1>BE?A=1GQ»BCAD=Q3
>D<L?3?R@?B<Q5?3>?BCQ=?∞<≤31 CQ<L;≤ 3 C?=D 3≤@15;D »;√? D
3C?A≤>>?=D;?<Q…I<»F≤G≤A;D<«31>>»BCAD=Q3>D<L?3?R@?B<Q5?3>?BCQ5

»;√?CA1>BE?A=1C?A=1…BF6=D±…5>1>L±QA;1Q±±1±6=<6>?«
>6:CA1<<«z±QA;1±Q±?<L?31>?«>6:CA1<<« C?CA1>BE?A=1GQ»BCAD=Q3
>D<L?3?R@?B<Q5?3>?BCQ>13C?A≤>>DBC?A?>D>6=?∞<≤31

/©;√?56;Q<L;1@?3QCA»>≤F<Q>Q:@A?;<156>Q@??5>Q:CA1BQ
C?B<Q53A1F?3D31C≤3±1…=?Q>5D;GQ« =Q∞ >≤=≤, Q3BF6=Q>D<L?3?R
@?B<Q5?3>?BCQ3Q5?2A1∞1C≤<Q>QR@?3>≤=≤±1BCD@>≤=≤BF6=1=≤5≤3 %
1/.5?51C?;2

≤5Q<≤C≤2D5L-»;≤= H≤>?= >1@A≤;<15, I≤>;1=≤ 3BQ3D±<≤
±1BCD@>?RBF6=≤>D<L?3?R@?B<Q5?3>?BCQ3»;≤F±…5>D«CLB»F?H12531
?@?A≤

Q<L>Q ;Q>GQ6<6=6>CQ3 √?…I<»F1=≤@?36A>6>>»BCAD=Q3
>D<L?3?R@?B<Q5?3>?BCQ5? 5∞6A6<1 ±…5>1C≤ =Q∞ B?2?« ±141<L>?«
I≤>;?«.

. ≤5Q<≤C≤ @?±>1H≤C≤ @?H1C?;BF6=≤>D<L?3?R@?B<Q5?3>?BCQ
C?2C?3D±?<±141<L>1I≤>;1?56A∞1>≤:>1;A?GQ

/ ≤5Q<≤C≤@?±>1H≤C≤;Q>6GLBF6=≤>D<L?3?R@?B<Q5?3>?BCQ»;≤=
331∞1…CLB»3D±?<I≤>;1C?H;≤;?A?C;?4?±1=≤;1>>»

A≤D31∞>?=D3≤3H6>>QG≤F1<4?A≤C=Q3=?∞>13≤»3≤C≤56»;Q
31∞<≤3Q@?<?∞6>>» 1@A≤;<15 ±1BCD@>1BF6=1@A»=?R@?B<Q5?3>?BCQ
3±141<Q>63Q5AQ±>»…CLB»3Q5A?±A1FD>;?3?R±1BCD@>?RBF6=≤@A≤CA≤E1±>?=D
;?A?C;?=D±1=≤;1>>Q5≤3A?±5Q< G612B?<«C>?@A≤A?5>?415∞6
A6∞≤=CA≤E1±>?4?;?A?C;?4?±1=≤;1>>», @?BDCQQ…A6∞≤=?=@A»=?R
@?B<Q5?3>?BCQ

%1;?∞3≤5>?√?BF6=≤±3?A?C>?RQ>D<L?3?R@?B<Q5?3>?BCQ>6=1«CL
Q3GL?=DB6>BQ…@1B≤3>≤=≤ 3Q5B≤3≤CQ;1…√?F?H13?>≤Q=1«CL

56»;6 B1=?BCQ:>6 ±>1H6>>» 3≤;?A≤BC?3D«CLB», 4?<?3>≤= H≤>?=, 3
BD;D@>?BCQ±QBF6=?«@A»=?R@?B<Q5?3>?BCQ

3.3

A≤3≤AQI6>>QA»5D31∞<≤3≤F6<6;CA?6>6A46C≤H>≤F±151H3≤>≤;1…
>6?2FQ5>QBCL?GQ>;≤B≤=6CA≤H>≤FB;<15?3≤FBCAD=Q3Q>1@AD4≤D3D±<1F
6<6;CA≤H>?3Q551<6>≤F3Q5C?H;≤;?A?C;?4?±1=≤;1>>»)Q3D±<≤=?∞DCL
2DC≤ A?±5Q<6>Q ?5>≤= 12? 56;Q<L;?=1 CA1>BE?A=1C?A1=≤ 1=Q
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CA1>BE?A=1C?A≤ =?∞DCL =1C≤ AQ±>QBF6=≤ ±…5>1>>» Q;?6EQGQ…>C≤
CA1>BE?A=1GQR

A≤;<15?= >6?2FQ5>?BCQ ±>1>L CA1>BE?A=1GQR B≤=6CA≤H>≤F
B;<15?3≤F…±151H1?GQ>;≤HDC<≤3?BCQQ3±141<Q@?365Q>;≤A6<6:>≤F±1F≤BCQ3
6<6=6>CQ36<6;CA≤H>?3Q551<6>≤F3Q5C?H;≤>6B≤=6CA≤H>?4?;?A?C;?4?
±1=≤;1>>» >I≤=@A≤;<15?==?4<122DC≤@A?2<6=1»;?BCQ6<6;CA?6>6A4QR
D3D±<1F6<6;CA≤H>?3Q551<6>≤F3Q53D±<Q346>6AD31>>»BCAD=Q3±3?A?C>?RQ
>D<L?3?R@?B<Q5?3>?BC6:.

31∞1«H≤>1AQ±>?=1>QC>QBCL=?∞<≤3≤FD=?3, A?±4<»>6=?B@?H1C;D
CA1>BE?A=1C?A±QA;1zCA≤;DC>≤;z 11 1@?CQ=D±141<L>≤=?A6±D<LC1C≤
>1Q>IQBF6=≤CA1>BE?A=1C?AQ3 A≤4151…=?B@?H1C;D√?A?±AQ±>»«CL
E1±>≤: E Q<Q>Q:>≤: < ;?6EQGQ…>C≤CA1>BE?A=1GQR 6AI≤:±>≤F
A?±D=Q«CLC1;4
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E

E

E
E U

U

U

U
K ,                              (3.11)

56 z;Q<L;QBCLW3≤C;Q3;
UE, U<z3Q5@?3Q5>?,E1±>1Q<Q>Q:>1>1@AD4≤
& A?±A1FD>;1F A6∞≤=Q3 36<≤;?4? @?I≤A6>>» >12D3 <Q>Q:>≤:

;?6EQGQ…>CCA1>BE?A=1GQR4
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E

<

<
< U

U3

U

U
K   .                               (3.12)

≤5>?√? < E 3 ,1 E
<
3

.

%
©;√?%zCA1>BE?A=1C?A /   11QAII C1 AIII z
BCAD=≤ @A»=?RQ±3?A?C>?R@?B<Q5?3>?BC6: >1
BC?A?>Q ±QA;≤ C?<Q>Q:>QBCAD=≤3Q5@?3Q5>?R
@?B<Q5?3>?BCQ>1BC?A?>QCA≤;DC>≤;12D5DCL4









6
Ae x p jI<KI

6
Ae x p jI<KI

A I Ia I I

A Ia I

.
                  ( 3 . 1 3 )

©
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K
IIKIKII-II

I
3

K
IIKIKII-II

II
3

K
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(3.14)

≤BD>?; z CAD=?A?±@?5Q<@?3QC;1F

≤A1±≤3I≤ CBA IC1I,I H6A6±RFB≤=6CA≤H>QB;<15?3Q@A≤:=1«H≤
;?∞>?4?A1±D±1?B>?3>DE1±D,3Q5@?3Q5>?, 12? ?CA≤=1…=?4

 
 
 









6
AexpjI6

AexpjIKI

6
AexpjI6

AexpjIKI

6
AexpjI6

AexpjIKI

CIICI<c

BIIBI<b

AIIAI<a

.

(3.15)

B;Q<L;≤3<Q>Q:>≤F3≤3?51FBC?A?>≤CA≤;DC>≤;1BCAD=Q3>D<L?3?R
@?B<Q5?3>?BCQ>6=1…3?>≤B;?A?C≤<≤B»@A≤?CA≤=1>>Q / C?@6AIQQ
5AD4Q5?51>;≤ / G6 3Q5@?3Q5>?, BCAD=≤ @A»=?RQ±3?A?C>?R
@?B<Q5?3>?BCQC?2C?>1@A≤;<15,5<»E1±≤14

,

0
6
AexpjI

6
AexpjI

K

I

I

I

aII

aI

a0

aII

aI

<







(3.16)

√?Q@?CAQ2>?2D<?5?36BC≤
»;±3»±D«CLB»@?3>QBCAD=≤DE1±>≤F;??A5≤>1C1F>1BC?A?>Q

CA≤;DC>≤;1 ±B≤=6CA≤H>≤=≤B;<15?3≤=≤BCAD=Q3BC?A?>≤ ±QA;≤9 <»

I b

I c

I a

I A

I C

I BI b

I c

I a
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3BC1>?3<6>>»GL?4?E1;CDB;?A≤BC1…=?B»A6±D<LC1C1=≤5?3656>?RC6?A6=≤Q
3≤A1±1=≤ 0Q 14

 










0
6
AexpjI

6
AexpjI

K
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1aa

111
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I

I

6
AjexpKI aII
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<
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2
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jII<jII ;
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6
Aexpj6

Aexpj
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6
Aexpj6

Aexpj

K

I

I

I

.
(3.17)

D±141<L>6>Q:=1CA≤H>Q:E?A=Q5<»5?3Q<L>?RE1±≤?BC1>>Q:3≤A1±
2D56

I= N I ,                       (3.18)

56






A6
5expjA6

5expj

jj
6
Aexpj6

Aexpj

K<N

.

 (3.19)

1 1>1<?4Q…« ±Q BCAD=1=≤ =?∞>1 BE?A=D<«31C≤ @A13≤<?
CA1>BE?A=1GQRB≤=6CA≤H>≤FB;<15?3≤F>1@AD4 ≤∞H63?>?51…CLB»26±
5?3656>>».

% .
©;√?%zCA1>BE?A=1C?A   11Q AIIAI UC1U
>1@AD4≤@A»=?RQ±3?A?C>?R@?B<Q5?3>?BC6:>1
BC?A?>Q ±QA;≤ C? E1±>Q>1@AD4≤ 3Q5@?3Q5>?R
@?B<Q5?3>?BCQ3=6A6∞Q»;1@A≤…5>1>15?BC?A?>≤
CA≤;DC>≤;1,2D5DCL4










6
Ae x p jU
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1
U

6
Ae x p jU

K

1
U

A I I
<

a I I

A I
<

a I

.
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%6?A6=≤ Q .3BC1>?3<««CL±1;?>≤CA1>BE?A=1GQRB≤=6CA≤H>≤F
B;<15?3≤F5<»CA1>BE?A=1C?A1 /   11 3>1@A»=Q3Q5 ±QA;≤ 5?
CA≤;DC>≤;1 C∞6»;√?3≤A1±≤ Q @A?H≤C1C≤ >13@1;≤C?
<64;?3≤F?5»CL±1;?>≤CA1>BE?A=1GQR3>1@A»=Q3Q5 CA≤;DC>≤;1 5?
±QA;≤

<» C?4? √?2 D±141<L>≤C≤ ?CA≤=1>Q A6±D<LC1C≤ >1 Q>IQ
CA1>BE?A=1C?A≤33656=?3A?±4<»5;?=@<6;B>Q;?6EQGQ…>C≤CA1>BE?A=1GQR
5<»@A»=?R Q±3?A?C>?R @?B<Q5?3>?BC6::
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K

T6
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1
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<
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<
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(3.21)

56Tz>?=6A4AD@≤±…5>1>LCA1>BE?A=1C?A1
%?5Q5<»5?3Q<L>?R2-?RE1±≤=?∞>1±1@≤B1C≤4












T6
AjexpU

K

1

K

U
U

T6
Aj-expU

K

1

K

U
U

jII
<II

jII
jII

jI
<I

jI
jI

.

 (3.22)

1;?>?=QA>?BCQ5<» BCAD=Q3 ?56A∞1>Q±D=?3≤ Q>31AQ1>C>?BCQ
@?CD∞>?BC6:2D5DCL4










T6
AjexpIKI

T6
Aj-expIKI

jII<jII

jI<jI

.
 (3.23)

A13≤<L>QBCL Q =?∞>1@6A63QA≤C≤>1CA1>BE?A=1C?AQ
4AD@≤ ±1;?>?=QA>?BCQCA1>BE?A=1GQRB≤=6CA≤H>≤FB;<15?3≤F5<»»;?4?
A1>QI6A?±;A≤CQ3C6?A6=1F Q.

A?2<6=≤CA1>BE?A=1GQRB≤=6CA≤H>≤FB;<15?3≤F@A»=?RQ±3?A?C>?R
@?B<Q5?3>?BC6:A?±4<»>DCQ5<»±3≤H1:>≤FCA≤E1±>≤FCA1>BE?A=1C?AQ3, 
?@?A≤ >1E1±D D »;≤F ?5>1;?3Q F √6>1±≤31«CLB≤=6CA≤H>≤=≤
CA1>BE?A=1C?A1=≤

A?C6B≤=6CA≤H>QCA1>BE?A=1C?A≤>63≤H6A@D«CL3BQ…R=>?∞≤>≤
CA1>BE?A=1C?AQ3 √?3≤;?A≤BC?3D«CLB»36>6A4?B≤BC6=1FQB≤BC6=1F
6<6;CA?@?BC1H1>>» B@?∞≤31HQ3 B>D«CL >6@?3>?E1±>Q @A?BC?,
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>6B≤=6CA≤H>QCA1>BE?A=1C?A≤QCA1>BE?A=1C?A≤ F?HQB≤=6CA≤H>Q1<6
3≤;?>1>Q±1B;<15>≤=≤BF6=1=≤±…5>1>>»>1@A≤;<15±≤4±14?= <»GQ…R
@Q5=>?∞≤>≤CA1>BE?A=1C?AQ3, A?±;A≤CQA1>QI6, ±1;?>≤CA1>BE?A=1GQR>6
3≤;?>D«CLB» %?=D1;CD1<L>≤=±1351>>»=>1D;≤…3≤»3<6>>»±1;?>Q3
CA1>BE?A=1GQRB≤=6CA≤H>≤FB;<15?3≤FQ5<»C1;≤FCA1>BE?A=1C?AQ3

 

<«H?365<»13C?=1C≤±1GQRA?±A1FD>;Q3>6B≤=6CA≤H>≤F131AQ:>≤F
A6∞≤=Q3@A13≤<?6;3Q31<6>C>?BCQ@A»=?R@?B<Q5?3>?BCQ2D<?3@6AI6
BE?A=D<L?31>6 •65AQ>≤= ?>?@?3»±D…BCAD=@A»=?R@?B<Q5?3>?BCQ
2D5L-»;?4?>6B≤=6CA≤H>?4?;?A?C;?4?±1=≤;1>>»±QBCAD=?=CA≤E1±>?4?
;?A?C;?4?±1=≤;1>>»356»;Q:EQ;C≤3>Q:C?HGQ ?B;Q<L;≤2D5L-»;≤:
@1A1=6CA>6B≤=6CA≤H>?4?131AQ:>?4?A6∞≤=D…56»;?«ED>;GQ…«BCAD=D
@A»=?R@?B<Q5?3>?BCQC?3≤»3<»…CLB», √?3BQ@1A1=6CA≤>6B≤=6CA≤H>≤F
;?A?C;≤F±1=≤;1>L@A≤RFQ>∞6>6A>≤FA?±A1FD>;1F=?∞DCL2DC≤±>1:56>Q
>1?B>?3Q@A13≤<16;3Q31<6>C>?BCQ@A»=?R@?B<Q5?3>?BCQ&GL?=D:?4?
>1:31∞<≤3QI6±>1H6>>»

<» C?4? √?2 G6 @A13≤<? =1<? D±141<L>6>≤: F1A1;C6A, 
BE?A=D<«…=? 26±5?3656>>» A»5C36A5∞6>LBC?B?3>??;A6=≤F3≤5Q3
>6B≤=6CA≤H>≤F;?A?C;≤F±1=≤;1>L √?±3»±D«CLBCAD=≤ Q>1@AD4≤
3Q5@?3Q5>≤F@?B<Q5?3>?BC6:

% /
©;√? 3 56»;Q: C?HGQCA≤E1±>?RB≤=6CA≤H>?R
B≤BC6=≤=1…=QBG653?E1±>6;?A?C;6±1=≤;1>>»E1±
Q C?









AIAII

AIAII

UU
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.
                              (3.24)

% 0
©;√? 3 56»;Q: C?HGQCA≤E1±>?RB≤=6CA≤H>?R
B≤BC6=≤ Q±±1±6=<6>?« >6:CA1<<« =1… =QBG6
?5>?E1±>6;?A?C;6±1=≤;1>>»E1±≤ C?
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% 1
©;√? 3 56»;Q: C?HGQCA≤E1±>?RB≤=6CA≤H>?R
B≤BC6=≤ Q±±1±6=<6>?« >6:CA1<<« =1… =QBG6
53?E1±>6;?A?C;6±1=≤;1>>»E1± Q >1±6=<«C?
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AIA0AII

UUU
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.
       (3.26)

% 2
©;√? 3 56»;Q: C?HGQCA≤E1±>?RB≤=6CA≤H>?R
B≤BC6=≤Q±±1±6=<6>?«>6:CA1<<«?5>?H1B>?=1…
=QBG6 ?5>?E1±>6;?A?C;6±1=≤;1>>»E1±≤ Q
53?E1±>6;?A?C;6±1=≤;1>>»E1± Q C?
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               (3.27)

ZII QS0 z3Q5@?3Q5>?, A6±D<LCD«HQ?@?A≤±1BCD@>≤FBF6=±3?A?C>?RQ
>D<L?3?R@?B<Q5?3>?BC6:

A≤3656>Q3≤√6C36A5∞6>>»BC?BD«CLB»B≤=6CA≤H>≤FB;<15?3≤F
F1A1;C6A>≤F131AQ:>≤FA6∞≤=Q3 A≤A?5>?√?5<»G≤F@?I;?5∞6>L…
>6?2FQ5>QBCL?CA≤=1C≤@1A1=6CA≤A6∞≤=DDE1±>≤F;??A5≤>1C1F )6
±A?2≤C≤ ±?3BQ= >6B;<15>? B@≤A1«H≤BL >1±141<L>D ±1;?>?=QA>QBCL
A?±;A≤CD3C6?A6=Q ?BDCQ3B6±3?5≤CLB»5?=>?∞6>>»>1=1CA≤G«
@6A6C3?A6>>»SD3Q5@?3Q5>?BCQ±AQ3>»>>»= 0

©;2≤3≤;?>1C≤G«A?2?CDQ√6A1±±36A>DC≤B»5?C6?A6= / 2
C?=≤2≤3≤»3≤<≤√?3BQ@1A1=6CA≤>6B≤=6CA≤H>≤F131AQ:>≤FA6∞≤=Q33
;??A5≤>1C1FB≤=6CA≤H>≤FB;<15?3≤FC1DE1±>≤F;??A5≤>1C1F±1<6∞1CL3Q5
BCAD=D@A»=?R@?B<Q5?3>?BCQ3»3>Q: 5<»BCAD=Q3 12?>6»3>Q: 5<»
>1@AD4E?A=Q

C∞6 3≤±>1H1<L>≤= @1A1=6CA?= 2D5L-»;?4? >6B≤=6CA≤H>?4?
131AQ:>?4?A6∞≤=Dc…BCAD=@A»=?R@?B<Q5?3>?BCQ ?∞>1@?;1±1C≤√?
B1=G6:BCAD=3≤±>1H1…CLB»C1;4

(n)
5?5I

An
AI

ZZ

E
I  ,                                      (3.28)
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56 n
5?5Z z56»;≤:5?51C;?3≤:?@QAF1A1;C6A>≤:5<»51>?4?c3≤5D

>6B≤=6CA≤H>?4?;?A?C;?4?±1=≤;1>>»
≤A1± 8 @A65BC13≤=?Q>1;I64

I

(n)
5?5I

A

I

(n)
5?5

I

A(n)
AI

Z

Z
1

1

Z

E

Z

Z
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E
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 .                   (3.29)

± (3.29 3≤5>?√?;?=@?>6>C1
I

A

Z

E
»;13F?5≤CL3>L?4?, G6>6√?

Q>I6»;E1±>≤:BCAD=CA≤E1±>?4?;?A?C;?4?±1=≤;1>>»35Q:B>Q:C?HGQ
@?I;?5∞6>>» 2? »; 3;1±D31<?B» A1>QI6 ±1BCD@>1 BF6=1 @A»=?R
@?B<Q5?3>?BCQ…±1BCD@>?«BF6=?«5<»CA≤E1±>?4?;?A?C;?4?±1=≤;1>>»
≤F?5≤CL√? 9 51…, @?BDCQ, BCAD=CA≤E1±>?4?;?A?C;?4?±1=≤;1>>»

1<6>635Q:B>Q:C?HGQ13Q>IQ:z6<6;CA≤H>?2Q<LI3Q551<6>Q:>1 n
5?5Z .

1?B>?3QGL?4?QBE?A=D<«…=?@A13≤<?6;3Q31<6>C>?BCQ@A»=?R
@?B<Q5?3>?BCQ

n n - n n
n n n

t n
n n nt

n n n
n n n
n n

4151>QCDC5?51C;?3Q?@?A≤5<»AQ±>≤F3≤5Q3;?A?C;≤F±1=≤;1>L

±3656>Q5?C12< 3BC?3@H≤;D n
5?5pZ .

%12<≤G» 3.1 z >1H6>>» 5?51C;?3?4? ?@?AD Q ;?6EQGQ…>C1
@A?@?AGQ:>?BCQ5<»AQ±>≤F3≤5Q3;?A?C;≤F±1=≤;1>L

≤5;?A?C;?4?
±1=≤;1>>»

n
n
5?5Z nm

1 2 3 4
%A≤E1±>6 (3) 0 1
3?E1±>6 (2) IIZ 3
5>?E1±>6 (1) 0II ZZ 3
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A?5?3∞6>>»C12<≤GQ
1 2 3 4

3?E1±>6>1
±6=<«

(1,1)
0II

0II

ZZ

ZZ

20II

0II

ZZ

ZZ
13

5>?E1±>?-
53?E1±>6

(1,2)
Z Z

Z Z
II

II

0

04

6

4 0

Z

Z Z
II

II

5<»E1±≤

3
2

4
0

0

Z Z

Z Z
II

II

5<»E1± Q

©;>14?<?ID31<?B»A1>QI6=6C?«A?±A1FD>;Q3…3≤±>1H6>>»BCAD=Q3
3@?I;?5∞6>≤FE1±1FDE1±>≤F;??A5≤>1C1F ≤»3<»…CLB»√?GQBCAD=≤
@?3»±1>Q±QBCAD=?=@A»=?R@?B<Q5?3>?BCQ@A?BC≤=B@Q33Q5>?I6>>»=

(n)
I

(n)(n) ImI  ,                                (3.30)

B@A1365<≤3≤=»;5<»=?5D<Q3C1;Q5<»;?=@<6;BQ3
& 0) m(n) z56»;≤:;?6EQGQ…>C H≤B<?36±>1H6>>»»;?4?5<»

;?∞>?4?3≤5D;?A?C;?4?±1=≤;1>>»3≤5>?±C12<
=QBCGL?4?A?±5Q<D51…@Q5BC13≤5<»A?±5D=Q3

1. 1@AD41@A»=?R@?B<Q5?3>?BCQ3C?HGQ>6B≤=6CA≤H>?4?;?A?C;?4?
±1=≤;1>>»>62D56AQ3>?«>D<«,»;@A≤CA≤E1±>?=D;?A?C;?=D±1=≤;1>>Q
12D562Q<LI?« 3Q5>D<» 2?EQ;C≤3>6CA≤E1±>6;?A?C;6±1=≤;1>>»
6<6;CA≤H>?3Q551<»…CLB»±15?51C;?3≤:?@QA C∞6

(n)
5?5AIAI ZIU  ,                                            (3.31)

C3?A«…CLB» =?∞<≤3QBCL @?AQ3>»>>» C»∞;?BCQ AQ±>≤F
>6B≤=6CA≤H>≤F;?A?C;≤F±1=≤;1>L=Q∞B?2?«Q±CA≤E1±>≤=;?A?C;≤=
±1=≤;1>>»=

Q:B>? @?3>≤: BCAD= D E1±>≤F ;??A5≤>1C1F 5<»2D5L-»;?4?
>6B≤=6CA≤H>?4?;?A?C;?4?±1=≤;1>>», ±3A1FD31>>»=3≤;<156>?4?, =?∞6
2DC≤±1@≤B1>≤:C1;4





I

(n)
5?5

I

A
(n)

(n)

Z

Z
1Z

Em
I

.

                                      (3.32)

CAD=CA≤E1±>?4?;?A?C;?4?±1=≤;1>>»»;>14?<?ID31<?B»3≤√6
2D564
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I

A(3)
Z

E
I 

.
                                             (3.33)

?±4<»>6=?36<≤H≤>D

I

(n)
5?5

(n)

(3)

(n)
(n,3)

Z

Z
k

m

I

I
k                                     (3.34)

Q3?>1 51BCL =?∞<≤3QBCL ±»BD31C≤ H≤ 2D56 BCAD= c -4? 3≤5D
>6B≤=6CA≤H>?4?;?A?C;?4?±1=≤;1>>»2Q<LI≤=3Q5BCAD=DB≤=6CA≤H>?4?
;?A?C;?4?±1=≤;1>>»8 H≤>Q6

?±4<»5C12< Q3≤A1±D (3.33 5?±3?<»…A1>∞≤AD31C≤5?51C;?3Q
?@?A≤ 1A1±?=±G≤=BCAD=≤Q>1@AD4≤@A»=?R@?B<Q5?3>?BCQ3C?HGQ
@?I;?5∞6>>»4



.(3)(1,1)
I

(2)
I

(1)
I

;3(1,1)
I

(2)
I

(1)
I

;
(3)
5?5

1,1
5?5Z

(2)
5?5

(1)
5?5

UUUU

IIII

ZZZ







)Q3Q5?=?BCQ=?∞DCL2DC≤;?A≤B>Q3@A1;C≤H>≤FA?±A1FD>;1F

3.5

1B<Q5;≤ √? 3≤CQ;1«CL ± @A13≤<1 6;3Q31<6>C>?BCQ @A»=?R
@?B<Q5?3>?BCQQC6?A6= / .8, 5?±3?<»«CLB≤>C6±D31C≤, C1;±31>Q,
;?=@<6;B>Q±1BCD@>QBF6=≤»;Q=1«CL314?=6±>1H6>>»@A≤13C?=1C≤±1GQR
A?±A1FD>;Q3131AQ:>≤FA6∞≤=Q3@A≤;?A?C;≤F±1=≤;1>>»F

?=@<6;B>Q±1BCD@>QBF6=≤zWG6D±141<L>6>QBF6=≤√?B;<151«CLB»±
@Q5BF6=@A»=?R±3?A?C>?RQ>D<L?3?R@?B<Q5?3>?BC6: »;Q±…5>1>Q=Q∞
B?2?« C1; √? 3?>≤ A61<Q±D«CL @A13≤<? 6;3Q31<6>C>?BCQ@A»=?R
@?B<Q5?3>?BCQ5<»@?@6A6H>?R>6B≤=6CAQRQ3Q5?2A1∞1«CLB@Q33Q5>?I6>>»
5<»B≤=6CA≤H>≤FB;<15?3≤FBCAD=DQ>1@AD4≤3C?HGQ@?I;?5∞6>>»

A13≤<L>≤:B≤>C6±;?=@<6;B>≤FBF6= >1BCQ<L;≤31∞<≤3≤: √?
5?GQ<L>?±5Q:B>«31C≤:?4?±1@A≤3656>≤=>≤∞H61<4?A≤C=?=.

n n n n n
n n n n n

≤>C6±D31C≤±1BCD@>D@Q5BF6=D@A»=?R@?B<Q5?3>?BCQB@≤A1«H≤BL
>11<4?A≤C=A?±A?2;≤±1BCD@>?RBF6=≤5<»A?±A1FD31>>»A6∞≤=D@A≤
CA≤E1±>?=D;?A?C;?=D±1=≤;1>>Q
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≤5Q<≤C≤ @?±>1H≤C≤ @?H1C?; Q;Q>6GL @Q5BF6=≤ @A»=?R
@?B<Q5?3>?BCQ

≤>C6±D31C≤ ±1BCD@>D @Q5BF6=D ±3?A?C>?R @?B<Q5?3>?BCQ
;6AD«H≤BLC1;≤=≤=QA;D31>>»=≤4

3.1. %?@?<?4Q»@Q5BF6=≤±3?A?C>?R@?B<Q5?3>?BCQ>63Q5AQ±>»…CLB»
3Q5C?@?<?4QR@Q5BF6=≤@A»=?R@?B<Q5?3>?BCQ

6>6AD31<L>Q6<6=6>C≤6>6A4?B≤BC6=3@Q5BF6=Q±3?A?C>?R
@?B<Q5?3>?BCQ…@1B≤3>≤=≤C?2C?,±?2A1∞1«CLB»?@?A1=≤Q>6=QBC»CL .

. ≤5Q<≤C≤2D5L-»;≤= H≤>?= >1@A≤;<15, I≤>;1=≤ 3BQ3D±<≤
±1BCD@>?R@Q5BF6=≤±3?A?C>?R@?B<Q5?3>?BCQ3»;≤F±…5>D«CLB»F?H12531
?@?A≤

/ Q<L>Q;Q>GQ?@?AQ3√?3Q5>?B»CLB»5?46>6AD31<L>≤F6<6=6>CQ3
6>6A4?B≤BC6=±…5>1C≤=Q∞B?2?«±141<L>?«I≤>;?«.

0 ≤5Q<≤C≤@?±>1H≤C≤@?H1C?;@Q5BF6=≤±3?A?C>?R@?B<Q5?3>?BCQ
»;≤=331∞1…CLB»3D±?<±141<L>1I≤>;1?56A∞1>≤:>1;A?GQ/

1 ≤5Q<≤C≤ @?±>1H≤C≤ ;Q>6GL@Q5BF6=≤±3?A?C>?R@?B<Q5?3>?BCQ
»;≤=331∞1…CLB»3D±?<I≤>;1;?A?C;?4?±1=≤;1>>»

2 ©;√?>6?2FQ5>?B≤>C6±D31C≤@Q5BF6=D>D<L?3?R@?B<Q5?3>?BCQ
;6AD«CLB»C1;≤=≤=QA;D31>>»=≤

2 ≤>C6±@Q5BF6=≤@?H1C≤3Q5C?H;≤;?A?C;?4?±1=≤;1>>»»;D
3≤5Q<≤C≤ 3D±<?= I≤>;?« Q331∞1C≤ 5∞6A6<?= BCAD=Q3 >D<L?3?R
@?B<Q5?3>?BCQ

8.2. =6∞1F;?∞>?4?6<6;CA≤H>?±3»±1>?4?;?<13≤»3≤C≤
=?∞<≤3QI<»F≤ @A?CQ;1>>» BCAD=Q3 >D<L?3?R@?B<Q5?3>?BCQ ?>≤
3≤>≤;1«CL »;√?3=6∞1F6<6;CA≤H>?±3»±1>?4?;?<1…F?H12?5>1
±1±6=<6>1>6:CA1<L @A≤56;Q<L;?F±1±6=<6>≤F>6:CA1<»FDC3?A««CLB»
@1A1<6<L>QI<»F≤5<»G≤A;D<«31>>»BCAD=Q3>D<L?3?R@?B<Q5?3>?BCQ 1
3Q5BDC>?BCQ±1±6=<6>≤F>6:CA1<6:3=6∞1F6<6;CA≤H>?±3»±1>?4?;?<1,
I<»FQ35<»G≤A;D<«31>>»BCAD=Q3>D<L?3?R@?B<Q5?3>?BCQ3±141<Q>6=1…

2 ©;√?>6:CA1<L±1±6=<6>1H6A6±?@QA C??@QA>6:CA1<Q
33?5≤CLB»@?CAQ:>?«36<≤H≤>?«

8.4. A?A?2≤C≤ @≤C1>>» CA1>BE?A=1GQRBCAD=Q3 >D<L?3?R
@?B<Q5?3>?BCQBC?B?3>?CA1>BE?A=1C?AQ3 13C?CA1>BE?A=1C?AQ3 3FQ5>Q
?2=?C;≤ »;≤F±2?;DC?H;≤ ;?A?C;?4?±1=≤;1>>»=1«CL±1±6=<6>D
>6:CA1<L

A≤GL?=D4
»;√?CA1>BE?A=1C?A=1…BF6=D±…5>1>L±QA;1Q±±1±6=<6>?«

>6:CA1<<« z CA≤;DC>≤; C? BCAD= >D<L?3?R @?B<Q5?3>?BCQ
CA1>BE?A=D…CLB»>1BC?A?>DCA≤;DC>≤;1@A?CQ;1…DE1±1F?2=?C;≤1<6±1
=6∞QCA≤;DC>≤;1>63≤F?5≤CL5

»;√?CA1>BE?A=1C?A=1…BF6=D±…5>1>L±QA;1Q±±1±6=<6>?«
>6:CA1<<«z±QA;1Q±±1±6=<6>?«>6:CA1<<« C?CA1>BE?A=1GQ»BCAD=Q3
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>D<L?3?R@?B<Q5?3>?BCQ=?∞<≤31CQ<L;≤C?5Q;?<≤D3C?A≤>>?=D ;?<Q…
I<»F≤G≤A;D<«31>>»BCAD=Q3>D<L?3?R@?B<Q5?3>?BCQ5

»;√?CA1>BE?A=1C?A=1…BF6=D±…5>1>L±QA;1Q±±1±6=<6>?«
>6:CA1<<«z±QA;1±Q±?<L?31>?«>6:CA1<<« C?CA1>BE?A=1GQ»BCAD=Q3
>D<L?3?R@?B<Q5?3>?BCQ>13C?A≤>>DBC?A?>D>6=?∞<≤31

2/©;√?56;Q<L;1@?3QCA»>≤F<Q>Q:@A?;<156>Q@??5>Q:CA1BQ
C?B<Q53A1F?3D31C≤3±1…=?≤>5D;GQ« =Q∞>≤=≤Q3@Q5BF6=Q>D<L?3?R
@?B<Q5?3>?BCQ3Q5?2A1∞1C≤<Q>QR±1@?3>≤=≤±1BCD@>≤=≤BF6=1=≤ 5≤3
% 1/.5?51C?;2
3 ≤5Q<≤C≤2D5L-»;≤= H≤>?= >1@A≤;<15, I≤>;1=≤ 3BQ3D±<≤

±1BCD@>?R@Q5BF6=≤>D<L?3?R@?B<Q5?3>?BCQ3»;≤F±…5>D«CLB»F?H2≤531
?@?A≤

Q<L>Q ;Q>GQ6<6=6>CQ3 »;Q…I<»F1=≤@?36A>6>>»BCAD=Q3
>D<L?3?R@?B<Q5?3>?BCQ5? 5∞6A6<1 ±…5>1C≤ =Q∞ B?2?« ±141<L>?«
I≤>;?«.

≤5Q<≤C≤@?±>1H≤C≤@?H1C?;@Q5BF6=≤>D<L?3?R@?B<Q5?3>?BCQ
»;≤=…3D±?<±141<L>1I≤>;1?56A∞1>≤:>1;A?GQ

≤5Q<≤C≤ @?±>1H≤C≤ ;Q>6GL@Q5BF6=≤>D<L?3?R@?B<Q5?3>?BCQ
»;≤=331∞1…CLB»3D±?<I≤>;1C?H;≤;?A?C;?4?±1=≤;1>>»

2…5>1C≤B≤>C6±?31>Q@Q5BF6=≤3…5≤>D;?=@<6;B>D±1BCD@>D
BF6=D5<»>6B≤=6CA≤H>?4?;?A?C;?4?±1=≤;1>>», √?5?B<Q5∞D…CLB»
;6AD«H≤BL@A13≤<?=6;3Q31<6>C>?BCQ@A»=?R@?B<Q5?3>?BCQ •65AQ>1
>6=?BF6=≤C1;?4??2…5>1>>»@A≤3656>Q3C12<

%12<≤G» z >6=?BF6=≤;?=@<6;B>≤F±1BCD@>≤FBF6=5<»3BQF
3≤5Q3>6B≤=6CA≤H>?4?@?I;?5∞6>>»

≤5;?A?C;?4?±1=≤;1>>» …5>1>>»@Q5BF6=SI, ZII, Z0

3?E1±>6

5>?E1±>6

3?E1±>6>1±6=<«

(2)

(1)

(1,1)

 ZI

 ZII

 ZI

 Z0 ZII ZI

 ZII

 Z0
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. A?>D=6AD31C≤5?3Q<L>?3BQ3D±<≤I≤>;≤Q?@?A≤B≤>C6±?31>?R
;?=@<6;B>?R±1BCD@>?RBF6=≤ @A≤ADH>?=DA1FD>;D 12?±1@A13≤<1=≤
?@≤BD3≤2A1>?R=1I≤>>?R@A?4A1=≤@A≤13C?=1C≤±?31>?=DA?±A1FD>;D

H?=D @?<»41… Q56» =6C?5D B≤=6CA≤H>≤F B;<15?3≤F √?
3≤;?A≤BC?3D…CLB»5<»A?±A1FD31>>»>6B≤=6CA≤H>≤F@6A6FQ5>≤F@A?G6BQ39
*≤= ?2D=?3<6>1 5?GQ<L>QBCL :?4? 3≤;?A≤BC1>>» 5<» 1>1<Q±D
>6B≤=6CA≤H>≤F;?A?C;≤F±1=≤;1>L9

<»BF6=≤A≤B B;<15QCL±1BCD@>QBF6=≤@A»=?R±3?A?C>?RC1
>D<L?3?R@?B<Q5?3>?BC6:QA?±A1FD:C6RF@1A1=6CA≤3?5>Q:Q±B≤BC6=

≤;?>1:C6@6A6C3?A6>>»BF6=C1±>1:5QCLZ Z Z0.
;<15QCL5<»BF6=≤A≤B ;?=@<6;B>D±1BCD@>DBF6=D5<»

A?±A1FD31>>»?5>?E1±>?4?;?A?C;?4?±1=≤;1>>»3C?HGQ BF6=≤
1?CA≤=1>≤=≤A6±D<LC1C1=≤A?±A1FD>;D3;1∞QCLD3D±<1FBF6=≤

6<6;CA≤H>?R =6A6∞Q >1@AD4≤ 1 3 RR 3QC;1F z BCAD=≤ ?;A6=≤F
@?B<Q5?3>?BC6:
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4 Z Z S ZZY U S U U S
Z S Z S Z ZZ U U

4.1

2141CL?FB≤BC6=1F6<6;CA?@?BC1H1>>»±>6?2FQ5>QBC«±»3<»«CLB»
36>C≤<L>Q@6A6C3?A«31HQ ?>≤…>63Q5…=>?«H1BC≤>?«6<6;CA?@6A651H
@?BCQ:>?4?BCAD=DAQ±>≤F;<1BQ3>1@AD46<6=6>CQ3√?±3»±D«CLB≤BC6=≤
AQ±>?RH1BC?C≤>131>C1∞6>L@?BCQ:>?4?BCAD=DBCAD=??2=6∞D31<L>≤FQ
;?=DCD«H≤F@A≤BCA?R3QC5

D5DH≤ H1BC≤>?« B≤BC6= 6<6;CA?@?BC1H1>>» 36>C≤<L>Q
@6A6C3?A«31HQ, ±?5>?4? 2?;D, 3≤»3<»«CLB» BF≤<L>≤=≤ 5? 3@<≤3D
131AQ:>≤FA6∞≤=Q3√?3≤>≤;1«CL3B≤BC6=Q1, ±Q>I?4?2?;D, B1=Q
@A?3?;D«CL131AQ:>QA6∞≤=≤3B≤BC6=Q>1@A≤;<15@A≤@A?2?R36>C≤<L>?4?
@<6H1

&±3»±;D±G≤=, =>?∞≤>1GQ<6:A?±A1FD>;Q3131AQ:>≤FA6∞≤=Q33
B≤BC6=1F 6<6;CA?@?BC1H1>>» ± 36>C≤<L>≤=≤ @6A6C3?A«31H1=≤
A?±I≤A«…CLB»3@?AQ3>»>>Q±GQ<»=≤ 3Q5=QH6>≤=≤3A?±5Q<Q C1…
1;CD1<L>≤=3≤±>1H6>>»=1;B≤=1<L>?4?BCAD=D;?A?C;?4?±1=≤;1>>»D
36>C≤<L>?=D @<6HQ @A≤ ±?3>QI>L?=D ;?A?C;?=D ±1=≤;1>>Q 12?
3>DCAQI>L?=D@?I;?5∞6>>Q 1∞<≤3?4?±>1H6>>»>12D31…CA≤31<QBCL
@A?CQ;1>>»131AQ:>?4?BCAD=D@?6<6=6>C1F36>C≤<L>?4?@<6H1 B6G6
>6?2FQ5>6 5<» 3≤2?AD 36>C≤<Q3 A?±A1FD31>>» ±1F≤BCD 36>C≤<L>≤F
@6A6C3?A«31HQ3Q?GQ>6>>»@?365Q>;≤B≤BC6=≤;6AD31>>»5<»;6A?31>≤F
@6A6C3?A«31HQ33D=?31F131AQ:>≤F@6A6FQ5>≤F@A?G6BQ3

?3QGQ<QA?±A1FD>;Q3131AQ:>≤FA6∞≤=Q33≤=141«CLA»5D5?51C;?3≤F
5?@D√6>L5?C≤F√?BE?A=D<L?31>Q3 %1;,>1@A≤;<15@6A6521H1…CLB»
C1;64

36>C≤<Q@6A6C3?A«31HQ3…Q561<L>≤=≤6<6=6>C1=≤5
>6±=Q>>QBCL3H1BQ1=@<QCD5≤ ;
3BQ36>C≤<Q±26AQ41«CLB3?R3<1BC≤3?BCQ 1C≤A≤BC?A≤

;6A?31>QBCL±13≤>»C;?=@?I;?5∞6>≤F5
>63A1F?3D«CLB»±1F≤B>QK -;?<136>C≤<Q33Q5@6A6>1@AD4≤.

A?±D=Q<?√?@A≤A?±4<»5QB@6G≤EQH>≤F>1@A≤;<15 13C?>?=>≤F
B≤BC6= 6<6;CA?@?BC1H1>>» 56»;Q5?@D√6>>»=?∞DCLQ@?3≤>>Q2DC≤
D@D√6>Q <»Q<«BCA1GQR±1±>1H≤=? √? >1»3>QBCL 46>6A1C?AQ3
13C?>?=>≤FB≤BC6=6<6;CA?@?BC1H1>>»12?B≤BC6=±6<6;CA≤H>?2<≤±L;≤=≤
46>6A1C?A1=≤A?2≤CL>63≤@A1351>≤=5?@D√6>>» m = const.

Q±>?=1>QC>QBCL BF6= 36>C≤<L>≤F @6A6C3?A«31HQ3 A?2≤CL
>6=?∞<≤3≤=A?±4<»5131AQ:>≤FA6∞≤=Q35<»3BQF>≤F Q<LI3≤@A1351>≤=
…3BC1>?3<6>>»=6C?5?<?4QR5?B<Q5∞6>>»@6A6FQ5>≤FA6∞≤=Q3QQ<«BCA1GQ»RR
±1BC?BD31>>»5?2D5L-»;?R?5>Q…RBF6=≤@6A6C3?A«31H1 31∞1«H≤>1



61

I≤A?;6A?±@?3B«5∞6>>»CA≤E1±>?R=?BC?3?RBF6=≤@A≤:=6=?5?A?±4<»5D
B1=6RR >I?« ?2BC13≤>?« »;13≤@A135?3D…G6: 3≤2QA…C6 √?
2141C?@D<LB?3QBF6=≤@6A6C3?A6>>»A61<Q±D«CLB»»;2141C?=?BC?3QBF6=≤,Q
131AQ:>QA6∞≤=≤3?;A6=≤F=?BC1F3≤>≤;1«CL>6±1<6∞>??5≤>3Q5?5>?4?

<»=?BC?3?RBF6=≤5?51C;?3?5?@A≤3656>≤F3≤√6 @A≤:=6=?
5?@D√6>>»@A?C6√?@A≤±?3>QI>QFQ3>DCAQI>QF;?A?C;≤F±1=≤;1>>»F
@6A6C3?A«31H @6A6F?5≤CL 3 A6∞≤= CA≤ »;≤= 331∞1…CLB» A6∞≤=
?5>?H1B>?RA?2?C≤CAL?F36>C≤<Q3531±»;≤F>1<6∞1CL>1@A≤;<155?
;1C?5>?R4AD@≤1?5≤> 5?1>?5>?R

Q5BC13?« 5?GL?4?5?@D√6>>»…3Q5?=6@?<?∞6>>»@A?C6√?
>?A=1<L>≤:A6∞≤=A?2?C≤ ;?<≤3@A?3Q5>?BCQBCAD=D26ADCLDH1BCL
B@?H1C;D5311@?CQ=CA≤36>C≤<QA6∞≤= 531-CA≤ ±1;Q>HD…CLB»C?5Q

;?<≤±1<6∞>≤:3Q5BCAD=D;DC;?=DC1GQRBC1…AQ3>≤= >I≤=≤B<?31=≤
@?±1;?=DC1GQ:>≤: @6AQ?5 ±>≤;1… Q36BL @A?=Q∞?; @?3C?A«31>?BCQ
±1@?3>«…CLB»;DC?=;?=DC1GQR)6=1…=QBG6@A≤5?B»4>6>>QBCAD=?=
56»;?R4A1>≤H>?R36<≤H≤>≤»;≤:1@AQ?AQ=6>I≤:3Q5BCAD=D;?A?C;?4?
±1=≤;1>>» 3Q5B≤>6=≤>DHQBCL>1BC1>>»A6∞≤=DCA≤

 

n
n n n
n n n n n

n A≤@DBC≤=?C1;?∞ √?A?±4<»51C≤=6=?>6;6A?31>≤:
3≤@A»=<»H 2?33656>>»D@A13<Q>>»51…±1Q>I≤FAQ3>≤FD=?3=6>IQ
±>1H6>>»131AQ:>≤FBCAD=Q3 ?A≤B>?=1C≤ @Q5AD;?« C1;?∞5Q14A1=≤
>1@AD4 A≤B . >1»;≤F51>QE1±>QQ3≤@A»=<6>Q>1@AD4≤A1±?=±
>?=6A1=≤36>C≤<Q3√?±1=Q√1«CL36>C≤<L>Q@<6HQ

A≤ D=?3Q »; 2D<? 3Q5=QH6>? 3≤√6 √? @6A6C3?A«31H @A≤
±?3>QI>L?=D;?A?C;?=D±1=≤;1>>Q@6A6F?5≤CL3A6∞≤= CA≤ C?;?A?C;6
±1=≤;1>>»=1C6=1C≤H>??@≤BD…CLB»B≤BC6=?« 5≤E6A6>GQ1<L>≤FAQ3>»>L

33656>?«A1>QI65<»A?±4<»5D131AQ:>?4?A6∞≤=D3@A?BCQ:B≤BC6=Q
A?C6>6?2FQ5>?±A?2≤C≤56»;Q±=Q>≤3@?±>1H6>>»F B@A?√6>>» »;Q
3≤CQ;1«CL±>1B<Q5;DC6?A6=≤ , Q336BC≤ H1B?3Q=6∞QQB>D31>>»
3Q5@?3Q5>≤FAQ3>»>L@?3»±1>Q±A?2?C?«?;A6=≤F CAQ:?; 36>C≤<Q3 B6
G6>6?2FQ5>?±A?2≤C≤5<»?CA≤=1>>»156;31C>?R=1C6=1C≤H>?R=?56<Q

?±4<»>6=?B@?H1C;D@A13QH1BC≤>≤B≤BC6=≤ ≤3<6>>»3Q5
B≤BC6=≤>6B;Q>H6>>?R@?CD∞>?BCQ@A≤@DB;1<?>6±=Q>>QBCL>1@AD4≤>1RR
3≤3?51F Nm = cochi ©;√?@?B<12≤C≤G«D=?3DQ@A≤@DBC≤C≤;Q>G63D
@?CD∞>QBCL6;3Q31<6>C>?4?∞≤3≤<L>?4?46>6A1C?A1C?=?∞>14?3?A≤C≤@A?
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≤BD>?;4.1 z Q14A1=≤E1±>≤F Q3≤@A»=<6>≤F>1@AD4

>6±=Q>>QBCL@6A6FQ5>?R12?>15@6A6FQ5>?R ±1:?4?3Q5@?3Q5>≤=?@?A?=
5?C≤F@QA@?;≤>6A?±@?H>6CLB»5Q» . 





e E t

e E t

e E t

A m

B m

C m











sin

sin

sin







2 3

2 3 .

                                    (4.1)

B;Q<L;≤, »; @A13≤<?, GQ;13<»CLB» >1:2Q<LI≤=≤ ±>1H6>>»=≤
131AQ:>≤FBCAD=Q3C?3 . 3Q5A1±D5?GQ<L>?±151C≤ = 0, ?B;Q<L;≤
>1B<Q5?;C6?A6=≤ »;A1±5?3?5≤CLG6C36A5∞6>>»%?5Q4





e E t

e E t

e E t

A m

B m

C m











sin

sin

sin

2 3

2 3

                                        (4.2)

&=?317 5<»E1±≤ 3Q5?2A1∞6>1>1A≤B. 4.2.
?4<»5D>1C6√??5>Q…«±31∞<≤3≤FGQ<6:A?±A1FD31>>»131AQ:>≤F

A6∞≤=Q3…3≤2QA36>C≤<Q3C?QAQ3>»>>»5?GQ<L>?±1@≤BD31C≤3C6A=Q>1F
36>C≤<L>≤FBCAD=Q3BD@A?3?5∞D«H≤RF>?=6A1=≤3Q5@?3Q5>?5?A≤B. 4.1. 
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%?5Q±>1H6>>»131AQ:>≤FBCAD=Q33C?HGQ;?A?C;?4?±1=≤;1>>»3AQ±>≤:H1B
@6A6FQ5>?4?@A?G6BD2D5DCL?H63≤5>≤=≤ED>;GQ»=≤BCAD=Q3@?36>C≤<»F

≤BD>?;4.2 z(3≤<L?3Q5Q14A1=≤ @A≤ = 0

A?±4<»5DA≤B. 3≤5>? √??5>?H1B>?@A?3?5»CLBCAD=C1;Q
CAQ:;≤36>C≤<Q34

5, 1, 6;
1, 6, 2;
1, 3, 2;
3, 2, 4;
4, 5, 3;
4, 6 /QC5

6>C≤<Q>1<6∞1CLAQ±>≤=E1±1=CA≤E1±>?RB≤BC6=≤>131>C1∞D«H≤RF
BCAD=?=3Q5@?3Q5>?5?B3?RF;<«H?3≤F3<1BC≤3?BC6:%A≤31<QBCLQB>D31>>»
BCAD=Q3D36>C≤<»F3≤±>1H1«CLQ>C6A31<≤H1BD@6A6FQ5>?4?@A?G6BDQ
±1<6∞1CL3Q5@1A1=6CAQ3;?A?C;?±1=;>DC?4?;?<1±1A≤B. 3Q5B≤3≤CQ;1…
√?=1C6=1C≤H>1=?56<L51>?4?@6A6FQ5>?4?@A?G6BD@?3≤>>1=1C≤IQBCL
B≤BC6=5≤E6A6>GQ1<L>≤FAQ3>»>L√?3Q5AQ±>»«CLB»@?H1C;?3≤=≤D=?31=≤Q
D=?31=≤QB>D31>>»
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A≤E?A=D31>>Q@Q5=?56<Q@6AI?4?6C1@D 3»;?=D3±1…=?5Q«CL
36>C≤<Q/ 0, 3A1FD…=?√?±4Q5>?±C6?A6=?« 2.1, >1:2Q<LI31∞;QD=?3≤
3≤>≤;1«CL;?<≤@6A65131AQ:>≤=A6∞≤=?=2D3A6∞≤=F?<?BC?4?F?5D4







i R
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i R
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i R
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;
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(4.3)

≤BC6=1. 2D56@A13≤<L>?3Q5?2A1∞1C≤@6A6FQ5>≤:@A?G6B5?C≤F
@QA@?;≤BCAD=15 >6@?H>65?AQ3>«31C≤>D<« 1±36=?G6:H1Bi(1). )6Q
2D56CA≤31<QBC«@6AI?4?6C1@D CAD=≤36>C≤<Q33;Q>GQ@6AI?4?6C1@D
@?±>1H≤=?C1;4

i1
1 1 1 0( ) ( ) ( ); ; i  i6 5  .

?56<L5AD4?4?6C1@D 3»;?=D3±1…=?5Q«CL36>C≤<Q 0 2, 
BE?A=D…=?D=?3≤3I≤BL√?@?H1C;?3Q±>1H6>>»BCAD=Q33G≤F36>C≤<»F
5?AQ3>««CLBCAD=1= »;Q2D<≤3;Q>GQ@6AI?4?6C1@D5<»36>C≤<Q3√?
>1<6∞1CL?5>?:=6>>≤=E1±1=4







i R
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i R
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;
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;
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sin ( )

sin ( ) .
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(4.4)

6A6FQ5>≤:@A?G6BA?±3≤31C≤=6CLB»3Q5@?3Q5>?5?@Q5=?56<Q (4.4) 
@?;≤BCAD=D36>C≤<Q0>65?B»4>6>D<» 1±36=?G6:H1B>126±@6A6A3>Q:
I;1<QH1BDi(2) %?5QCA≤31<QBCL5AD4?4?6C1@DB;<156:

t(2)  t(1).

CAD=≤36>C≤<Q33;Q>GQ5AD4?4?6C1@D@?±>1H≤=?C1;4

i1
2 2 20( ) ( ) ( ); ; i  i6 2 .

QA;D«H≤1>1<?4QH>?@Q5=?56<LCA6CL?4?6C1@D2D564
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i R
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i R
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               (4.5)

1∞<≤3≤= =?=6>C?=@6A6FQ5>?4?@A?G6BD…H1Bi(3), ;?<≤11=0. 
%A≤31<QBCLCA6CL?4?6C1@DBC1>?3≤C≤=6 t(3) t  CAD=≤36>C≤<Q3D=?=6>C
t(3)@?±>1H≤=?4

i1
3

3
30( ) ( ); ; .  i  i2

(3)

Q5=?56<LH6C36AC?4?6C1@D2D564







i R
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(4.6)

©;QA1>QI6, 3Q5=QC≤=?H1Bi(4) ;?<≤12=0. C1@CA≤31C≤=6t(4) t(3). 
CAD=≤36>C≤<Q3D=?=6>Ci(4)@?±>1H≤=?C1;4

i4
4

3
4 0( ) ( ); ; . i  i2

(4) 

Q5=?56<L@»C?4?6C1@D@A65BC13≤=?C1;4
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;
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;
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(4.7)

?±>1H≤=?i(5) »;H1B;?<≤137 %A≤31<QBCL@»C?4?6C1@D2D56
t(5) t(4) CAD=≤36>C≤<Q3D=?=6>Ci(5)@?±>1H≤=?C1;4

i4
5

3
5 0( ) ( ); ; . i  i5

(5)
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10-=D6C1@Q@Q5=?56<L>12D31…3≤4<»5D:
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sin ( )

sin ( ) .
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5

           (4.8)

Q5=QC≤=?H1Bi(6) »;H1B5<»»;?4?147 %A≤31<QBCLI?BC?4?6C1@D
2D56i(6) t(5) CAD=≤36>C≤<Q3D=?=6>Ci(6)@?±>1H≤=?C1;4

i4
6

6
60( ) ( ); ; .  i  i5

(6)

151<Q@6A6FQ5>≤:@A?G6BA?±3≤31C≤=6CLB»>1?B>?3Q@Q5=?56<6:
(4.3) z .1 ±@?H1C;?3≤=≤ D=?31=≤ ±126±@6HD«H≤ >6@6A6A3>QBCL
@6A6FQ5>≤FBCAD=Q3@?E1±1F & BD;D@>?BCQ3≤A1±≤ (4.3) z .1 Q…
=1C6=1C≤H>?« =?56<<« ±?3>QI>L?4?;?A?C;?4?±1=≤;1>>»CA≤E1±>?4?
=?BC?3?4?3≤@A»=<»H1

E?A=D<«…=? C6@6A ±141<L>≤: 1<4?A≤C= 1>1<Q±D @6A6FQ5>?4?
@A?G6BD@A≤±?3>QI>L?=D;?A?C;?=D±1=≤;1>>QCA≤E1±>?4?=?BC?3?4?
3≤@A»=<»H1>1?B>?3QA?±A?2<6>?R=1C6=1C≤H>?R=?56<Q

1?B>?3Q@?@6A65>L?4?5?B<Q5∞6>>»3≤±>1H≤C≤H1B,;?<≤ED>;GQ»
36>C≤<L>?4?BCAD=D15 >12D31…>D<L?3?4?±>1H6>>», C?2C?, CA≤31<QBCL
@6AI?4?6C1@D

1?B>?3Q@Q5=?56<Q. @A?36BC≤5?B<Q5∞6>>» @6A6FQ5>?4?
@A?G6BD>1@6AI?=D6C1@Q

1EQ;BD31C≤@?H1C;?3QD=?3≤H6A4?3?4?k-?4?6C1@D
. ≤±>1H≤C≤H1B>1BC1>>»>D<»36>C≤<L>?4?BCAD=DF1A1;C6A>?4?

5<»k-?4?6C1@D
/©;√?±>1:56>≤:H1B2Q<LI≤:3Q5H1BD@6A6FQ5>?4?@A?G6BD»;≤:

±151>≤:C?@A≤@≤>≤C≤A?±A1FD>;≤Q>1;I6@6A6:C≤5?;A?;D0
0 1 ?B>?3Q@Q5=?56<Q k-?4? 6C1@D @A?36BC≤ 5?B<Q5∞6>>»

@6A6FQ5>?4?@A?G6BD>1k-?=D6C1@Q
1 A≤:>»C≤k = k ±1EQ;BD31C≤@?H1C;?3QD=?3≤5<»>L?4?Q

@?36A>DC≤B»5?;A?;D.

4.3

1C6=1C≤H>Q=?56<QA?±A?2<6>Q3@?@6A65>L?=DA?±5Q<Q51«CL
=?∞<≤3QBCL5?B<Q5∞D31C≤@6A6FQ5>≤:@A?G6B@A≤2D5L-»;?=D±?3>QI>L?=D
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;?A?C;?=D±1=≤;1>>Q3≤@A»=<»H13Q5=Q>>QBCL2D563@1A1=6CA1FQk QKk Q
2D5L-»;Q:CA≤31<?BCQ@6A6FQ5>?4?@A?G6BD

Q5@?3Q5>?5?@A≤3656>?4?A1>QI61<4?A≤C=D31∞<≤3≤==?=6>C?=
5?B<Q5∞6>>»…±»BD31>>»C?H>≤FH1B?3≤F=6∞?;A6=≤F6C1@Q3@6A6FQ5>?4?
@A?G6BD B;Q<L;≤BC1>51AC>Q1<4?A≤C=≤A?±3»±D31>>»5≤E6A6>GQ1<L>≤F
AQ3>»>L=?∞DCL±>1:C≤CQ<L;≤56»;Q>D<QAQ3>»>>»C1:C?3≤@15;?3?, 
@?CAQ2>?±>1:C≤2Q<LI5?36AI6>≤:Q>BCAD=6>C

%1;≤= Q>BCAD=6>C?= =?∞6 2DC≤ @Q5@A?4A1=1 KD @1;6CD
@A≤;<15>≤F@A?4A1=LLI 1RR5?@?=?4?«=?∞>1±5Q:B>≤C≤@?@6A65>…
Q>C64AD31>>»5≤E6A6>GQ1<L>?4?AQ3>»>>»1<6C1;6√?5?±3?<≤CL?56A∞1C≤
ID;1>Q>D<Q

36A>6>>»5?KD ±5Q:B>«…CLB»C1;4
call RK1 (fun, hi, xi, yi, xf, yf, ansx, ansy, ier).           (4.9)

>1H6>>»E?A=1<L>≤F@1A1=6CAQ3@?51>?51<Q.
fun @Q5@A?4A1=1 ED>;GQ»√?@?BC13<»…CLB»;?A≤BCD31H6=, Q51…

dy/dx ;
hi 5?3∞≤>1@?3>?4?;A?;DQ>C64AD31>>»±11A4D=6>C?= x;
xi @?H1C;?36±>1H6>>»m5
yi @?H1C;?36±>1H6>>»D, ?C∞6 yi=y(xi);
xf ;Q>G636±>1H6>>»m5
yf ;Q>G636±>1H6>>»D5
ansx ;Q>G636±>1H6>>»m√?3≤3?5≤CLB»5
ansy ;Q>G636±>1H6>>»D√?3≤3?5≤CLB»@A≤H?=D

12?Vchm7m[
12?Vchn7n[ 3±1<6∞>?BCQ3Q5C?4? √?

3≤;?>D…CLB»A1>QI65
ier ;?5@?36A>6>>»C1;

ier = 0 >6=1…@?=≤<;≤Q
                                        ier = 1 @?=≤<;13A?±A1FD>;1F 12?

E1;C≤H>≤F@1A1=6CA1F
?B<Q5≤=?@6A6FQ5>≤:@A?G6B3=?BC?3?=D3≤@A»=<»HQ@A≤

Em=1, =0, f =50 GK37.1, zk=1.
?<?3>≤:=?5D<LQ±±36A>6>>»=5?KD ±@Q5@A?4A1=?« ED>;GQ…«

[jc=?∞62DC≤C1;≤=4

*     Program RK1
'     Эксперимент с RK1 по выявлению нуля функ°ии тока
      external fun
      p%us) 'Установите дискету на устройство А'

open(6,file='a:RK.txt',status='new')
      write(6,1)
  1   format(/20x,30h******************************/20x,



68

#30,   Разработчик В.Аввакумов    /20x,
*30h******************************//)

      call RK1(fun,0.0001,0.02812,1.29226,0.037,0.,ansx,ansy,ier)
write(6,10)

 10   *orm%t(10x,'Результаты нахождения нуля функ°ии тока'/)
write(6,20)ansx,ansy,ier

 20   format(10x,'Значениеаргумента-',f8.5/
*10x,'Значение функ°ии -  ',f8.5/

     #10x,'Код возврата -      ',i3)
      write(*,50)
 50   *orm%t(1x, 'Выходной листинг смотрите на дискете в 
файле ',

*'RK.txt')
      close(6)
      stop
      end
      function fun(x,y)
      Um=1.
      alfa=0.

 f=50.
      pi=3.14159
      omega=2.*pi*f
      Rk=0.1
      Xk=sqrt(1.-Rk*Rk)
*     fun=Um*omega/Xk*sin(omega*x+alfa-2.*pi/3.)-
y*omega*Rk/Xk
      fun=Um*omega/Xk*sin(omega*x+alfa)-y*omega*Rk/Xk
*     fun=Um*omega/Xk*sin(omega*x+alfa+2.*pi/3.)-
y*omega*Rk/Xk

return
      end

<»;?∞>?4?;?>;A6C>?4?6C1@D@6A6FQ5>?4?@A?G6BD3GQ:@A?4A1=Q
@?CAQ2>?±=Q>«31C≤E1;C≤H>Q@1A1=6CA≤?@6A1C?A1

call RK1 (. . . . . ),
13@Q5@A?4A1=QED>;GQRz2<?;D31C≤531±CAL?F?@6A1C?AQ3@A≤3<1B>6>>»

fun = . . .,
»;Q3Q5@?3Q51«CL@63>≤=E1±1=

6±D<LC1CA?2?C≤±1GQ…«@A?4A1=?«5<»563»C≤6C1@Q3@6A6FQ5>?4?
@A?G6BD@?51>Q>≤∞H63C12<. .
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%12<≤G». z 6±D<LC1C≤ A?±A1FD>;D @6A6FQ5>?4? @A?G6BD 3
=?BC?3?=D3≤@A»=<»HQ

6±D<LC1C≤±>1F?5∞6>>»
>D<»ED>;GQRBCAD=D

>1H6>>»1A4D=6>C1

>1H6>>»ED>;GQR

?5@?36A>6>>» 0 0 0 0 0 0 0 0 0

& GL?=DEA14=6>CQ1A4D=6>C?= …H1B3B6;D>51F 1ED>;GQ…«
3Q5>?B>≤:BCAD=3Q5@?3Q5>?4?36>C≤<».

?51<LI1A?2?C1@?<»41…3@?6C1@>?=D5?B<Q5∞6>>Q@6A6FQ5>?4?
@A?G6BD>1?B>?3Q@Q5=?56<6: . .2 ?>1@?<»41…3Q>C64AD31>>Q
B≤BC6=≤CAL?F5≤E6A6>GQ1<L>≤FAQ3>»>L>1;?∞>?=D6C1@Q B;Q<L;≤3BQ
@Q5=?56<Q=1«CL ?5>1;?3D BCAD;CDAD 5<» RF 3≤AQI6>>» 5?GQ<L>?
3≤;?A≤BC?3D31C≤2D5L-»;≤:D>QEQ;?31>≤:@A?4A1=>≤:@A?5D;C

;?A≤BC1…=?BL@A?4A1=?«=B?NK»;1>13656>135?51C;D .
>1BCD@>≤F53?FEA14=6>C1F3≤FQ5>≤F<QBC≤>4Q351>QA6±D<LC1C≤

5?B<Q5∞6>>»@6A6FQ5>?4?@A?G6BD, 3Q5@?3Q5>?, 5<»@6AI?4?Q5AD4?4?
6C1@Q3 C12<. Q. 14A1EQH>6QH≤B<?363Q5?2A1∞6>>»@6A6FQ5>?4?
@A?G6BD>1Q>C6A31<Q /B6; 3Q5@?3Q5>?,>1A≤B. 4.3 C135?51C;D .

%12<≤G». z ?B<Q5∞6>>»@6AI?4?6C1@D@6A6FQ5>?4?@A?G6BD
'1:<51>≤F5?@A?4A1=≤  DIFUR
.00000  .00643  .00010  3
.00000  .00000  .00000
>C64AD31>>»=6C?5?= DCC1- 6AB?>1

* © '& ): & %
t, c

VD1 VD6 VD5
1 2 3 4

.00000

.00080

.00161

.00241

.00322

.00000

.03160

.12335

.26786

.45445

   .00000
-.23050
-.47205
-.70868
-.92475

.00000

.19890

.34870

.44082

.47030
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A?5?3∞6>>»C12<≤GQ.
1 2 3 4

.00402

.00482

.00563

.00643

.66981

.89884
1.12561
1.33436

-1.10597
-1.24022
-1.31843
-1.33506

.43615

.34138

.19282

.00071

≤BD>?;4.3 z 6A6FQ5>QBCAD=≤36>C≤<Q3O= O=0QO=/

%12<≤G». z ?B<Q5∞6>>»5AD4?4?6C1@D@6A6FQ5>?4?@A?G6BD
'1:<51>≤F5?@A?4A1=≤  DIFUR
.00643  .01225  .0001   3
1.33436-1.33506  .00071
>C64AD31>>»=6C?5?= DCC1- 6AB?>1

* © '& ): & %
t, c

VD1 VD6 VD5
1 2 3 4

.00643

.00720

.00796

.00873

.00949

1.33436
1.50309
1.63138
1.71075
1.73556

-1.33506
-1.29212
-1.19383
-1.04539
-.85490

.00071
-.21095
-.43754
-.66535
-.88065
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A?5?3∞6>>»C12<≤GQ.
1 2 3 4

.01026

.01102

.01179

.01225

1.70333
1.61488
1.47431
1.36104

-.63290
-.39175
-.14491
.00093

-1.07041
-1.22312
-1.32939
-1.36197

 U

1>QI6 >14?<?ID31<?B» √? D=?31 m7Xdchi @A≤ A?±4<»5Q
@6A6FQ5>?4?@A?G6BDBC3?A«…Q561<Q±?31>D;1AC≤>D5<»@6A6FQ5>≤FBCAD=Q3
3;?<Q;?A?C;?4?±1=≤;1>>»)»D=?313≤@A1351>1»;√?@6A6C3?A«31H=1…
±>1H>66<6;CA≤H>63Q551<6>>»3Q55∞6A6<112?C?5Q;?<≤46>6A1C?A≤>6
=1«CL@A≤BCA?R3 @A≤2D5L-»;Q:RF6<6;CA≤H>Q:2<≤±L;?BCQ >1;I6
3A1FD31>>» >6?2FQ5>6.

A≤BCAQ: 46>6A1C?AQ3»;3Q5?=?±126±@6HD…3±1<6∞>?BCQ3Q5
>1<14?5∞6>>»@?BCQ:>QBCLAQ±>≤F 12?>13QCL>1@AD4≤>13≤3?51F
B≤<L>?R5QR46>6A1C?A1>1@63>?=DQ>C6A31<Q@6A6FQ5>?4?@A?G6BD3
;?A?C;?±1=;>DC?=D;?<Q <Q5±31∞≤C≤>1C6√?>?3≤:BC1>>6=?∞6
3BC1>?3<«31C≤B»=≤CC…3? 2?=1…=QBG6@6A6FQ5>≤:@A?G6B3?2=?CGQ
±2D5∞D31H1QQ>6AGQ:>QBCLB1=?4?@A≤BCA?« .

<»A?±4<»5D3@<≤3D 3@6AI?=D>12<≤∞6>>Q±151=?B»±1;?>?=
m7 m i3Q55QR4Q@?C6C≤H>?4? C?2C?, 12BCA14D…=?B»3Q5@6A6FQ5>?4?
@A?G6BD3;?<Q±2D5>≤;146>6A1C?A1&>1I?=D3≤@15;DG63≤@A1351>?
?B;Q<L;≤=≤F?CQ<≤23≤»3≤C≤B1=E1;C3Q5=Q>>?BCQ@6A6FQ5>≤FBCAD=Q33
;?<Q√?=QBC≤CL 46>6A1C?AQ33Q53≤@15;D3Q5BDC>?BCQ .

=1C6=1C≤H>Q:=?56<Q. .2G6±>1:563Q5?2A1∞6>>»3@A13≤F
H1BC≤>1FB≤BC6=5≤E6A6>GQ1<L>≤FAQ3>»>L56±1=QBCL m B<Q5@Q5BC13≤C≤
@A≤:>»CDED>;GQ« m7 m(t).

(1:±1;?> m7 m i=1…3≤4<»5@A65BC13<6>≤:>1A≤B. 4.4.

≤BD>?;4.4z1;?>A64D<«31>>»±2D5∞6>>» m7 m(t)

m

1,5

1,0

0,01 0,02 0,03 0,04 0,05 0,06 0,07 0,08
t
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DBL?=DQ>I?=D±26A6∞6=?D=?3≤ A?±4<»>DCQ3A?±5Q<Q.
Q<L;QB>QD=?3≤ √?BC?BD«CLB» m 3Q5?2A1∞6>Q3>≤∞H6>13656>?=D
@A?4A1=>?=DEA14=6>CQ56FzH1B4

if(x.ge.0..and.x.le.0.02) then
           Em=1.
         else if(x.gt.0.02.and.x.le.0.03) then
           Em=exp(40.55*(x-0.02))
         else if(x.gt.0.03.and.x.le.0.04) then
           Em=1.5
         else if(x.gt.0.04.and.x.le.0.05) then
           Em=1.5*exp(-40.55*(x-0.04))
         else
           Em=1.
      endif

QBC≤>4A?±3»±;D±151HQ@A≤3656>≤:35?51C;D 1?BG≤<?4A1=≤√?
3Q5@?3Q51«CL:?=D >1A≤B. 4.5. 

≤BD>?;./z 6A6FQ5>QBCAD=≤±1>1»3>?BCQ
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A?±4<»5DQ@?AQ3>»>>»RF±A?±3»±;?=±151HQ26± 3≤5>?√?=1…
=QBG64

;Q<L;QB>13Q5=Q>>QBCL@1A1=6CAQ3@6A6FQ5>?4?@A?G6BD5
@6A6=Q√6>>»=?=6>CD>1BC1>>»=1;B≤=D=DBCAD=D3Q>ID

H1B?3D±?>D;
>13QCL@A≤7 >1:2Q<LI61=@<QCD5>6±>1H6>>»=1…=QBG6>6D

36>C≤<»FE1±≤ 1D36>C≤<»FE1±≤
GQ<?=D=?∞>14?3?A≤C≤@A?B6A:?±>D±=Q>D@6A6FQ5>?4?@A?G6BD

4.5

n n n n
n n

A?±D=Q<? √? C1;Q@A?2?R=?∞DCL 3≤>≤;1C≤ 3 2D5L-»;?=D
36>C≤<L>?=D@<6HQ@A≤>1:AQ±>?=1>QC>QI≤F@?…5>1>>»F±?3>QI>QFD=?3

(1:51>≤:CA≤E1±>≤:=?BC?3≤:>6;6A?31>≤:3≤@A»=<»H@A1G«…>1
F?<?BC?=DF?5DQ@A?2≤31…CLB»36>C≤<LO=/»;≤:±1=Q√1…>1A≤B. 4.1 
36>C≤<L>6@<6H6;1C?5>?R4AD@≤√?>1<6∞≤CLE1±Q 1∞<≤3?3BC1>?3≤C≤
H1B@?H1C;D3>DCAQI>L?4?;?A?C;?4?±1=≤;1>>» 2?3Q5GL?4?±>1H>?
±1<6∞1CL@1A1=6CA≤131AQ:>?4?A6∞≤=D

©;√?»;QA1>QI63A?±5Q<Q. @A≤:>»C≤7 C?±A≤B. 3≤5>?√?
>1Q>C6A31<Qv = t  0 ... /636>C≤<LO=/±>1F?5≤CLB»D3Q5;A≤C?=DBC1>QQ
@A?2Q:3G6:H1B>QH?4?>6=Q>»…3A6∞≤=Q:?4?A?2?C≤ CAD=36>C≤<» VD5 
3Q5BDC>Q: F?<?BC≤:FQ5 Q3GL?=DB6>BQ5?B<Q5∞6>>»@A≤7 >6
@A65BC13<»…Q>C6A6BD

=?=6>Ck7 0@?H≤>1…CLB»@A?G6B;?=DCD31>>»Q»;√?5?GL?4?
H1BD3Q5>6BC≤@A?2Q:36>C≤<»O=/C?;?=DCD31>>»BCAD=D±36>C≤<»O=/
>136>C≤<LO= »;1Q3>?A=1<L>≤FD=?31F@A?F?5≤CL@Q5D@A13<Q>>»=
BCAD=D53?E1±>?4?;?A?C;?4?±1=≤;1>>»±1C»4D…CLB» =Q>«…CLB»36BL
F1A1;C6A@6A6FQ5>?4?@A?G6BD3;?>CDAQ;?=DCD31>>»QG6BC1>?3≤CL
36<≤;≤:Q>C6A6B

C∞6@?H≤>1…=?A?±4<»5131AQ:>?4?A6∞≤=D±=?=6>CD@?H1C;D
;?=DCD31>>»36>C≤<»O=/ GL?4?H1BD@?H≤>1…CLB»@6AI≤:6C1@
@6A6FQ5>?4?@A?G6BD Q>@A?F?5≤CL3;?>CDAQ√??F?@<«…E1±≤ Q 3
>L?=D5Q… 61B. R±>1H6>>»±>1:56=?±3A1FD31>>»=. 4

61B761 6B7 m [sin ( t+) sin ( t++ 2
3 )] =

7 m [sin ( t+) sin ( t+)cos 2
3 cos ( t+)sin 2

3 ] =

7 m [ 3
2 sin ( t+) 3

2 cos ( t+).
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A≤:=6=?= 6 :

61B= 3
2 m [ 3 sin ( t+ 6 ) cos( t+ 6 )]= 3

2 m { 3 [sin( t)cos 6 + 

+ cos( t)sin 6 ] cos( t) cos 6 +sin( t) sin 6 }= 3
2 m [ 3

2 sin( t) + 

+ 3
2 cos( t) 3

2 cos( t) + 1
2 sin( t)]= 3

2 m2 sin( t).

3Q5B≤
61B= 3 m sin ( t).                                       (4.10)

26AQ41«H≤33656>QA1>QI6@?±>1H6>>»3 Q. 5<»;?>CDA1
;?=DCD31>>»36>C≤<Q3O=/QO= =?∞>1±1@≤B1C≤4

i R
x di

dt
e

i R
x di

dt
e

k
k

a

k
k

c

1
1

5
5








.

                                  (4.11)

Q5>Q=6=?5AD46AQ3>»>>». 3Q5@6AI?4?@1=»C1«H≤√?11=i5, 
3Q±L=6=?5?D314≤ (4.10), √?51…±>1H6>>»61-6BQC?5Q=1C≤=6=?4

i R
x di

dtk
k

1
1  3

2 m sin ( t).                      (4.12)

)6Q2D56=1C6=1C≤H>?«=?56<<«6C1@D 6?2FQ5>?CQ<L;≤?24AD>CD31C≤
@?H1C;?3QD=?3≤Q3BC1>?3≤C≤H1B?3Q=6∞Q3»;≤F@6A6FQ5>≤:@A?G6B2D56
156;31C>??@≤BD31C≤B»AQ3>»>>»=.

•? BC?BD…CLB» @?H1C;?3≤F D=?3 C? 3?>≤ @A?BCQ4 5<»
v = (t=0.00167 B), i17 <»3≤±>1H6>>»=6∞;?A≤B>?@A≤4151C≤√?D2D5L-
»;≤:=?=6>C@6AQ?5D;?=DCD31>>»;?=DCD31<L>D>1@AD4D>14A1EQ;D
A≤B. =?∞>13≤±>1H≤C≤»;>1@Q3BD=DE1±>≤F>1@AD4;?=DCD31<L>≤FE1±
≤CC…36±>1H6>>»;?=DCD31<L>?R>1@AD4≤BC1>6>D<6=3C?:=?=6>CH1BD

;?<≤5?B»4>6>D<»Q>1@AD41E1±≤ )62D56>1A≤B. @A≤k7 2
3

(t(1)=0,00667 B GL?4?=?=6>CDQ51<Q>1@AD41E1±≤ 2D565?51C>?«. 
©;√?3A1FD31C≤ √?O=/@A?2≤C≤:, O= ±>1F?5≤CLB»@Q5BCAD=?= 1

>1@AD41>1O= BC1…@?±≤C≤3>?« C?@?H≤>1«H≤±k7 2
3 F1A1;C6A

@6A6FQ5>?4?@A?G6BD2D5612B?<«C>?Q>I≤=?B;Q<L;≤@?H>6CLB»CA≤E1±>6
;?A?C;6±1=≤;1>>»)6Q2D56;Q>G6=@6AI?4?6C1@DQ@?H1C;?=5AD4?4?

*≤B<?3≤:@A≤;<151>1<Q±D@6AI?4?6C1@D>13656>≤:>≤∞H63C12<
..1:?4?4A1EQH>1Q<«BCA1GQ»>1A≤B. 4.6.



75

%12<≤G»..z ?B<Q5∞6>>»@6AI?4?6C1@D3>DCAQI>L?4?;?A?C;?4?
±1=≤;1>>»@A≤@A?2?R36>C≤<»O=/

 (Em=1,Rk=0.1,Zk=1,alfa=pi/6)
'1:<51>≤F5?@A?4A1=≤  DIFUR
.00167  .00667  .00010  1
.00000
>C64AD31>>»=6C?5?= DCC1- 6AB?>1

: & %
t, c

* © '& )
 VD1     C1 - VD5

.00167

.00334

.00501

.00667

.00000

.31158

.72018
1.10694

≤BD>?;4.6 z 6A6FQ5>≤:@A?G6B@6AI?4?6C1@D

©;QA1>QI6,BCAD=≤D36>C≤<»F3;Q>GQ@6AI?4?6C1@D@?±>1H≤=?C1;4
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i1
1( );  i5

(1)

Q5=?56<L5AD4?4?6C1@D2D564





i R
X di

dt
E t i

i R
X di

dt
E t

i R
X di

dt
E t i

;
;

m

;
;

m

;
;

m

1
1

1
1

3
3

5
5

1
1

6

2
3 6 0

2
3 6

 

 

 





sin

sin

sin .

( )

( )

 t = t , i

 t = t , i

 t = t , i

(1)
1

(1)
3

(1)
5

   (4.13)

6A6FQ5>≤:@A?G6BA?±3≤31C≤=6CLB»3Q5@?3Q5>?5?. 5?C≤F@QA
@?;≤BCAD=36>C≤<»O= >6BC1>6>D<6= ?±>1H≤=?G6:H1Bi(2) %?5Q
CA≤31<QBCL5AD4?4?6C1@D2D564

t(2)  t(1).

CAD=≤36>C≤<Q33;Q>GQ5AD4?4?6C1@D@?±>1H≤=?i1
2 0( ) ; ; .  i  i3

(2)
5
(2)

≤±>1H6>>»H1BDi(2)@A≤3656>?3C12<./

%12<≤G»./z 6±D<LC1C≤±>1F?5∞6>>»>D<»ED>;GQRBCAD=DO= @A≤
alfa= pi/6

36A>6>>»4
     call RK1(fun,0.0001,0.00667,1.10694,0.02,0.,ansx,ansy,ier)

6±D<LC1C≤±>1F?5∞6>>»>D<»
ED>;GQRBCAD=D

>1H6>>»1A4D=6>C1

>1H6>>»ED>;GQR

?5@?36A>6>>» 0

*≤B<?3≤:@A≤;<151>1<Q±D5AD4?4?6C1@D>13656>?>≤∞H63C12<.0
1:?4?4A1EQH>1Q<«BCA1GQ»>1A≤B. 4.7.
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%12<≤G».0z ?B<Q5∞6>>»5AD4?4?6C1@D3>DCAQI>L?4?;?A?C;?4?
±1=≤;1>>»@A≤@A?2?R36>C≤<»O=/

         (Em=1.,Rk=0.1,Zk=1.,alfa=pi/6.)
'1:<51>≤F5?@A?4A1=≤  DIFUR
   .00667  .01352  .00010  3
 1.10694  .00000-1.10694
>C64AD31>>»=6C?5?= DCC1- 6AB?>1

* © '& ): & %
t, c

VD1 VD6 VD5
.00000
.00080
.00161
.00241
.00322
.00402
.00482
.00563
.00643

.00000

.03160

.12335

.26786

.45445

.66981

.89884
1.12561
1.33436

.00000

.03160

.12335

.26786

.45445

.66981

.89884
1.12561
1.33436

.00000

.19890

.34870

.44082

.47030

.43615

.34138

.19282

.00071

≤BD>?;4.7 z 6A6FQ5>≤:@A?G6B5AD4?4?6C1@D
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1±?=Q±±1;Q>H6>>»=5AD4?4?6C1@D@6A6FQ5>?4?@A?G6BD3=?=6>C
H1BDi(2) @?H≤>1…CLB»CA6CQ:6C1@F1A1;C6A>?«?±>1;?«»;?4?…53?E1±>6
;?A?C;6±1=≤;1>>»E1± Q ;?>CDAQ;?A?C;?4?±1=≤;1>>»C6@6A5Q…

63B. R±>1H6>>»@A≤= 6 2D56

63B76b 6c= 3 m sin ( t 3 ).                      (4.14)

1C6=1C≤H>1@Q5=?56<L5<»CA6CL?4?6C1@D=?∞62DC≤±1@≤B1>13
C6A=Q>1FBCAD=D1312?15 √?>6=1…±>1H6>>»2?3?>≤?5>1;?3Q:

i R
x di

dt
E t t i ik

k
m3

3 2
3 3

23
2 3  sin( ) ,( ) ( ) t3 .      (4.15)

%A6CQ:6C1@±136AI≤CLB»@QB<»C?4?»;13 5?B»4>6>D<»)62D56H1B
t(3) 1CA≤31<QBCLCA6CL?4?6C1@D2D56

t(3)  t(2).

*≤B<?3≤:@?ID;>D<»ED>;GQR13@A≤3656>≤:3C12<.1±»;?R3≤5>?
√?i(3)7 ..B

%12<≤G».1z 6±D<LC1C≤±>1F?5∞6>>»>D<»ED>;GQRBCAD=DO= 5<»
CA6CL?4?6C1@D3>DCAQI>L?4?;?A?C;?4?±1=≤;1>>»@A≤@A?2?R36>C≤<»
VD5

36A>6>>»4
call RK1(fun,0.0001,0.01352,1.59981,0.030,0.,ansx,ansy,ier)

6±D<LC1C≤±>1F?5∞6>>»>D<»
ED>;GQRBCAD=D

>1H6>>»1A4D=6>C1

>1H6>>»ED>;GQR

?5@?36A>6>>» 0

(1A1;C6A@6A6FQ5>?4?@A?G6BD>1CA6CL?=D@6AQ?5Q3≤5>?±C12<.2
1:?4?4A1EQH>1Q<«BCA1GQ»>1A≤B. 4.8 
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%12<≤G».2z ?B<Q5∞6>>»CA6CL?4?6C1@D3>DCAQI>L?4?;?A?C;?4?
±1=≤;1>>»@A≤@A?2?R36>C≤<»O=/

(Em=1.,Rk=0.1,Zk=1.,alfa=pi/6.)
'1:<51>≤F5?@A?4A1=≤  DIFUR
.01352  .02500  .00001  1
1.59981
>C64AD31>>»=6C?5?= DCC1- 6AB?>1

: & %
t, c

* © '& )
VD3, VD5

.01352

.01430

.01508

.01586

.01664

.01743

.01821

.01899

.01977

.02055

1.59981
1.52276
1.39843
1.23320
1.03592
.81741
.58976
.36564
.15755
-.02298

≤BD>?;4.8 z 6A6FQ5>≤:@A?G6BCA6CL?4?6C1@D
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GQ…RC12<≤GQ=?∞>13≤»3≤C≤ √?±=Q>1±>1;1=1…=QBG63∞6±1
=6∞1=≤CA6CL?4?@6AQ?5D i(3)= 0,02044 B 1<6C1=@6A6FQ5>≤:@A?G6B
?@≤BD31C≤=6CLB»3∞6Q>I?«=?56<<« BF?∞?«±=?56<<«@6AI?4?6C1@D
@A?C6±1Q>I≤F@?H1C;?3≤FD=?3

C∞6 331∞1…=? √? =6C?5?<?4Q» 5?B<Q5∞6>>» 3>DCAQI>QF
@?I;?5∞6>L3Q5@A1GL?31>1 (?H1@A?2Q:=?∞6BC1C≤B»±2D5L-»;≤=
36>C≤<6=QD2D5L-»;≤:H1B±141<L>≤:@Q5FQ55?H≤B<?3?4?5?B<Q5∞6>>»
@6A6FQ5>?4?@A?G6BD±1<≤I1…CLB»>6±=Q>>≤=

*≤ ±=Q>≤CLB»E?A=13≤@A»=<6>?R>1@AD4≤ >1A≤B. »;√?
@A≤@DBC≤C≤√?1=@<QCD51 E1±≤ BC1>62Q<LI?«3Q51=@<QCD5≤
E1±≤ >1@A≤;<15>1 9

*≤±=Q>»CLB»D=?3≤;?=DCD31>>»»;√?@A≤@DBC≤C≤√?4
1@A≤;<156>Q >6B≤=6CA≤H>Q5
2@A≤;<156>Q >6B≤>DB?R51<L>Q9
3. »;≤F;?=@?>6>C1F=?56<6:. z.1@?3≤>>Q2DC≤3Q5?2A1∞6>Q

±=Q>≤ 3Q5=QH6>Q3@D>;CQ9
.©;>131ID5D=;D±=Q>»CLB»D=?3≤;?=DCD31>>»»;√?±?3>QI>…

;?A?C;6±1=≤;1>>»3≤@A»=<»H13Q52D56CLB»3:?4?@6A65131AQ:>?=D
A6∞≤=Q>131>C1∞6>>»9
/ 1@A?@?>D:C6Q>IQ@A?4A1=>Q@A?5D;C≤ ±51C>Q±>1:C≤ >D<Q

@6A6FQ5>≤FBCAD=Q3 √?3≤±>1H1«CL=6∞Q6C1@Q3…5≤>?4?@6A6FQ5>?4?
@A?G6BD @A≤ ±?3>QI>L?=D ;?A?C;?=D ±1=≤;1>>Q I6BC≤@D<LB?3?4?
=?BC?3?4?3≤@A»=<»H1
0*≤=?∞<≤3?>131ID5D=;D@6A6>6BC≤Q56?<?4Q«=1C6=1C≤H>?4?

=?56<«31>>»@A≤:>»CDCDC>1531>15G»C≤@D<LB?3Q53?=?BC?3Q@6A6C3?A«-
31HQ9
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5 Y SY Z Z Z U S ZZ SY
Z S U SS U U- R U

 Y -

Q3>»>>» 1A;1- ?A…31 … >1:2Q<LI 5?36AI6>?« ?B>?3?«
5?B<Q5∞6>>»@6A6FQ5>≤FA6∞≤=Q336<6;CA≤H>≤FB≤BC6=1F ?3>QAQ3>»>>»
1A;1- ?A…31 2D<≤ BC3?A6>QB@?H1C;D 5<» 5?B<Q5∞6>>» @6A6FQ5>≤F
@A?G6BQ33B≤>FA?>>Q: =1I≤>Q@A?C63Q5A1±D2D<≤ @?I≤A6>QQ>1
6<6;CA≤H>QB≤BC6=≤ @6A6FQ5>Q@A?G6B≤3»;≤FQBC?C>?3≤±>1H1«CLB»
@?365Q>;?«B≤>FA?>>≤F=1I≤>Q±?;A6=146>6A1C?AQ3

©;3Q5?=? B≤>C6±AQ3>»>L 1A;1- ?A…31:563Q5@A65BC13<6>>»
CA≤E1±>?RB≤BC6=≤DE1±>≤F;??A5≤>1C1F ?5>≤=D±141<L>6>≤=
36;C?A?=3;??A5≤>1C1F 5?@?51<LI?4?:?4?±1=Q√6>>»3
@A»=?;DC>Q:B≤BC6=QQ RQ5??BC1C?H>?4?@A65BC13<6>>»CA≤E1±>?R
B≤BC6=≤A6∞≤=>≤F@1A1=6CAQ33B≤BC6=Q;??A5≤>1CY-q- √??26AC1…CLB».

•6 3 >6513>L?=D =≤>D<?=D AQ3>»>>» 1A;1- ?A…31
3≤;?A≤BC?3D31<≤B»@6A631∞>?3?@6A1C?A>Q:E?A=Q)62D<??2D=?3<6>?
C6F>Q;?« ADH>?4? A?±A1FD>;D Q3≤;?A≤BC1>>»= 1>1<?4?3≤F ±1B?2Q3
?2H≤B<6>>» A≤I≤A?;?=DA?±@?3B«5∞6>>QG≤EA?3≤F C6@6A>6=1…
@6A6I;?55<»@A»=?4?3≤;?A≤BC1>>»5≤E6A6>GQ1<L>?RE?A=≤AQ3>»>L
1A;1- ?A…31

A≤ 5?B<Q5∞6>>Q I3≤5;?@<≤>>≤F 6<6;CA?=14>QC>≤F @A?G6BQ3
±1±3≤H1: >6FCD«CL ±=Q>?« I3≤5;?BCQ B≤>FA?>>≤F =1I≤> )6
3≤@A135?3D…CLB»±>1H>?« Q>6AGQ:>QBC« B≤BC6=≤ 46>6A1C?A-CDA2Q>1 Q
=1<≤=H1B?=3=6∞1F»;?4?5?B<Q5∞D…CLB»@6A6FQ5>≤:@A?G6B 13@1;≤
6<6;CA?=6F1>QH>Q@6A6FQ5>Q@A?G6B≤±1±3≤H1:3≤=141«CL3A1FD31>>»±=Q>≤
I3≤5;?BCQ C∞6@A≤B≤>FA?>>Q:I3≤5;?BCQ?26AC1>>»AQ3>»>>» 1A;1-
?A…31@A≤:=6=?3C1;Q:E?A=Q

u
d

dt
r i

u
d

dt
r i

u
d

dt
r i

u
d

dt
r

d

dt
r

d

dt
r

d
d

q q

q
q

d q

f
f

f f

d
d d

q
q q
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A≤:=6=?√?@?±5?3∞>»?2=?C;1BC1C?A1Q?2≤53Q?2=?C;≤A?C?A1
3@?±5?3∞>Q:?BQ?2=?C;≤±2D5∞6>>»Q@?±5?3∞>»56=@E6A>1±3»±1>Q=Q∞
B?2?«±141<L>≤=@?C?;?=3±1…=?Q>5D;GQR»;?=D3Q5@?3Q51…A61;C≤3>QBCL
@?±5?3∞>L?RA61;GQR»;?A»Fad 1@?@?@6A6H>Q: Faq.

DA1FD31>>»=GL?4?, 5?51C;?3?5? / ±1@≤I6=?√6AQ3>»>>»
@?C?;?√6@<6>>»QC?5Q3≤±>1H≤=?@?±>1H6>>»√?3≤;?A≤BC?3D31<≤BL. 











d d d ad f ad d

q q q aq q

f f f ad d ad d

d d d ad d ad f

q q q aq q

x x x

x x

x

x x x

x x x

x i x















 i  i  i

 i  i

 i

 i  i  i

 i  i  i

 i

1

1

0 0 0

1

1 1 1

1 1 1

                          (5.2)

/ Q/ @A≤:>»CQC1;Q@?±>1H6>>»4
ud, uq @?±5?3∞>»YQ@?@6A6H>1f>1@AD41BC1C?A146>6A1C?A15
u0 >1@AD41>D<L?3?R@?B<Q5?3>?BCQ46>6A1C?A15
uf >1@AD41?2=?C;≤±2D5∞6>>»[5
id, iq @?±5?3∞>Q:Q@?@6A6H>≤:BCAD=≤BC1C?A146>6A1C?A15
i0 BCAD=>D<L?3?R@?B<Q5?3>?BCQ46>6A1C?A15
i1d, i1q BCAD=≤@?±5?3∞>L?R d Q@?@6A6H>?R q 56=@E6A>≤F

?2=?C?;46>6A1C?A15
r, rf 1;C≤3>Q?@?A≤?2=?C?;BC1C?A1Q±2D5∞6>>»5
r1d, r1q 1;C≤3>Q?@?A≤@?±5?3∞>L?RQ@?@6A6H>?R56=@E6A>≤F

?2=?C?;5

d, q - @?C?;?√6@<6>>»@?@?±5?3∞>Q:Q@?@6A6H>Q:?B»F5

0 @?C?;?√6@<6>>»>D<L?3?R@?B<Q5?3>?BCQ5

f @?C?;?√6@<6>>»?2=?C;≤±2D5∞6>>»5

1d, 1q @?C?;?√6@<6>>»@?±5?3∞>L?RQ@?@6A6H>?R56=@E6A>≤F
?2=?C?;5

xd, xq B≤>FA?>>Q@?±5?3∞>Q:Q@?@6A6H>≤:Q>5D;C≤3>Q?@?A≤
46>6A1C?A15

x0 Q>5D;C≤3>≤:?@QA>D<L?3?R@?B<Q5?3>?BCQ46>6A1C?A15
xad, xaq Q>5D;C≤3>Q?@?A≤A61;GQR»;?A»@?@?±5?3∞>Q:Q@?@6A6H>Q:

?B»F5
xf Q>5D;C≤3>≤:?@QA?2=?C;≤±2D5∞6>>»5
x1d, x1q Q>5D;C≤3>Q?@?A≤@?±5?3∞>L?RQ@?@6A6H>?R56=@E6A>≤F

?2=?C?;
A≤>G≤@?3≤:1<4?A≤C=5?B<Q5∞6>>»@6A6FQ5>≤F@A?G6BQ3>1?B>?3Q

AQ3>»>L 1A;1- ?A…31=?∞>1BE?A=D<«31C≤C1;4

.
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E?A=D31C≤ 4A1>≤H>Q D=?3≤ @6A6FQ5>?4? @A?G6BD √?
5?B<Q5∞D…CLB».

E?A=D31C≤36;C?A±=Q>>≤F3;??A5≤>1C1FY-q-0.
36BC≤4A1>≤H>QD=?3≤3/ Q/ C1?56A∞1C≤=?5≤EQ;?31>Q,

5<»51>≤FD=?3,AQ3>»>>» 1A;1- ?A…31QAQ3>»>>»@?C?;?√6@<6>L.
. 36BC≤=?5≤EQ;?31>QAQ3>»>>»@?C?;?√6@<6>L3=?5≤EQ;?31>Q

AQ3>»>>» 1A;1- ?A…31Q3≤A1±≤C≤RF3»3>?=D3≤4<»5QH6A6±±=Q>>Q
/ A65BC13≤C≤?56A∞1>QAQ3>»>>»3;1>?>QH>Q:E?A=Q±4Q5>?±

3≤=?41=≤3Q5@?3Q5>?4?@A?4A1=>?4?@A?5D;CD
0 56A∞1C≤H≤B<?3≤:A?±3»±?;@6A6FQ5>?4?@A?G6BD3;??A5≤>1C1F

d-q-0.
1 5Q:B>≤C≤»;√?G6@?CAQ2>?@6A6FQ55?E1±>≤F;??A5≤>1C

 S
-

?±4<»>6=?A?2?CD1<4?A≤C=D>1@A≤;<15QC1;?4?±1351>>»4@A?36BC≤
5?B<Q5∞6>>»@6A6FQ5>?4?@A?G6BD3B≤>FA?>>Q:=1I≤>Q26±56=@E6A>≤F
?2=?C?; √?@A1G«…±B≤>FA?>>?« I3≤5;QBC« >1F?<?BC?=DF?5Q3
>6±2D5∞6>?=DBC1>Q, @A≤@?51HQ3RR?2=?C;D±2D5∞6>>»@?IC?3F?=
>1@AD4≤uf = const.

2=QA;?3D«H≤ ±1351>>» =?∞>1 ±?H63≤5>QBC« ±1@≤B1C≤ C1;Q
4A1>≤H>QD=?3≤4

id = iq = i07 F?<?BC≤:FQ55
uf7Xdchi5<»i7

A≤GL?=D36;C?A±=Q>>≤F2D564
 = (ud, uq, if )

t.
3656=?4A1>≤H>QD=?3≤3AQ3>»>>»/ Q/ C1@A≤:=6=?5?D314≤

CD?2BC13≤>D √?B≤>FA?>>1=1I≤>1>6=1…56=@E6A>≤F;?>CDAQ3±1
D=?3?« )6?±>1H1…√?@?531?BC1>>QFAQ3>»>>»3/ Q/ @?3≤>>Q
2DC≤@A?BC?3Q5;≤>DCQ±A?±4<»5D

%?5Q/ >12D31…3≤4<»5D:

u
d

dt

u
d

dt

u
d

dt

u
d

dt
r

d
d

q

q
q

d

f
f

f f























0
0

 i

                                         (5.3)

.
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≤BC6=1/ C1;?∞±=Q>≤CLB»Q2D56C1;?«4







d ad f

q

f f f

x

x












 i

 i
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.

                                                    (5.4)

3656=?/.3/ 4

u
di

dt
u x

u

u x
di

dt
r

d ad
f

q ad f

f f
f

f f













 x

 i

 i

0 0

.

                                         (5.5)

6A63≤AQI6=??BC1>>…AQ3>»>>»3Q5>?B>?
di

dt
f ±DA1FD31>>»=C?4?

√?

T
x

rf
f

f
0  ,

56 Tf0 @?BCQ:>1H1BD?2=?C;≤±2D5∞6>>»@A≤A?±Q=;>6>?=D
BC1C?AQ

1…=?4
di

dt T
i

u

x
f

f
f

f

f


1

0

     t = 0,   i = 0.f                     (5.6)

3656=? /0 3@6AI6AQ3>»>>»// Q?BC1C?H>??56A∞≤=?C1;D
=1C6=1C≤H>D=?56<L4












fadq

f

f
f

0f
add

f
f

f
f

0f

f

ixu

x

u
i

T

1
xu

0=i0,=     t
x

u
i

T

1

dt

di

                    (5.7)

*≤B<?3≤:A?±3»±?;/15<»D=?3uf = 1., Tf0 = 1.,  xad = 0.9, xf = 1.,
@A≤3656>≤:35?51C;D 14A1EQH>1Q>C6A@A6C1GQ»@6A6FQ5>?4?@A?G6BD3
C6A=Q>1F±=Q>>≤F >1A≤B. 5.1.

.
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≤BD>?;5.1 z 1A1=6CA≤@6A6FQ5>?4?@A?G6BD- if (t), ud (t), uq (t)

A≤B/ 3≤5>?√?ED>;GQ»ud(t), »;1…CA1>BE?A=1C?A>?« , 
±1CDF1…ED>;GQ»uq(t), »;1… ?26AC1>>»±A?BC1…Q?2≤53Q5?B»41«CL
B3?RFBC1<≤F±>1H6>LA1±?=Q±±1;Q>H6>>»=±A?BC1>>»ED>;GQRif(t) BCAD=D
3?2=?CGQ±2D5∞6>>»

?B<Q5∞6>>»@6A6FQ5>≤F@A?G6BQ3H1BC?±136AID«CL±>1F?5∞6>>»=
±=Q>>≤F3;??A5≤>1C1FY-q- 56»;≤F3≤@15;1F=?∞6@A65BC13<»C≤
Q>C6A6B @6A63656>>» 3BQF 12? 56»;≤F @1A1=6CAQ3 A6∞≤=D D E1±>Q
;??A5≤>1C≤&>1I?=D3≤@15;D G6>1@AD4≤u , u , u :

 
 
 









,3
2+tsin u3

2+tcosuu

3
2+tsin u3

2+tcosuu

+tsin u+tcosuu

0q0d

0q0d

0q0d

            (5.8)

56 ;DC?31H1BC?C15
0 @?H1C;?31E1±1D±141<L>6>?4?36;C?A1>1@AD4≤
<»51>?4?@A≤;<15DC1;6@6A63656>>»DE1±>Q;??A5≤>1C≤>1

Q>C6A31<Q53?F±@?<?3≤>?«@6AQ?5Q3@A≤3656>635?51C;D
C∞6±5Q:B>6>?@?3>65?B<Q5∞6>>»@6A6FQ5>?4?@A?G6BD>1?B>?3Q

AQ3>»>L 1A;1- ?A…31
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 Y

A≤@DBC≤=? √?>13≤3?51FB≤>FA?>>?4?CDA2?46>6A1C?A1 »;≤:
±>1F?5≤CLB»>1F?<?BC?=DF?5Q3≤>≤;1…CA≤E1±>6;?A?C;6±1=≤;1>>»(1:
46>6A1C?A>6=1… Q56=@E6A>≤F;?>CDAQ3,13;?<Q±2D5∞6>>»G≤A;D<«…
>?=Q>1<L>≤:BCAD=

±B<?36B>?4??@≤BD±1351>>»=?∞>13BC1>?3≤C≤ √?±=Q>>≤=≤3
;??A5≤>1C1FY-q- 2D5DCL4

tfqd i,i,i .                                              (5.9)

•? BC?BD…CLB» @6AI≤F 53?F ±=Q>>≤F C? 3?>≤ ?H63≤5>Q4
>6>131>C1∞6>≤:46>6A1C?A3Q5A1±D3F?5≤CL3A6∞≤=;?A?C;?4?±1=≤;1>>»Q
3@?±5?3∞>Q:C1@?@6A6H>Q:?2=?C;1FBC1C?A13≤>≤;1«CL@6A6FQ5>QBCAD=≤

@?±5?3∞>Q:?BQ3±1…=?5Q«CL@?±5?3∞>»?2=?C;1BC1C?A1Q?2=?C;1
±2D5∞6>>»√?@A?»3<»…CLB»±?;A6=13±=Q>QBCAD=DA?C?A1@A≤>6±=Q>>Q:
@A≤;<156>Q:>1@AD±Qjf %?=D12B?<«C>?@A≤A?5>?3;<«H≤C≤@6A6FQ5>≤:
BCAD=1f3=>?∞≤>D±=Q>>≤F

A≤?@≤BQ4A1>≤H>≤FD=?33A1FD…=?√?@A≤CA≤E1±>?=D;?A?C;?=D
±1=≤;1>>Q>13≤3?51F46>6A1C?A1E1±>Q>1@AD4≤BC1«CLAQ3>≤=≤>D<«
?B;Q<L;≤udQuq…ED>;GQ»=≤u , u , u C?

ud = 0  C1                                              (5.10)
uq = 0.                                    (5.11)

31∞1«H≤>13Q5BDC>QBCL ±1<≤I1…CLB»>6±=Q>>?«@A≤;<156>1
>1@AD415??2=?C;≤±2D5∞6>>»C?2C?:

uf = const.                                               (5.12)

B;Q<L;≤±1D=?3?«3Q5BDC>Q56=@E6A>Q;?>CDA≤C?>6=1…QBCAD=Q33
>≤F4

i1d = 0  C1                                              (5.13)
i1q = 0.                                                 (5.14)

1A6ICQCA≤E1±>6;?A?C;6±1=≤;1>>» 2D5DH≤B≤=6CA≤H>≤= >6
BC3?A«…D=?35<»G≤A;D<«31>>»BCAD=D>D<L?3?R@?B<Q5?3>?BCQC?2C?:

i0 = 0.                                                  (5.15)
BD;D@>?BCQB@Q33Q5>?I6>>» /  (5.15) BC3?A««CL A»5

4A1>≤H>≤FD=?3»;QQBC?C>?B@A?√D«CLA6∞≤=>QAQ3>»>>» 1A;1- ?A…31
/ QAQ3>»>>»@?C?;?√6@<6>>»/

©;√? ±5Q:B>≤C≤ >6?2FQ5>Q@Q5BC1>?3;≤ Q@?51C≤ AQ3>»>>» 3
;1>?>QH>Q:@6A63≤AQI6>Q: 3Q5>?B>?@?FQ5>≤F, E?A=QC?=1C6=1C≤H>1
=?56<L@6A6FQ5>?4?@A?G6BD»;≤:5?B<Q5∞D…CLB»2D564
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d f
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d
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f ad

f d
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f d
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f ad
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,
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2 21
1 1

      (5.16)

56 x x
x

xd d
ad

f

2

@6A6FQ5>≤:@?@?±5?3∞>Q:?BQQ>5D;C≤3>≤:?@QA

BC1C?A1
?H1C;?3QD=?3≤5<»/0 3≤CQ;1«CL±C?4?E1;CD√?3=?=6>C

@?H1C;DA1@C?3?4?;?A?C;?4?±1=≤;1>>»@?±5?3∞>Q:Q@?@6A6H>≤:BCAD=≤
BC1C?A12D<≤3Q5BDC>Q1BCAD=3?2=?CGQ±2D5∞6>>»2D3AQ3>≤:BC1<?=D

±>1H6>>«
f

f
BCf r

u
i  :











.ii

0i

0i

XCf0f

0q

0d

                                                    (5.17)

*≤B<?3≤:A?±3»±?;±151HQ>1?B>?3Q=1C6=1C≤H>?R=?56<Q/0 ±
@?H1C;?3≤=≤D=?31=≤ /15<»@1A1=6CAQ3uf = 1, Tf0 = 1, xad =0.9, xf

=1.17, xq = xd = 0.25, R = 0.3, @A≤3656>≤:35?51C;D 14A1EQH>1
Q<«BCA1GQ» >1A≤B. 5.2.

≤BD>?;5.2 z 6A6FQ5>QBCAD=≤3?2=?CGQ±2D5∞6>>»1f QBC1C?A>≤F
?2=?C;1F1d, iq 3D=?31F;?A?C;?4?±1=≤;1>>»
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5.4 Y

1B@?;Q:<≤3Q 56=@E6A>Q ?2=?C;≤ 3Q5Q4A1«CL »; 3Q5?=?
>1:31∞<≤3QID A?<L 3 @A?CQ;1>>Q@6A6FQ5>≤F A6∞≤=Q3 @A?2D…=?
A?±4<»>DC≤RF3@<≤3>1B@A?√6>?=D@A≤;<15Q <»C?4?√?23≤»3≤C≤A?<L
56=@E6A>≤F?2=?C?;=6C?5≤H>?5?GQ<L>?@?AQ3>»C≤@6A6FQ5>Q@A?G6B≤3
B≤>FA?>>Q:=1I≤>Q@A≤?5>?=DQC?=D∞±2DA6>>QC1Q>I≤F?5>1;?3≤F
D=?31F 1<6 C1;≤F √? 3Q5AQ±>»«CLB» >1»3>QBC« 12? 3Q5BDC>QBC«
56=@E6A>≤F;?>CDAQ3

& A?±5Q<Q/ 2D3A?±4<»>DC≤:@6A6FQ5>≤:@A?G6B3B≤>FA?>>Q:
=1I≤>Q5<»3≤@15;D3Q5BDC>QBCQ56=@E6A>≤F?2=?C?;%6@6ADB;<15>≤=?
±1351>>»>1»3>QBC«56=@E6A>≤F;?>CDAQ3

C∞6 B@A?2D…=?@A?36BC≤5?B<Q5∞6>>»@6A6FQ5>?4?@A?G6BD3
B≤>FA?>>Q:=1I≤>Q±?5>Q…«@?±5?3∞>L?«56=@E6A>?«?2=?C;?« √?
±>1F?5≤CLB»3>6±2D5∞6>?=DBC1>Q>1F?<?BC?=DF?5Q±B≤>FA?>>?«
I3≤5;QBC«, @A≤@?51HQ3RR?2=?C;D ±2D5∞6>>» @?IC?3F?= >1@AD4D
uf = const.

<»GL?4?3≤@15;D=?∞>1±1@≤B1C≤>1BCD@>Q4A1>≤H>QD=?3≤
i i i i

u const

d q q

f

   







0 1 0

.
 (5.18)

6;C?A±=Q>>≤F2D564
 = (ud, uq, if , i1d)

t. 

@A?√6>Q5<»D=?3/2A6∞≤=>QAQ3>»>>» 1A;1- ?A…31QAQ3>»>>»
@?C?;?√6@<6>L2D5DCL4
























.ir
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f
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ixix

fadd1d1d1

d1adfff
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d1adfadd

                       (5.20)

©;√?@A?36BC≤>6?2FQ5>DA?2?CD± /3 / 3Q5@?3Q5>?5?
>13656>?4?3≤√6@A≤>G≤@?3?4?1<4?A≤C=D C??BC1C?H>1=1C6=1C≤H>1
=?56<L5?B<Q5∞D31>?4?@6A6FQ5>?4?@A?G6BD2D564
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dt
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x x
r x u
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dt x x
r x u

u
x x

r x r x u

u x i i

f f

f d ad
f ad f

d

f d ad
f f f

d
f d ad

f ad d ad f

q ad f d













 x

 x
 x  i  r  i  x

 x
 x  i  r  i  x
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 x
x  i x  i x - x

1d
1d f 1d 1d 1d

ad f 1d 1d ad
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1d f f 1d 1d ad
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1
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1
2 1

1
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.

   (5.21)

BQ36<≤H≤>≤»;Q3F?5»CL5? (5.21),A?±C<D=1H6>Q3A?±5Q<Q/ QC?=D
>63≤=141«CL5?51C;?3?RA?±I≤EA?3;≤

*≤B<?3≤:A?±3»±?; / 5<»C≤F∞6D=?3 √?2D<≤@A≤:>»CQ
A1>QI6@A≤3656>≤:35?51C;D 14A1EQH>1Q<«BCA1GQ»±=Q>≤±=Q>>≤F3
H1BQ->1A≤B. 5.3.

≤BD>?; 5.3 z %A1…;C?AQRA6∞≤=>≤F @1A1=6CAQ3 3 ;?>CDA1F
46>6A1C?A1±1>1»3>?BCQ@?±5?3∞>L?R56=@E6A>?R?2=?C;≤
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&31∞>≤:A?±4<»55?51C;Q3 Q 3»;≤F3Q5?2A1∞1…CLB»?5≤>QC?:∞6
@6A6FQ5>≤:@A?G6B3B≤>FA?>>Q:=1I≤>Q26±56=@E6A>≤F?2=?C?; C1±
@?3±5?3∞>L?«56=@E6A>?«?2=?C;?« , 51…Q>E?A=1GQ«5<»1>1<Q±DQ
3≤B>?3;Q3

6=@E6A>≤:6E6;C3≤»3<»…CLB»3>1BCD@>?=D4
@6A6FQ5>≤:@A?G6B@?5?3∞D…CLB»3H1BQ5
BC1<≤:A6∞≤=5?B»41…CLB»@Q±>QI65
I3≤5;QBCL±=Q>≤@1A1=6CAQ3A6∞≤=D>156»;≤FQ>C6A31<1FH1BD

B@?3Q<L>«…CLB»@?FQ5>QA6∞≤=>≤F@1A1=6CAQ3±=6>ID«CLB» √?3≤5>?±
A≤B. 5.4 5.6.

≤BD>?;5.4 z%A1…;C?AQRBCAD=Q3±2D5∞6>>»±13Q5BDC>?BCQ Q
>1»3>?BCQ 56=@E6A>?R?2=?C;≤46>6A1C?A1

≤BD>?;5.5 z%A1…;C?AQR@?±5?3∞>L?R>1@AD4≤±13Q5BDC>?BCQ Q
>1»3>?BCQ 56=@E6A>?R?2=?C;≤46>6A1C?A1



91

B?2<≤3?»B;A13? D@?3Q<L>6>>»@6A6FQ5>?4?@A?G6BD@?;1±1>?>1
A≤B. 5.6. 

≤BD>?;5.6 z%A1…;C?AQR@?@6A6H>?R>1@AD4≤±13Q5BDC>?BCQ Q
>1»3>?BCQ 56=@E6A>?R?2=?C;≤46>6A1C?A1

B;Q<L;≤jq ±1<6∞≤CL3Q5BD=≤BCAD=Q31f C1 i1d / C?G»B;<15?31
>1@AD4≤BC1C?A1±=Q>«…CLB»±@?BCQ:>?« H1BD@A≤2<≤±>?AQ3>?« BD=Q
@?BCQ:>≤FH1BD?2=?C;≤±2D5∞6>>»Mf0 Q56=@E6A>?R?2=?C;≤M1d0 C1
±126±@6HD…@?3Q<L>QI≤:3≤FQ5>1BC1<≤:A6∞≤=

©;±=Q>»CLB»4A1>≤H>QD=?3≤5<»@A≤;<15DA?±4<»>DC?4?3A?±5Q<Q
/ »;√?3?2=?C;DA?C?A1@?IC?3F?=@?51C≤>1@AD4D√?±=Q>«…CLB»3
H1BQ>1@A≤;<15, ±1C1;≤=6;B@?>6>GQ1<L>≤=±1;?>?=4

U f =1- exp (-t) | t7 y c. ?

1:C6EQ±≤H>6@?»B>6>>»CA1…;C?AQ»= @1A1=6CAQ3@6A6FQ5>?4?
@A?G6BDA≤B/ ±?;A6=14

H?=D>1@AD41Nd3BC1<?=DA6∞≤=QBC1…AQ3>?«>D<«9
H?=DBCAD= if @A?C»4?=@6A6FQ5>?4?@A?G6BD3Q5AQ±>»…CLB»3Q5

BC1<?4?±>1H6>>»9
H?=D>1@AD41Nq 3Q5A1±D>65?B»41…BC1<?4?±>1H6>>» 1CQ<L;≤

@?BCD@?3?9
©;±=Q>»CLB»4A1>≤H>QD=?3≤@A≤;<15DA?±4<»>DC?4?3A?±5Q<Q/

»;√?>13≤3?51F3≤>≤;1…53?E1±>6;?A?C;6±1=≤;1>>»=Q∞E1±1=≤ Q9
. 1:C6EQ±≤H>6@?»B>6>>»CA1…;C?AQ»= @1A1=6CAQ3@6A6FQ5>?4?

@A?G6BDA≤B/ ±?;A6=14
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H?=D3BCAD=Q1f 3≤>≤;1…±=Q>>1B;<15?319
H?=D3≤>≤;1«CL;?<≤31>>»BCAD=Q31dC11q?
H?=D;?<≤31>>»BCAD=Q31d C11q @A≤@≤>»«CLB»A1±?=±5?B»4>6>>»=

BC1<?4?±>1H6>>»BCAD=?=1f ?
/ 1:C6EQ±≤H>6@?»B>6>>»3Q5=Q>>?BC»=@1A1=CA1…;C?AQ:@1A1=6CAQ3

@6A6FQ5>?4?@A?G6BD>1A≤B/.//Q/0
0 ?±4<»>LC6 =?∞<≤3QBCL Q>C64AD31>>» B≤BC6=≤ AQ3>»>L /1 3

B6A65?3≤√Q@1;6CDF:ME:;4
±1@≤IQCLAQ3>»>>»/13@?CAQ2>Q:±1G≤=@1;6C?=;1>?>QH>Q:E?A=Q5
3≤26AQCL2D5L-»;D@A?4A1=D±1AB6>1<DF:ME:; >1@A≤;<15dYZ

dYZ./12?Q>ID5
±151:C6>6?2FQ5>Q?@6A1>5≤±36A>6>>»5?3≤2A1>?R@A?4A1=≤5
>1@A13C6@A?4A1=D>13≤;?>1>>»±26A6∞QCL3≤FQ5>DQ>E?A=1GQ«Q

@?2D5D:C64A1EQH>Q±1<6∞>?BCQ1f(t), Ud iC1Nq(t).
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' U U Z U U - SR U
Z Y U S U U U

S U U U S

' 

1B?21=≤13C?=1C≤±1GQRA?±A1FD>;Q3, 3I≤A?;?=DA?±D=Q>>QB<?31, …
C6F>QH>Q±1B?2≤3<1B>6, 12?=6A6∞Q G≤EA?-1>1<?4?3QQ1>1<?4?-
G≤EA?3Q@6A6C3?A«31HQ@A≤BCA?R3Q5?2A1∞6>>»QC5 B≤BC6=>6@A?4A1=>6
±126±@6H6>>» B6A3QB>6@A?4A1=>6±126±@6H6>>»Q@1;6C≤@A≤;<15>≤F
@A?4A1=12??;A6=Q@A?4A1=≤@A≤;<15>?4?@A≤±>1H6>>»

©;√?3Q5Q:C≤3Q5C1;?4?I≤A?;?4?D»3<6>>»C?5?B<Q5>≤;1131AQ:>≤F
A6∞≤=Q33@A1;C≤H>?=D@<1>Q@?>15DB6GQ;13<»CL@A≤;<15>6@A?4A1=>6
±126±@6H6>>»Q>1D;?3QQ56R√?3>≤F3≤;?A≤BC?3D«CLB» =6C?5≤Q
1<4?A≤C=≤

≤=?4≤ »;Q5?=Q>D31C≤=DCL3;?>;A6C>≤FD=?31F 3≤»3<»CLB»
AQ±>≤=≤Q@?3≤>>Q3≤±>1H1C≤B»GQ<»=≤A?±A1FD>;Q3 FI≤A?;≤:B@6;CA
@A65BC13<6>≤:DA?±5Q<Q '?A=D<««H≤A?±A1FD>;?3QD=?3≤, <«5≤>1√?
@A?3?5≤CL A?±A1FD>;≤ @?3≤>>1 3≤BD>DC≤ 3≤=?4≤ 5? @A?4A1=>?4?
±126±@6H6>>»Q>1?B>?3QGL?4?±D@≤>≤C≤B»>13Q5?=?=D@A?4A1=>?=D
@A?5D;CQ12?A?±A?2≤C≤B3?…@A?4A1=>6±126±@6H6>>»

' -

@?H1C;DA?±4<»>6=?Q56«=6C?5D 6F1:=1…=?56»;≤:EA14=6>C
±1BCD@>?RBF6=≤,A≤B. 6.1,±;?=@<6;B>≤=≤@1A1=6CA1=≤

≤BD>?;6.1z'A14=6>C±1BCD@>?RBF6=≤

.
Uq1

q Uqm

Zqmp

Iq2p
. .

.

Zq1p

Zq2p

q1

Iq1p

Iqmp

qm

p
Up

q2

Uq2
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1GL?=DA≤BD>;D4
1, 2 ., m 3QC;≤5
q1, q2, ., qm 3D±<≤3»;≤F±151>Q>1@AD4≤5

U U Uq q q m

. . .
, ,1 2  ...  , >1@AD4≤D3D±<1Fq1, q2 y fm;

A 3D±?<±>63Q5?=?«>1@AD4?«U p

.
;

Z Zq p q p q m p1 2
, , Z  ...  , ?@?A≤3QC?; b √?±3»±D«CL3D±<≤q1, 

q2 y qm±3D±<?=A
151=?B»>1@A»=1=≤BCAD=Q3√??HQ;D«CLB»@?3QC;1F bQ

@?±>1H≤=?RF I I Iq p q p q m p

. . .
, ,1 2  ...  , <»G≤FBCAD=Q3B@A1365<≤3≤= …

>1BCD@>64

I
U U

Z

I
U U

Z

I
U U

Z

q p
q p

q p

q p
q p

q p

q m p
q p

q m p

m

.
. .

.
. .

.
. .

1
1

1

2
2

2










 .

                                          (6.1)

>1;I64

I y U U

I y U U

I y U U

q p q p q p

q p q p q p

q p q p q pm m m

. . .

. . .

. . .

( )

( )

( )

1 1 1

2 2 2









  .

           (6.2)

1@6AI≤=±1;?>?= QAF4?E15<»0 =1…=?4

I I Iq p q p q m p

. . .

1 2 0 ... + ;

U U

Z

U U

Z

U U

Z
q p

q p

q p

q p

q p

q m p

m

. . . . . .

1

1

2

2

0 ... ;
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1
0

Z
U U

q m p
q m pm ( )

. .
.                                 (6.3)

>1<?4QH>≤:@Q5FQ55?0 @A≤3?5≤CL5?>1BCD@>?4?4

y U y U y U U y U y U yq p q q p q q m p q m p q p p q p p q m p1 1 2 2 1 2

. . . . . .
... ... ;

y U U yq m p q mm p q m pm

. .
 ;

U
y

y Up
q m pm

q m p q mm

. .


1
.                        (6.4)

C∞6»;√?3Q5?=Q>1@AD4≤D3BQF3D±<1FBD=Q∞>≤F±3D±<?=AC?3
3D±<QA>1?B>?3Q0.>1@AD41±>1F?5≤CLB»±1?5>DQC6A1GQ«Q5?C?4?∞
C?H>?

©;√?=≤, »;QA1>QI6, ID;1…=?>1@AD4DD3D±<QA1<6>6±>1…=?
C?H>?>1@AD4≤3?5>?=D±BD=Q∞>≤F3D±<Q3>1@A≤;<15,D3D±<Qfm C?C?H>?

±>1:C≤ U p

.
=?∞<≤3?»;√?>1@AD4DU q m

.
±151C≤5?3Q<L>?Q?A41>Q±D31C≤

2141C?QC6A1GQ:>D@A?G65DADRR?2H≤B<6>>»D3Q5@?3Q5>?BCQ± (6.4) C1
@6A63QA;?«±13≤A1±?=0 A≤A?5>?√?±Q>∞6>6A>?RC?H;≤21H6>>»>1B
>6GQ;13≤CL12B?<«C>63≤;?>1>>»3D±<?3?4?±1;?>D QAF4?E145?B≤CL
±151C≤5?@DBC≤=DC?H>QBCL»;B;1<»A>D36<≤H≤>D

%?5Q0 2D564

1

Z
U U

q m p
q m pm ( )

. .
.                             (6.5)

%6@6A5?2A62D<?2»;2≤351<?B»±151C≤QC6A1GQ:>D@A?G65DAD»;1
I3≤5;?BF?5≤CLB»%?5QRR=?∞>12D<?2±1BC?B?3D31C≤5?BF6=≤±±151>?«
5?3Q<L>?«>1@AD4?«>63?5>?=D3D±<Q132141CL?F 2D5L-»;Q:±1BCD@>Q:
BF6=Q±>1:56CLB»>6=1<?3D±<Q356>1@AD413Q5?=1C?H>?@A≤H?=D»;√?
C1;≤F?@?A>≤F 3D±<Q32D562Q<LI6C?I3≤5;?5Q»=6C?5D2D563≤√1 ?
3D±<Q3±3Q5?=≤=≤>1@AD41=≤=?∞>13Q5>6BC≤3D±<≤ 46>6AD31<L>≤F
3QC?; 3QC?;>131>C1∞6>L B≤>FA?>>≤F 1B≤>FA?>>≤F ;?=@<6;B>≤F Q,
>1A6ICQ 3D±?< ;?A?C;?4? ±1=≤;1>>» 3 »;?=D @A≤ CA≤E1±>?=D
@?I;?5∞6>>Q>1@AD41AQ3>1>D<«

&@?51>?=D3≤4<»5Q=1I≤>>?-?AQ…>C?31>≤:=6C?53D±<?3≤F>1@AD4
BC3?A«…?B>?3D5<»@?2D5?3≤ 6E6;C≤3>≤F 1<4?A≤C=Q3A?±A1FD31>>»
BCAD=Q3;?A?C;?4?±1=≤;1>>»3C6A=Q>1F;?=@<6;B>≤F36<≤H≤>C?2C?, @A≤
3A1FD31>>QE1±3D±<?3≤F>1@AD4, 1;C≤3>≤FQA61;C≤3>≤F?@?AQ36<6=6>CQ3
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±1BCD@>≤FBF6= A?±D=Q<?√?3C≤F3≤@15;1F563A1FD31>>»1;C≤3>≤F
?@?AQ3QE1± 46>6AD31<L>≤F6<6=6>CQ3>6@?CAQ2>6;?=@?>6>C≤√?
3F?5»CL5?0.Q0/,B<Q5331∞1C≤=?5D<»=≤

1A6ICQ B<Q53Q5=QC≤C≤ √?=6C?5GQ<;?= @A≤:>»C>≤: Q5<»
A?±A1FD31>>»>6B≤=6CA≤H>≤F;?A?C;≤F±1=≤;1>L415∞6A?±A1FD31>>»C?5Q
3≤;?>D…CLB»±1;?=@<6;B>?«±1BCD@>?«BF6=?«.

%6@6A BE?A=D<«…=? @A≤>G≤@?3≤: 1<4?A≤C= A?±A1FD>;D ±
3≤;?A≤BC1>>»=GL?4?=6C?5D

≤>C6±D31C≤±1BCD@>DBF6=D;?=@<6;B>DBF6=D5<»A?±A1FD31>>»
3Q5@?3Q5>?4?131AQ:>?4?A6∞≤=D

2. A?>D=6AD31C≤3D±<≤Q3QC;≤±1BCD@>?RBF6=≤;?=@<6;B>?RBF6=≤
3. ≤A1±≤C≤3@A≤:>»CQ:B≤BC6=Q?5≤>≤GL@1A1=6CA≤±1BCD@>?RBF6=≤

;?=@<6;B>?RBF6=≤ Q?@?A≤
4. 151C≤B»>1@A»=1=≤ BCAD=Q33 6<6=6>C1F ±1BCD@>?RBF6=≤

;?=@<6;B>?RBF6=≤
5. ;<1BC≤=1CA≤G« ±1BCD@>?RBF6=≤ ;?=@<6;B>?RBF6=≤ √?

3Q5?2A1∞1…RRC?@?<?4Q«.
6. 1C≤>D<L?36>12<≤∞6>>»>1@AD41=D3BQF3D±<1F;AQ=∞≤3≤<L>≤F

3D±<Q3Q3D±<1@?I;?5∞6>>»
7. A≤:>»C≤AQI6>>»√?5?C?H>?BCQ.
2 36BC≤3BQQ>E?A=1GQ:>Q=1B≤3≤3@1=»CL
9. ≤;?>1C≤QC6A1GQ:>6A?±A1FD31>>»@1A1=6CAQ3131AQ:>?4?A6∞≤=D
10. ≤36BC≤>1±?3>QI>Q:>?BQ:?CA≤=1>QA6±D<LC1C≤
)6: @A≤>G≤@?3≤: 1<4?A≤C= @?3≤>6> √?A1±D 56C1<Q±D31C≤BL

3Q5@?3Q5>?5?3≤2A1>?R=1I≤>>?R@A?4A1=≤ ≤=?4≤±1±3≤H1:±151«CLB»3
?@≤BQ3Q5@?3Q5>?4?@A?4A1=>?4?@A?5D;CD

6.3 4

B>D…H≤=1<? @A?4A1= √? 3≤;?A≤BC?3D«CL 3≤;<156>≤: 3≤√6
=1I≤>>?-?AQ…>C?31>≤: =6C?5 3D±<?3≤F >1@AD4 ?>≤ 3Q5AQ±>»«CLB»
4A1>≤H>?« 3≤=QA>QBC« BF6=≤ ±1=Q√6>>» H≤B<?= 3D±<Q3 Q3QC?;
3A1FD31>>»= 12? >63A1FD31>>»= 1;C≤3>≤F ?@?AQ3 6<6=6>CQ3 51>?R
6>6A4?B≤BC6=≤C1Q>I≤=≤56C1<»=≤

&GL?=DA?±5Q<QA?±4<»>6=?C6F>?<?4Q«3≤;?A≤BC1>>»@A?4A1=≤MDS
3@A1;C≤H>≤FQ>∞6>6A>≤FA?±A1FD>;1F )»@A?4A1=1@A≤±>1H6>15<»
A?±A1FD>;D@1A1=6CAQ3131AQ:>?4?A6∞≤=D3B;<15>?±1=;>DCQ:±1BCD@>Q:
BF6=Q;?=@<6;B>Q:BF6=Q4A1>≤H>?«3≤=QA>QBC«3 3D±<Q3Q 3QC?;
A≤±=Q>Q5?3∞≤>=1B≤3Q3@A?4A1=113C?=1C≤H>?>1BCA?«…CLB»>1>?3D
3≤=QA>QBCL&@A?4A1=Q>63A1F?3D«CLB»1;C≤3>Q?@?A≤6<6=6>CQ3QE1±≤

AQ±>≤F46>6A1C?AQ3&@A?4A1=DMDS32D5?31>≤:B6A3QB>≤:2<?;»;≤:
±5Q:B>«…@6A63QA;D;?A6;C>?BCQ@?H1C;?3≤F51>≤F)63≤»3<»…CLB»36<L=≤
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;?A≤B>?« 3<1BC≤3QBC« @A?4A1=≤ A?4A1=1 MDS @A≤±>1H6>1 5<»
3≤;?>1>>»>1 @Q5;6AD31>>»=FL-=HLQPBG=HPL

1:31∞<≤3QI≤= 6<6=6>C?= C6F>?<?4QR3≤;?A≤BC1>>» 2D5L-»;≤F
@A?4A1=A?±A1FD31>>»131AQ:>≤FA6∞≤=Q3…@Q54?C?3;1@?H1C;?3≤F51>≤F
<»51>?R@A?4A1=≤1<4?A≤C=@Q54?C?3;≤±?3>QI>L?RQ>E?A=1GQRC1;≤:.

1.   ≤>C6±D31C≤±1BCD@>DBF6=D;?=@<6;B>DBF6=D3Q5>?B>?C?H;≤
;?A?C;?4?±1=≤;1>>»

2. A?>D=6AD31C≤5?3Q<L>?3BQ3QC;≤BF6=≤ ±1:=1«H≤H≤B<1
@Q5A»5

3. A?>D=6AD31C≤5?3Q<L>?3BQ3D±<≤BF6=≤ ±1:=1«H≤H≤B<1
@Q5A»5

4. 151C≤>1@A»=≤BCAD=Q3@?3QC;1F, Q<≤I6>1@A»=≤BCAD=Q33
3QC;1F26±@?B6A65>L?@?3»±1>≤F±C?H;?«;?A?C;?4?±1=≤;1>>»@?3≤>>Q
3Q5?2A1∞1C≤@Q5∞≤3<6>>»=QBG»@?I;?5∞6>>»

5. Q5A1FD31C≤351>Q:BF6=Q;Q<L;QBCL3QC?; 3dalZi ;Q<L;QBCL
3D±<Q33dajhaQ;Q<L;QBCL3D±<Q33»;≤F>1@AD41@?3≤>>1DC?H>«31C≤B»
(kolvar).

6. A≤:>»C≤21±≤B>Q@?CD∞>QBCLQ>1@AD4DC1?2H≤B<≤C≤3Q5>?B>Q
21±≤B>Q?@?A≤ 6<6=6>CQ351>?RBF6=≤C121±≤B>≤:BCAD=3C?H;1F
@?I;?5∞6>>»

7. ≤>C6±D31C≤=1CA≤G«±…5>1>LBF6=≤3≤=QA>QBC« 3dalZi3)
C1;√?2;?∞6>A»5?;3Q5?2A1∞13>?=6A3QC;≤>?=6A3D±<1@?H1C;D3QC;≤, 
>?=6A3D±<1;Q>G»3QC;≤331∞1C≤√?BCAD=≤:5DCL3Q5@?H1C;D3QC;≤5?RR
;Q>G»

8. ≤>C6±D31C≤ 36;C?A 3Q5>?B>≤F 21±≤B>≤F ?@?AQ3 BF6=≤
3≤=QA>QBC«3dalZi√?3Q5@?3Q51…@6AI?=DBC?3@G«=1CA≤GQ±…5>1>L

9. ≤>C6±D31C≤36;C?A>?=6AQ33D±<Q33≤=QA>QBC«3dajha
10. ≤>C6±D31C≤ 36;C?A 3D±<?3≤F >1@AD4 3≤=QA>QBC« 3dajha

@A≤H?=DD3D±<1F± RF5Q:B>≤=≤±>1H6>>»=≤D3D±<1F@?I;?5∞6>>»
3Q>I≤F3D±<1F 5?3Q<L>≤=≤±>1H6>>»=≤D3≤4<»5Q@?H1C;?3?4?

>12<≤∞6>>»
11. <≤>C6±D31C≤36;C?A>?=6AQ33D±<Q33≤=QA>QBC«3dakVg3»;≤F

3D±<?3Q>1@AD4≤±151>Q@?H1C;?3≤=≤>12<≤∞6>>»=≤
12. 151C≤B»C?H>QBC«>12<≤∞6>>»
1GL?=D@?@6A65>»A?2?C1±@Q54?C?3;≤±?3>QI>L?RQ>E?A=1GQR

±1;Q>H6>1 1<Q>6?2FQ5>?G«Q>E?A=1GQ«@A65BC13≤C≤3>6?2FQ5>Q:E?A=QQ
±26A64C≤>1B3?R:5≤B;6CQ±Q=»=MDSYVi ?B<Q5?3>QBCLE?A=1C≤QQ=6>1
@A65BC13<6>>»±?3>QI>L?RQ>E?A=1GQR3≤5>?±>1BCD@>?4?EA14=6>C1
@A?4A1=≤

dimension mat(100,3),x(100),numusl(100),uusl(100),
*nuvar(100),tokwet(100),uvar(100),tvar(100)
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read(5,5) kolwet,kolusl,kolvar
read(5,5) ((mat(i,j),j=1,3),i=1,kolwet)
read(5,10) (x(i),i=1,kolwet)
read(5,15) (numusl(i),i=1, kolusl)
read(5,10) (uusl(i),i=1, kolusl)
read(5,15) (nuvar(i),i=1,kolvar)
read(5,20) eps
read(5,20) tbas

5     format (3i10)
10   format (10(f8.3))
15   format (20(i4))
20   format (f8.4)

GL?=DEA14=6>CQ@A≤:>»CQQ=6>1?±>1H1«CL>1BCD@>64
kolwet ;Q<L;QBCL3QC?;±1BCD@>?RBF6=≤;?=@<6;B>?RBF6=≤5
kolusl ;Q<L;QBCL3D±<Q3±1BCD@>?RBF6=≤5
kolvar ;Q<L;QBCL3D±<Q3>1@AD4≤3»;≤F2D5DCLDC?H>«31C≤BL@?

QC6A1GQ»F5
mat =1CA≤G»±…5>1>L±1BCD@>?RBF6=≤3≤=QA>QBC« 3dalZi

;?∞6>A»5?;»;?R@?;1±D…±3»±?;H6A4?3?R3QC;≤±53?=13D±<1=≤5
x =1B≤33≤=QA>QBC«3dalZi3Q5>?B>≤F21±≤B>≤F?@?AQ36<6=6>CQ3

±1BCD@>?RBF6=≤5
numusl =1B≤33≤=QA>QBC«3dajha>?=6AQ33D±<Q3±1BCD@>?RBF6=≤5
uusl =1B≤33≤=QA>QBC«3dajha>1@AD4 3D±<Q3±1BCD@>?RBF6=≤

3Q5@?3Q5>≤:cjbjha5
nuvar =1B≤33≤=QA>QBC« 3dakVg>?=6AQ33D±<Q3>1@AD4≤3»;≤F

2D5DCLDC?H>«31C≤BL@?QC6A1GQ»F5
eps C?H>QBCLA?±A1FD>;D√?±151…CLB»;?A≤BCD31H6=5
tbas 21±≤B>≤:BCAD=>1BCD@6>Q56±>1F?5≤CLB»±151>1C?H;1

@?I;?5∞6>>»;

36A>6=?B»C6@6A5?56»;?R±1BCD@>?RBF6=≤, A≤B0
1GL?=DA≤BD>;D@?±>1H6>Q>?=6A≤3QC?;Q3D±<Q3>1@A»=≤BCAD=Q3

@?3QC;1FRF3Q5>?B>≤:21±≤B>≤:?@QAQ3Q5>?B>Q21±≤B>Q 1;C≤3>≤F
6<6=6>CQ3

%?H;1CA≤E1±>?4?;?A?C;?4?±1=≤;1>>»±>1F?5≤CLB»D3D±<Q 2
1±≤B>≤:BCAD= C?4?BCD@6>»>1@AD4≤ >1»;?=D±>1F?5≤CLB»C?H;1
@?I;?5∞6>>»5?AQ3>«…3 ; B6G651…=?∞<≤3QBCL@Q54?CD31C≤E1:<
51>≤F
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≤BD>?;6.2 z 1BCD@>1BF6=15<»A?±A1FD31>>»BCAD=D;?A?C;?4?
±1=≤;1>>»

≤∞H6@A≤3656>?A?±5AD;D31>>»GL?4?E1:<D B≤>C6±?31>?4?3
BCA?4Q: 3Q5@?3Q5>?BCQ±?@6A1C?A1=≤ K>:= @A?4A1=≤ MDS *≤C1HD
A6;?=6>5D…CLB»D31∞>??±>1:?=≤C≤B»±>≤=√?2±214>DC≤C6F>?<?4QH>≤:
@A?G6B@?BC1>?3;≤±1351>>»>1

7               8                    3
1              11                 15
2              12                 17
3              13                 15
4              14                 18
5              15                 16
6              17                 16
7              16                 18
  0.200       1.310      1.170       3.330     0.510     0.590     1.430
11    12    13    14    15    16    17    18
  1.08        0.93          0.8           0.9        0.9         0.8         0.850        0.
15    16    17
0.01
9.2

2.0

1

17.1

3

51.0

5

59.0

6

31.1

2

43.1

7

33.3

4

15

11 13

14

18

17

16

12
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6±D<LC1C≤A?2?C≤@A?4A1=≤±1G≤=≤51>≤=≤>13656>Q3>1BCD@>?=D
<QBC≤>4D ±»;?4?3≤5>? √?@A?4A1=1MDS3≤3?5≤CLBCAD=≤3C?HGQ
@?I;?5∞6>>»BCAD=≤@?3BQF3QC;1F±1BCD@>?RBF6=≤ 3Q5…=>Q±>1H6>>»
B3Q5H1CL@A?>6@A13≤<L>≤:3≤2QA>1@A»=Q3BCAD=Q3Q>1@AD4≤3DBQF3D±<1F

QBC≤>4A?±3»±;D±151HQA?±A1FD>;DBCAD=Q3CA≤E1±>?4?
;?A?C;?4?±1=≤;1>>»

?±A1FD>?;131AQ:>?4?A6∞≤=D@A»=?R@?B<Q5?3>?BCQ@A≤;?A?C;?=D
±1=≤;1>>Q3BF6=Q±1=Q√6>>».

?±A1FD>;?31C?H;1;?A?C;?4?±1=≤;1>>» 3D±?<2
15@6A6FQ5>≤:BCAD=;?A?C;?4?±1=≤;1>>» 1 ;
&51A>≤:BCAD=;?A?C;?4?±1=≤;1>>» 20;

CAD=≤36<6=6>C1F±1BCD@>?RBF6=≤
@A≤3656>Q5?>1@AD4≤C?H;≤@?I;?5∞6>>»
>?=6A
3QC;≤

3D±?<
@?H1C;D

3D±?<
;Q>G»

BCAD=
ka

1
2
3
4
5
6
7

11
12
13
14
15
17
16

15
17
15
18
16
16
18

5.205
  .867
1.312

2.486
3.958
  .922
4.809

Q5>?B>Q>?=Q>1<L>Q>1@AD4≤D3D±<1F±1BCD@>?RBF6=≤
@A≤;?A?C;?=D±1=≤;1>>QD3D±<Q2
>?=6A≤
3D±<Q3

>1@AD41
 (3Q5B?C;≤)

11
12
13
14
15
16
17
18

108.0000
  93.0000
  80.0000
  90.0000
  96.6838
74.7452

  80.6583
      .0000

1>1<Q±DC6F>?<?4QR=1I≤>>?4?A?±A1FD31>>»131AQ:>≤FA6∞≤=Q3
3≤F?5≤CL √?CAD5?=QBC;QBCLADH>?RA?2?C≤36<L=≤36<≤;1 A≤A?5>?
3≤>≤;1…@≤C1>>»@A?=?∞<≤3QBCLRR13C?=1C≤±1GQR A≤>G≤@?3?BL?4?5>Q>1
>L?4?B<Q551C≤>641C≤3>D3Q5@?3Q5L2?±>1H>1H1BC≤>1A?2?C≤>?B≤CL
C3?AH≤:F1A1;C6A»;≤:>6E?A=1<Q±D…CLB» A?C656»;1C6F>QH>1H1BC≤>1
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@Q54?C?3H?RA?2?C≤>1@A≤;<15A?±A1FD31>>»3Q5>?B>≤F21±≤B>≤F?@?AQ3Q
GQ<;?=@Q551…CLB»13C?=1C≤±1GQR

' :19=3:

A?4A1=1L>KOBL@A≤±>1H6>15<»A?±A1FD31>>»3Q5>?B>≤F21±≤B>≤F
?@?AQ3Q ±1BCD@>≤FBF6=@A≤21±≤B>Q:@?CD∞>?BCQ

A≤ 5?3∞≤>1F =1B≤3Q3 √? ?4?<?I6>Q 4A1>≤H>Q=?∞<≤3?BCQ
@A?4A1=≤C1;Q4

H≤B<?BCD@6>Q3>1@AD4u 5
H≤B<?3QC?;u/5
H≤B<?3D±<Q3u/

A?4A1=1L>KOBL>1@≤B1>1>1=?3Q[dgigVc-77.
B?2<≤3QBC« @A?4A1=≤ …C6 √?3±?3>QI>L?=DE1:<Q51>≤F

;?>G6>CAD…CLB»<≤I6=Q>Q=1<L>1Q>E?A=1GQ»@A?±1BCD@>DBF6=D5A6IC1
Q>E?A=1GQR@A?C6F>QH>QF1A1;C6A≤BC≤;≤6<6=6>CQ36>6A4?B≤BC6=±151…CLB»
DE?A=QE1;C≤H>≤F@1A1=6CAQ3@Q5@A?4A1= )6±>1H>?«=QA?«±=6>ID…
:=?3QA>QBCL@?=≤<?;;?A≤BCD31H1

B>?3>≤=2<?;?=@A?4A1=≤…@A?4A1=>≤:=?5D<LFH=NE[dg3
»;?=D±Q2A1>Q.@Q5@A?4A1= F±>1H6>>»3≤5>?±C12<≤GQC12< 6.1.

%12<≤G» 01 z 6A6<Q; @Q5@A?4A1= »;Q3≤;?A≤BC?3D«CLB» 3
@A?4A1=>?=D=?5D<QMODUL.for

=»
@Q5@A?4A1=≤

?±A1FD31>>»3Q5>?B>≤F21±≤B>≤F@1A1=6CAQ36<6=6>CQ3
6>6A4?B≤BC6=

GNR
TR2
TR3
LIN1
LIN2

REAKT1
REAKT2

AD
ON

SYST1

SYST2
SYST3
PRINT1
PRINT2 

≤>FA?>>Q46>6A1C?A;?=@6>B1C?A53≤4D>
3??2=?C;?3≤:CA1>BE?A=1C?A
%A≤?2=?C;?3≤:13C?CA1>BE?A=1C?A
5>?;?<?31<Q>Q»
3?;?<?31<Q>Q»
61;C?A?5≤>?H>≤:
53?…>≤:A61;C?A
B≤>FA?>>≤:53≤4D>
&±141<L>6>6>131>C1∞6>>»
≤BC6=1»;1±151>1@?CD∞>?BC»=≤;?A?C;?4?
±1=≤;1>>»
≤BC6=1»;1±151>1BCAD=1=≤;?A?C;?4?±1=≤;1>>»;
≤BC6=1»;1±151>1?@?A1=≤ =
≤3656>>»DE1:<3≤FQ5>?RQ>E?A=1GQR
≤3656>>»A6±D<LC1CQ3A?±A1FD>;DDE1:<L>KOBLimi
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4?<?3>?=D=?5D<QL>KOBL[dg±5Q:B>«…CLB»33656>>»Q>E?A=1GQR±
±?3>QI>L?4?E1:<D51>≤FL>KOBLYViQ±36A>6>>»5?…5≤>?R@Q5@A?4A1=≤
PBLHP[dg»;14?CD…CLB»B1=≤=;?A≤BCD31H6=, Q3»;Q:±5Q:B>«…CLB»
3≤;<≤;@?CAQ2>≤F:?=D@Q5@A?4A1=±@A≤3656>?R3≤√6C12<≤GQ

C∞63Q52D31…CLB»C1;13±1…=?5Q»E1:<Q34

?A≤BCD31HB1=?BCQ:>?4?CD…±?3>QI>Q:E1:<51>≤FL>KOBLYViQ
@Q5@A?4A1=DPBLHP[dg

'1:<51>≤FL>KOBLYVi=QBC≤CL±?3>QI>« Q>E?A=1GQ« B;<15Q
E?A=1@A65BC13<6>>»»;?R, 3≤5>?±>1BCD@>?4?EA14=6>C14?<?3>?4?
=?5D<»

read(5,5)kolst,kolwet,kolusl
5     format (3i10)

read(5,10)(numusl(i),i=1,kolusl)
10   format (10i4)

read(5,15)(ubas(i),i=1,kolst)
15 format (10f8.3)

G≤F?@6A1C?A1F4
kolst ;Q<L;QBCLBCD@6>Q3>1@AD4≤33≤FQ5>Q:BF6=Q5
kolwet ;Q<L;QBCL3QC?;±1BCD@>?RBF6=≤;
kolusl ;Q<L;QBCL3D±<Q3±1BCD@>?RBF6=≤5
numusl ?5>?3≤=QA>≤:=1B≤33≤=QA>QBC« 3dajha>?=6AQ33D±<Q3

±1BCD@>?RBF6=≤5
ubas ?5>?3≤=QA>≤:=1B≤3A?±=QA>QBC«3dahi21±≤B>≤F>1@AD4;

3BQFBCD@6>Q3>1@AD4≤
≤∞H65<»Q<«BCA1GQR@A≤3?5≤CLB»±?3>QI>Q:E1:<51>≤F56»;?4?

C6BC?3?4?±1351>>»
8              115                 28
11    12    13    14    15    16    17    18     19     20

SERVIS.for

VISOW.for

MODUL.for SERVIS.txt

SERVIS.dat
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21    22    23    24    25    26    27    28     29     30
31    32    33    34    35    36    37    38
220.000     10.520   110.000     18.180     35.000     38.500      120.989      11.000

)Q 51>Q ;?A≤BCD31H ?56A∞D… ±Q BF6=≤ 6>6A4?B≤BC6=≤ √?
5?B<Q5∞D…CLB»QB≤>C6±?31>?R>≤=B1=≤=±1BCD@>?RBF6=≤ ;?=@<6;B>?R
BF6=≤ 6?2FQ5>?±>1C≤√?>1±1BCD@>Q:BF6=Q3BQ3QC;≤Q3D±<≤@?3≤>>Q
2DC≤@A?>D=6A?31>Q@A≤H?=D3QC;≤z@?H≤>1«H≤±?5≤>≤GQ13D±<≤ ±
2D5L-»;?4? H≤B<1 151<Q>?=6A≤ @?3≤>>Q5131C≤B» @Q5A»5 '1:<
L>KOBLYViBC3?A«…CLB»32D5L-»;?=DA651;C?AQQ±1@≤BD…CLB»>1B3?«
5≤B;6CD

Q5@A?4A1=1PBLHP[dgB;<151…CLB»,3?B>?3>?=D,±?@6A1C?AQ3call, 
»;Q3≤;<≤;1«CL@?CAQ2>Q@Q5@A?4A1=≤ ≤>C1;B≤BGL?4??@6A1C?A1C1;≤:4

XVaaQ=»@Q5@A?4A1=≤@1A1=6CA@1A1=6CA, ... @1A1=6CA
Q5@?3Q5>?5?@A13≤<=?3≤[dgigVc>1@?H1C;D@Q5@A?4A1=≤=QBC»CLB»

;<«H?36B<?3?hjWgdjc1cZQ=»±E?A=1<L>≤=≤@1A1=6CA1=≤12?26±>≤F
51<Q:56?4?<?I6>>»51<Q 3≤;?>D31>Q?@6A1C?A≤13;Q>GQ ?@6A1C?A≤
gZijgcQZcY

Q5@A?4A1=1PBLHP[dg5<»56»;?4?C6BC?3?4?±1351>>»3≤4<»51…
C1;:

DIMENSION 
MAT(150,3),X(150),NUMUSL(150),UUSL(150),NUVAR(150),
*TOKWET(150),UVAR(150),TVAR(150),UBAS(10),TBAS(10)
COMMONMAT,X,NUMUSL,UUSL,NUVAR,TOKWET,UVAR,TVAR,
UBAS,TBAS,SBAS,
*KOLST,KOLWET,KOLUSL
  call print1
  call gnr(11,2,1,41,150.,10.5,0.89,0.26,0.39)
  call gnr(12,2,2,42,150.,10.5,0.89,0.26,0.39)
  call gnr(21,4,13,43,150.,18.18,0.89,0.195,0.232)
  call gnr(22,4,14,44,150.,18.18,0.89,0.195,0.232)
  call 
tr3(1,7,5,18,45,46,22,47,48,21,49,50,100.,100,100,100,230.,
*121.,38.5,11.,18.,31.)
  call tr3(1,8,6,26,51,52,28,53,54,30,55,56,60.,100,100,100,220.,
*38.5,11.,12.3,5.7,18.1)
  call tr3(1,8,6,27,57,58,29,59,60,31,61,62,60.,100,100,100,220.,
*38.5,11.,12.3,5.7,18.1)
  call tr3(1,3,5,8,63,64,113,114,115,24,67,68,247.5,100,100,100,
*242.,121.,38.5,10.5,28.,32.)
  call 
tr3(1,7,5,17,69,70,19,76,77,20,82,83,100.,100,100,100,230.,
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*121.,38.5,11.,18.,31.)
  call ad(26,6,32,84,12.,38.5,0.89,9.,8.,0.8)
  call lin1(1,5,85,73,0.4,90.,3.0)
  call lin1(1,7,86,75,0.4,96.,3.0)
  call lin1(1,6,88,74,0.4,155.,3.0)
  call lin1(1,15,93,81,0.4,56.,3.5)
  call lin1(1,16,94,90,0.4,128.,3.5)
  call lin1(5,25,96,99,0.4,3.5,4.0)
  call tr2(2,3,97,71,100.,11.,12.)
  call tr2(2,4,98,72,100.,11.,12.)
  call tr2(4,11,100,79,400.,20.,10.5)
  call tr2(4,12,101,80,400.,20.,10.5)
  call reakt1(2,33,102,95,10.,10.,14.)
  call syst1(32,7,115.,23,24,25,1000.,100.)
  call syst2(33,7,115.,103,104,105,4.77,0.477)
  call syst3(34,7,115.,106,107,108,0.1,0.4,2.8)
  call reakt2(2,34,35,36,37,38,39,10.,10.,28.,0.6)
  call lin2(5,109,110,111,0.4,3.5,4.)
  call on(36,6,32,112,50.,35.,0.18,0.35)
  call on(20,3,10,113,731.7,115.,0.11,0.35)
  call print2
  return
  end

C∞6Q>5≤3Q5D1<Q±1GQR@Q5<»41…<≤I6>12QA?@6A1C?AQ3XVaa
<«H?3≤= =?=6>C?= C6F>?<?4QR?B3?…>>»@A?4A1=≤ L>KOBL …

3≤3H6>>»E?A=1<L>≤F@1A1=6CAQ3@Q5@A?4A1=√?3≤;<≤;1«CLB»±=6C?«
26±@?=≤<;?3?4?±1=Q√6>>»RFE1;C≤H>≤=≤@1A1=6CA1=≤D±4?5∞6>≤=≤±
E?A=1<L>≤=≤±1RFH≤B<?=C≤@?=Q@?A»5;?=@A?F?5∞6>>»%1;Q3≤=?4≤
=?3≤[dgigVcQ»;√?>6?2FQ5>?H≤C1H@?3≤>6>3Q5>?3≤C≤G«Q>E?A=1GQ«±
;>≤∞?;.

'?A=1<L>Q@1A1=6CA≤3≤5>?±@6AI?4?A»5;1;?∞>?R@Q5@A?4A1=≤
1@A≤;<155<»@Q5@A?4A1=≤ GK@6AI≤:A»5?;C1;≤:4

SUBROUTINE 
GNR(NUSLE,NUMST,NUMW1,NUMW2,PNOM,UNOM,COSF,
XONPR,*XONOBR)

≤5>?√?CDC3E?A=1<L>≤F@1A1=6CAQ3@A≤H?=DH?C≤A≤@6AI≤F
@1A1=6CA≤…GQ<≤=≤1Q>IQ5Q:B>≤=≤C≤@1=≤51>≤F 1<QB<Q5±A?±D=QC≤
±=QBCE?A=1<L>≤F@1A1=6CAQ3 6:

NUSLE @?A»5;?3≤:>?=6A3D±<1± 46>6A1C?A15
NUMST >?=6ABCD@6>»>1@AD4≤>1»;?=D±>1F?5≤CLB»46>6A1C?A5
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NUMW1 >?=6A3QC;≤46>6A1C?A13±1BCD@>Q:@Q5BF6=Q@A»=?R
@?B<Q5?3>?BCQ5

NUMW2 >?=6A3QC;≤46>6A1C?A13±1BCD@>Q:@Q5BF6=Q±3?A?C>?R
@?B<Q5?3>?BCQ±13Q5BDC>?BCQ 0);

PNOM >?=Q>1<L>1@?CD∞>QBCL46>6A1C?A1 C5
UNOM >?=Q>1<L>1>1@AD4146>6A1C?A1;5
COSF >?=Q>1<L>≤:;?6EQGQ…>C@?CD∞>?BCQ46>6A1C?A15
XONPR 3Q5>?B>≤:>?=Q>1<L>≤:?@QA46>6A1C?A15<»A6∞≤=D

@A»=?R@?B<Q5?3>?BCQ5
XONOBR 3Q5>?B>≤:>?=Q>1<L>≤:?@QA46>6A1C?A15<»A6∞≤=D

±3?A?C>?R@?B<Q5?3>?BCQ
»BD313I≤±=QBCE?A=1<L>≤F@1A1=6CAQ3B<Q5±>1:C≤RF±>1H6>>»Q±

±1BCD@>?RBF6=≤Q±151>≤FC6F>QH>≤F@1A1=6CAQ346>6A1C?A1C1BE?A=D31C≤
?@6A1C?A≤±36A>6>>»<:EE

>1<?4QH>≤=H≤>?=3≤3H1«CLB»3BQ@Q5@A?4A1=≤ 1GL?=D6C1@Q
?B3?…>>»@A?4A1=>?4?@A?5D;CD;?A≤B>?±>?3D±36A>DC≤B»5?A?±4<»5D
@Q5@A?4A1=≤PBLHP[dg@A≤3656>?R3≤√6

Q54?CD313I≤ B3?« @Q5@A?4A1=D PBLHP[dg, >6?2FQ5>?
@A?CA1>B<«31C≤RRQ?56A∞1C≤?2…;C>≤:=?5D<LPBLHPdW2 2…;C>Q;?5≤
Q>I≤F@Q5@A?4A1=>≤F=?5D<Q3 servis.obj C1bdYjadW23∞6@Q54?C?3<6>QQ
H≤C1H=?∞6RF=1C≤>1B3?R:5≤B;6CQ

BQ?2…;C>Q=?5D<Q L>KOBLdW2PBLHPdW2QFH=NEdW2»;Q
±>1F?5»CLB»>1 1IQ:5≤B;6CQ>6?2FQ5>??2A?2≤C≤B@Q<L>?A651;C?A?=
±3»±;Q3Q?56A∞1C≤@A?4A1=DL>KOBL6F6√?3≤;?>D…CLB» <»GL?4?
±>1F?5»H≤BL3B6A65?3≤√QE?ACA1>D-11 @?CAQ2>? 336BC≤ >1BCD@>≤:
;?=1>5>≤:A»5?;4

LINK a:servis+wisow+modul,servis,nul,,;
6±D<LC1C?=@A13≤<L>?RA?2?C≤A651;C?A1±3»±;Q32D56BC3?A6>≤:

=?5D<L L>KOBL6F6 √? 3≤;?>D…CLB» ?4? =?∞>1 >1@A13<»C≤ >1
3≤;?>1>>»»;√?>1G6:H1B>1 1IQ:5≤B;6CQ3∞6±>1F?5≤CLB»E1:<51>≤F
SERVIS.dat.

6±D<LC1C?=A?2?C≤@A?4A1=≤L>KOBL…=1B≤3≤3Q5>?B>≤F21±≤B>≤F
1;C≤3>≤F6<6=6>CQ3±1BCD@>?RBF6=≤;?=@<6;B>?RBF6=≤Q3Q5>?B>≤F

21±≤B>≤F?@?AQ33BQF3QC?;51>?RBF6=≤ ?>≤33?5»CLB»DE1:<L>KOBLimi
151<Q;?A≤BCD31H=?∞6RF3≤;?A≤BC?3D31C≤5<»B≤>C6±DE1:<D51>≤F
?B>?3>?R@A?4A1=≤MDS

' 4

56»;≤F 3≤@15;1F >6FCD31>>»1;C≤3>≤=≤ ?@?A1=≤ 6<6=6>CQ3
6>6A4?B≤BC6=≤Q3Q5=Q>>QBC«E1± ∞≤3≤<L>≤F46>6A1C?AQ33≤»3<»…CLB»
>65?@DBC≤=≤= C1;≤F3≤@15;1F=?∞62DC≤3≤;?A≤BC1>1@A?4A1=1<MDS
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√?A?±3≤31…,A?±4<»>DCDA1>QI6,@A?4A1=DMDS>1;?=@<6;B>≤:C≤@51>≤F
%?=DQ=6>1±=Q>>≤FCDC=1«CLC?:B1=≤:6>6A46C≤H>≤:±=QBC.

?B<Q5?3>QBCLQE?A=1C≤@?51>>»±?3>QI>L?RQ>E?A=1GQR5<»A?2?C≤
@A?4A1=≤<MDS3≤5>?±>1BCD@>?4?EA14=6>C14

dimension mat(100,3),numusl(100),eusl(100),
*nuvar(100),twet(100)
complex x(100), uusl(100),tokwet(100),uvar(100),
*tvar(100),tok,uqypq,ypq,deltok,up,ctokkz
read(5,5) kolwet,kolusl,kolvar
read(5,5) ((mat(i,j),j=1,3),i=1,kolwet)
read(5,10) (x(i),i=1,kolwet)
read(5,15) (numusl(i),i=1, kolusl)
read(5,10) (uusl(i),i=1, kolusl)
read(5,15) (nuvar(i),i=1,kolvar)
read(5,20) eps
read(5,20) tbas

5     format (3i10)
10   format (4(2f8.3))
15   format (20(i4))
20   format (f8.4)

<«BCA1GQ«A?2?C≤@A?4A1=≤<MDS±A?2≤=?>1@A≤;<15QA?±5Q<D 6.2. 
%?@?<?4Q«±1BCD@>?RBF6=≤=?∞>1@?5≤3≤C≤B»>1A≤B0 1@1A1=6CA≤
±1BCD@>?RBF6=≤ 3A?±5AD;Q3GQE1:<D51>≤F√?@A≤3?5≤CLB»>≤∞H6

7               8                    3
1              11                 15
2              12                 17
3              13                 15
4              14                 18
5              15                 16
6              17                 16
7              16                 18
  0.060       0.200      0.400       1.310     0.300     1.170     1.000     3.330
  0.020       0.510      0.030       0.590     0.300     1.430     
11    12    13    14    15    16    17    18
  1.08        0.000        0.930         0.000        0.8         0.0         0.9        0.
  0.9          0.000        0.8           0.0              0.850       0.         0.          0.
15    16    17
0.01
9.2
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6±D<LC1C≤A?±A1FD>;D3≤5>?±>1BCD@>?4?<QBC≤>4D

?±A1FD>?;131AQ:>?4?A6∞≤=D@A»=?R@?B<Q5?3>?BCQ@A≤;?A?C;?=D
±1=≤;1>>Q3±1BCD@>Q:BF6=Q:

?±A1FD>;?31C?H;1;?A?C;?4?±1=≤;1>>» 3D±?<2
15@6A6FQ5>≤:BCAD=;?A?C;?4?±1=≤;1>>» 13;
&51A>≤:BCAD=;?A?C;?4?±1=≤;1>>» 23;

CAD=≤36<6=6>C1F±1BCD@>?RBF6=≤@A≤3656>Q5?>1@AD4≤C?H;≤
@?I;?5∞6>>»

>?=6A
3QC;≤

3D±?<
@?H1C;D

3D±?<
;Q>G»

;?=@<6;BBCAD=D, 
;

BCAD=
ka

1

2
3
4
5
6
7

11

12
13
14
15
17
16

15

17
15
18
16
16
18

1.009 + j( 4.988)
  .255 + j(  .797)

.390 + j(  1.197)
  .685 + j( 2.281)
  .616 + j( 3.859)
 .253 + j( .856)
  .876 + j( 4.640)

5.09

  .84
1.26

2.38
3.91
  .89
4.72

Q5>?B>Q>?=Q>1<L>Q>1@AD4≤D3D±<1F±1BCD@>?RBF6=≤@A≤;?A?C;?=D
±1=≤;1>>QD3D±<Q2

>?=6A≤
3D±<Q3

>1@AD41
3Q5B?C;≤

11
12
13
14
15
16
17
18

108.0000
  93.0000
  80.0000
  90.0000
  96.5048
  74.9863
  80.5451
      .0000

<»BF6=≤ A≤B0 @A?36BC≤C6BC?36A?±A1FD31>>»A6∞≤=D
;?A?C;?4?±1=≤;1>>»@?@6AIQ:QC6A1GQR±1=6C?5?=3D±<?3≤F>1@AD4
±1513I≤BL@6AI≤=>12<≤∞6>>»=±>1H6>L>1@AD4≤D3D±<1F

? @A≤;<15D . A?±5Q<D @Q54?CD31C≤ E1:< 51>≤F 5<»
13C?=1C≤±?31>?4?A?±A1FD31>>»@1A1=6CAQ3±1BCD@>?RBF6=≤131AQ:>?4?
A6∞≤=D±15?@?=?4?«@A?4A1=≤SERVIS.
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1±A1±;?= @Q54?CD31C≤ @Q5@A?4A1=DWISOW.for C1?CA≤=1C≤RR
?2…;C>≤:=?5D<L

56A∞1C≤@A?4A1=DSERVIS6F6√?3≤;?>D…CLB»>1@A13≤C≤RR>1
3≤;?>1>>»C1?CA≤=1C≤A6±D<LC1C≤A?±A1FD>;D@1A1=6CAQ3±1BCD@>?RBF6=≤
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7 S S Z Z Z Z Z Z
SU U U S U S S S

 

?>»CC»BCQ:;?BCQ6<6;CA≤H>≤FB≤BC6=Q@?3»±1>Q±>≤= D»3<6>>»
@A? @?ADI6>>» BCQ:;?BCQ A?±A1FD>;≤ BCQ:;?BCQ ;A≤C6AQRBCQ:;?BCQ
3Q5Q4A1«CL;<«H?3D A?<L3@Q54?C?3GQQ>∞6>6AQ3 √? ±126±@6HD«CL
>15Q:>QBCLA?2?C≤6<6;CA≤H>≤FB≤BC6=QB≤BC6=6<6;CA?@?BC1H1>>»

%A15≤GQ:>≤: 3≤;<15 @?>»CC»BCQ:;?BCQ6<6;CA≤H>≤F B≤BC6= »;
±51C>?BCQRF±26AQ41C≤@1A1=6CA≤A6∞≤=Q3D3D±<?3≤FC?H;1F3>?A=1<L>≤F
=6∞1F@A≤ 3≤@15;?3≤F±2DA6>>»FA6∞≤=D B@≤A1…CLB»>1@A1;C≤;D
@?ADI6>>»BCQ:;?BCQ6>6A4?B≤BC6=3 + Q=6HH≤>≤Q;?<≤I>L?4?
35?3?…>>≤:@6AQ?5[9, 10] )≤=B@A1365<≤3?@Q5;A6B<«…CLB»31∞<≤3QBCL
51>?4? »3≤√1 A?C6 C1;≤: @Q5FQ5 ;?<≤ @?>»CC» BCQ:;?BCQ 3
6<6;CA?6>6A46C≤GQ33?5≤CLB»@?±1±3»±;?=±1>1<?4QH>≤=≤»3≤√1=≤3
>13;?<≤I>L?=DB3QCQBC3?A«…DQ>∞6>6AQ3QBCD56>CQ3@?=≤<;?3D5D=;D
@A?C6√?3?>?3<1BC≤363≤;<«H>?6<6;CA≤H>≤=B≤BC6=1= &@Q±>QI≤F
A?2?C1F>1@A≤;<153[8] 3∞6±»3<»«CLB»@?4<»5≤>1B@Q<L>QBCL;A≤C6AQR3
BCQ:;?BCQ1<6>6@A?B@Q<L>QBCLB1=≤F»3≤√BCQ:;?BCQ)6C6∞>63≤AQID…
±151HQGQ<QB>?4?D»3<6>>Q@A?»3≤√6BCQ:;?BCQ5≤>1=QH>≤FB≤BC6=3@A≤A?5Q
QBDB@Q<LBC3Q

C≤=H1B?=»3≤√6BCQ:;?BCQ3≤»3<»…CLB»32D5L-»;≤F5≤>1=QH>≤F
B≤BC6=1F4

=6F1>QH>≤FBCQ:;QBCL;?>BCAD;GQ:BCQ:;QBCLBD56>
2Q?<?4QH>≤FBCQ:;QBCL@?@D<»GQ:?5>?4?3≤4<»5D
6;?>?=QH>≤FBCQ:;QBCL6;?>?=Q;≤;A1R>≤GQ>A≤>;?3?4?@?@≤CD
B?GQ1<L>≤FBCQ:;QBCL?B?2≤4A?=15BL;?R5D=;≤
3Q:BL;?3?-@?<QC≤H>≤F BCQ:;QBCL 3 =?56<Q 4?>;≤ ?±2A?…>L

QH1A5B?>1=?56<QA1;6C>?-»56A>?R3Q:>≤>CA≤<≤46:C?A1=?56<Q>1B<Q5;Q3
»56A>?R3Q:>≤ ?:B6…3?4?QC5[15 z 18].

& G≤F QQ>I≤F 5≤>1=QH>≤F B≤BC6=1F
n n

n t n
14?=≤=@Q5C36A5∞6>>»=B@Q<L>?BCQ@?>»CC»BCQ:;?BCQ5≤>1=QH>≤F

B≤BC6=…=1C6=1C≤H>1C6?AQ» »@D>?31@A?BCQ:;QBCLADFD@6AIQ
>1D;?3QA?2?C≤±»;?R±3»3≤<≤B»323A?GQ Q5=QC≤=?√?5?GL?4?H1BD
6<6;CA≤H>QB≤BC6=≤CQ<L;≤@?H1<≤BC3?A«31C≤B»Q@A?2<6=1BCQ:;?BCQ5<»
>≤F>13QCL>6±1±>1H1<1B»

©;>1B<Q5?;3H6>>» »@D>?31±»3≤<≤B»AQ±>Q;A≤C6AQRBCQ:;?BCQ5<»
?GQ>;≤@?365Q>;≤B≤BC6= 26±A?±3»±D31>>»B≤BC6= 5≤E6A6>GQ1<L>≤F
AQ3>»>L 1DB1 DA3≤G» ≤F1:<?31 1:;3QBC1 ?@?31 L…>1A1-
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+≤@1A1 -A?±2≤CC» 1±?=±>≤=≤@A≤5?B<Q5∞6>>QBCQ:;?BCQ6<6;CA≤H>≤F
B≤BC6=3≤;?A≤BC?3D«CLB»QC1;±31>Q@A1;C≤H>Q;A≤C6AQRBCQ:;?BCQ»;Q…
@?FQ5>≤=≤3Q556»;≤FA6∞≤=>≤F@1A1=6CAQ3@?BD=>Q3>≤F ;??A5≤>1C1F
<636BLG6:Q>BCAD=6>C1AQ:…@?BDCQB@A?√6>≤=3Q55±6A;1<6>>»=C6?AQR
BCQ:;?BCQ±1 »@D>?3≤= ±4Q5>?±»;?« - n I t

n t n
- n  t n

n n t .
?±D=Q>>»C?4?√?BCQ:;QBCL6<6;CA≤H>≤FB≤BC6=<≤I6H1BC;?3≤:

@A?»3±141<L>?4?@?>»CC»BCQ:;?BCQ3@A≤A?5QQBDB@Q<LBC3Q5?±3?<≤CL
Q>∞6>6A1=-6<6;CA≤;1=@A13≤<L>QI6B@A≤:=1C≤C6√?>1B?C?HD…GQ<QB>≤:
Q>6@?5Q<L>≤:B3QC

 

6AIQ5?B<Q5∞6>>»D41<D±QBCQ:;?BCQ6<6;CA≤H>≤FB≤BC6=2D<≤
3≤;<≤;1>Q@?CA62?«@A1;C≤;≤ + Q3Q5>?B»CLB»5?@?H1C;D -FA?;Q3
=≤>D<?4?BC?AQHH»)62D<?@?3»±1>?±?B3?…>>»=3B62Q<LI3≤B?;≤F
>1@AD4 ?2…5>1>>»= =6A6∞ @6A65131>>»= 6>6A4QR>15?B≤CL36<≤;Q
3Q5BC1>Q»;Q3BD;D@>?BCQ>12<≤±≤<≤6;?>?=QH>D=6∞D@?CD∞>?BCQ√?
@6A651…CLB»5?C6F>QH>?=?∞<≤3?R& + =1<≤=QBG6A»53≤@15;Q3
3CA1C≤BCQ:;?BCQH≤=Q3≤±>1H≤<1B»1;CD1<L>QBCL@A?2<6=≤

A≤@?@6A65>L?=D3≤3H6>>QBCQ:;?BCQ@1A1<6<L>?RA?2?C≤4?<?3>1
D3141@A≤5Q<»<1BL<Q>Q»=@6A651H A?C6@?51<LI≤:56C1<L>QI≤:1>1<Q±
@?;1±13√?C1;6∞QBC?C>6±>1H6>>»1Q>?5QQ2Q<LI6=1«CL6<6;CA≤H>QQ
=6F1>QH>Q3<1BC≤3?BCQ46>6A1C?AQ3C1B≤>FA?>>≤F;?=@6>B1C?AQ3=6F1>QH>Q
3<1BC≤3?BCQ@6A3≤>>≤F53≤4D>Q3 F1A1;C6A≤BC≤;≤ B≤BC6=≤ ±2D5∞6>>»
A64D<»C?AQ3>1@AD4≤I3≤5;?5Q»A6<6:>?4?±1F≤BCDA64D<»C?AQ3@6A3≤>>≤F
53≤4D>Q36<6;CA≤H>Q>131>C1∞6>>»QC5*6A6±C1;D;Q<L;QBCL3@<≤31«H≤F
H≤>>≤;Q3@A?2<6=1BCQ:;?BCQ6<6;CA≤H>≤FB≤BC6= @A≤RFA?±4<»5Q»;
…5≤>?4?GQ<?4?3BQFRF6<6=6>CQ3 »;1±5131<1B»B@?H1C;D@A?BC?«
>1B@A135Q3≤»3≤<1BL5D∞6B;<15>?«Q2141C?4A1>>?«

3C?A1=≤@6AI≤F5?B<Q5∞6>LBCQ:;?BCQ6<6;CA≤H>≤FB≤BC6=2D<≤
3H6>Q + 4 DI DCG ?26ACB?> ?46ACQ <1A; 1:;<
«56>26A4 ' ?>4<6: 1A; BC1>>Q:3 32A?GQ±1@A?@?>D313

3Q5?=Q5≤E6A6>GQ1<L>QAQ3>»>>»B≤>FA?>>?R=1I≤>≤
6√?@Q±>QI6GQ…« @A?2<6=?« @?H1<≤±1:=1C≤B»3 Q=6HH≤>QQ

;?<≤I>L?=D ?∞>12D<?@6A6521H1C≤ √?5<»>1I?R;A1R>≤±
36<≤H6±>≤=≤3Q5BC1>»=≤Q=?∞<≤3≤=≤51<L>Q=≤@6A651H1=≤ @A?2<6=1
BCQ:;?BCQC1;?∞2D561;CD1<L>?« 5Q:B>?3>1I≤F@6AI≤FB≤BC6=1F
?B6>6A4?Q6>6>6A4?=1<≤=QBG6A»53≤@15;Q3@?ADI6>>»BCQ:;?BCQ%1;
3B≤BC6=Q ?B6>6A4?±1@6AQ?5± 3 @? 3.A3Q52D<?B» 3≤@15;Q3
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;?A≤BCD«CLB»>151<Q@A?4A1=1=≤A?±A1FD>;D5≤>1=QH>?RBCQ:;?BCQ±1
»;≤=≤3≤;?>D…CLB»A?±A1FD31>>»@6A6FQ5>?4?@A?G6BD@QB<»>636<≤;?4?
±2DA6>>» 31∞1…CLB»±15?GQ<L>65131C≤>636<≤;6Q=@D<LB>6±2Q<LI6>>»
=?=6>CDCDA2Q>≤ @A≤»;?=D;DC±2Q<LID…CLB»>62Q<LI6 >Q∞>1/о. 
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6>6A1C?A>1»;?=D±151…CLB»Q=@D<LB3≤2≤A1«CLC1;√?23≤;<≤;1C≤
;?<≤31>>»;DC1B1=63C≤F<Q>Q»FBCQ:;QBCL»;≤F3≤;<≤;1…BD=>Q3≤

©;√?3A6±D<LC1CQ@A≤;<151>>»Q=@D<LBDB≤BC6=1@QB<»56;Q<L;?F
;?<≤31>L@?36AC1…CLB»5?@?@6A65>L?4?BC1>DC?G6?±>1H1…√?51>≤:
A6∞≤=BC1C≤H>?BCQ:;≤:

6A65 3QCH≤±>»>≤F @A?4A1= A?±A1FD>;D BC1C≤H>?R BCQ:;?BCQ
3Q5±>1H≤=?@A?4A1=≤ &;A1R>≤

A?4A1=1QBB- D 51…=?∞<≤3QBCL A?±A1FD31C≤ B6AQ« A6∞≤=Q3
@1A1=6CAQ3A6∞≤=Q3√?3Q5AQ±>»«CLB»±=Q>?«32D5L-»;≤F3D±<1FB≤BC6=≤
6A6521H6>Q4

±=Q>146>6A1GQR3±151>≤F3D±<1F±Q>5≤3Q5D1<L>≤=;A?;?=±=Q>≤
@?CD∞>?BC6:;?∞>?4?46>6A1C?A15

±=Q>1>131>C1∞6>>»D3D±<1F±@A?@?AGQ:>≤=3Q5>6B6>>»=GL?4?
>131>C1∞6>>»=Q∞±151>≤=≤3D±<1=≤5

@A?@?AGQ:>1±=Q>1AQ3>»>1@AD43;?>CA?<L>≤F3D±<1F
)» @A?4A1=1 3≤;?>D…CLB» ± @A?4A1=?« B-01 A?±A1FD31>>»

>?A=1<L>?4?A6∞≤=D
©;2D<?3Q5=QH6>? =6C?5≤H>Q@≤C1>>»±1351>>»A?±A1FD>;D

5?B<Q5∞D31<≤B» QA?±A?2<»<≤B» 3 ?B>?3>?=D >1 @6AI?=D 6C1@Q
3@A?315∞6>>»3D=?31F?2=6∞6>≤F=?∞<≤3?BC6:?2H≤B<«31<L>?RC6F>Q;≤
±1@1=»CL« QRFI3≤5;?5Q…« %?=D@A≤A?±A?2GQ@A?4A1=4?<?3>1
D3141 @A≤5Q<»<1B» @?5?<1>>« G≤F CAD5>?√Q3 C?: ∞6H1BA»5
?B?2<≤3?BC6:=1C6=1C≤H>≤F=?56<6:±151HQA?±A1FD31>>» ±1<≤I1«CLB»
5?B<Q5∞6>≤=≤>65?BC1C>L?Q@?>≤F>6BE?A=?31>QA6;?=6>51GQR5<»
C≤@?3?4?±1BC?BD31>>» ?<?3>Q±>≤FC1;Q4

@A?2<6=1@A≤±>1H6>>»Q3≤2?AD21<1>BD«H?4?3D±<13@<≤3>1
A?±A1FD>?;3≤±>1H6>>»21±≤B>?4?3D±<15

3≤2QA>6?2FQ5>?RC?H>?BCQA?±A1FD>;D 5
?5>?±>1H>QBCL=?∞<≤3QBCL±1BC?BD31>>»@?;1±>≤;Q3±2Q∞>?BCQ5<»

4A1>≤H>≤FA6∞≤=Q3C≤@?3QA6;?=6>51GQR5
3@<≤35QRA64D<«31<L>≤F@A≤BCA?R36<6;CA?BC1>GQ:>1A6±D<LC1C≤

A?±A1FD>;Q3@?C?;?A?±@?5Q<DQ=6∞@?CD∞>?BCQC13≤±>1H6>>»>6?2FQ5>?BCQ
DC?H>6>>»QB>D«H≤F=?56<6:46>6A1C?A>≤F3D±<Q3;

?GQ>;1BCD@6>»3@<≤3D3A1FD31>>»3A?±A1FD>;1FBC1C≤H>≤F
F1A1;C6A≤BC≤;>131>C1∞6>>» ( Q>6?2FQ5>?RC?H>?BCQRF@?51>>»5

>6?2FQ5>QBCLE?A=1<Q±1GQRQA?±A?2;≤ED>;GQ?>1<L>≤F=?56<6:
@A?3656>>»A?±A1FD>;Q3 C1?2A?2;≤RFA6±D<LC1CQ3√?Q=QCD«CLA?2?CD
C6F>?<?41QQ>

;Q>GQGL?4?A?±5Q<D@A≤3656=?C12<≤G« 3»;Q:>13656>?56»;≤:
@6A6<Q;@A?4A1=A?±A1FD31>>»BCQ:;?BCQ√?3≤;?A≤BC?3D«CLB»351>≤:H1B
5≤B@6CH6ABL;≤=≤@Q5A?±5Q<1=≤6>6A4?B≤BC6=
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%12<≤G»1 z>E?A=1GQ»@A?@A?4A1=≤A?±A1FD31>>»BCQ:;?BCQ√?
3≤;?A≤BC?3D«CLB»5≤B@6CH6ABL;≤=≤B<D∞21=≤

=»
@A?4A1=≤

A41>Q±1GQ»-
A?±A?2>≤;

≤BC6=1
@A?4A1=≤

2B»4
BF6=≤

RASTR w& -6>6A4?x DOS, ≤
10003D±<Q3
20003QC?;
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%)w )
>6A46C≤;≤x

DOS, ≤
10003D±<Q3
20003QC?;

& & '
DOS, 
'?ACA1>

2000 3D±<Q3
3500 3QC?;

MUSTANG )w1<CQRx DOS, ≤
2000 3D±<Q33500 

3QC?;

-6 DOS, '?ACA1> 600 3D±<Q3
1000 3QC?;

6C1<L>≤:Q;A≤C≤H>≤:?@≤BG≤F@A?4A1=@A≤3?5≤CLB»3T21].

H?=D@?<»41…BDC>QBCL»3≤√1BCQ:;?BCQB≤BC6=≤C1»;3?>?
@A?»3<»…CLB»36<6;CA?6>6A46C≤H>Q:B≤BC6=Q9

1365QCL3<1B>≤:@A≤;<15»3≤√1BCQ:;?BCQ5<»2D5L-»;?R5≤>1=QH>?R
B≤BC6=≤ ©;Q±2DA6>>» ±1EQ±≤H>?« @A≤A?5?« =?∞DCL@A≤±36BC≤5?
3CA1C≤BCQ:;?BCQGQ…RB≤BC6=≤9

C1C≤H>15≤>1=QH>1C1A6±D<LCD«H1BCQ:;?BCQ©;QB@Q<L>QA≤B≤…3
G≤F»3≤√1FC1»;Q3Q5=Q>>?BCQ9

3. ?=@«C6A>Q@A?4A1=≤ A?±A1FD31>>» BCQ:;?BCQ6<6;CA≤H>≤F
A6∞≤=Q3>63≤AQI6>QCAD5>?√QC1=?∞<≤3?BCQ@A?4A1=



119

S U U T S S
Z Z Z UT U U U S

 

©;>14?<?ID31<?B»A1>QI6@?ADI6>>»BC1C≤H>?RBCQ:;?BCQ>6AQ5;?
=1… 1@6AQ?5≤H>≤: F1A1;C6A 5<» »;?4? 3<1BC≤3≤: B1=?3Q<L>≤:
>6;?>CA?<L?31>≤:3Q5FQ5@1A1=6CAQ3A6∞≤=D3Q5BC1<≤F±>1H6>L 6A63QA;D
GL?4?E1;CD=?∞>1@A?3?5≤C≤±1@A1;C≤H>≤=≤;A≤C6AQ»=≤.

A1;C≤H>Q;A≤C6AQR5?±3?<»«CLBD5≤C≤@A?BCQ:;QBCLB≤BC6=≤CQ<L;≤
±13Q5BDC>?BCQ=?∞<≤3?BCQB1=?A?±4?:5D31>>» C?5Q, »;Q>IQB@?B?2≤
A?±A1FD>;D51«CL=?∞<≤3QBCL3BC1>?3≤C≤Q;?<≤31<L>D>6BCQ:;QBCL

@A?G6BQA?2?C≤36<6;CA≤H>Q:B≤BC6=Q3Q52D31«CLB»@63>Q±=Q>≤
A6∞≤=D ?∞<≤3?√?@A≤GL?=DA6∞≤=>12<≤∞1C≤=6CLB»5?4A1>≤H>?4?
±1 BC1C≤H>?« BCQ:;QBC« %1;≤: BC1> >1±≤31…CLB» @?4QAI6>>»= 12?
?231∞>6>>»=A6∞≤=D%?=D@?3≤>6>2DC≤±126±@6H6>≤:±1@1BBC1C≤H>?R
BCQ:;?BCQ

1@1BBC1C≤H>?RBCQ:;?BCQ…;Q<L;QB>?«=QA?«?231∞>6>>»A6∞≤=D, 
√?@6A63QA»…CLB»5?@?ADI6>>»:?4?BC1C≤H>?RBCQ:;?BCQ 6<≤H≤>1±1@1BD
BC1C≤H>?RBCQ:;?BCQ=?∞6;?>CA?<«31C≤B»36<≤H≤>1=≤;DCQ3±BD3DA?C?AQ3
46>6A1C?AQ312?√?C6∞B1=61;C≤3>≤F@?CD∞>?BC6:»;Q@6A651«CLB»1
C1;?∞>1@AD41=≤D3D±<1FB≤BC6=≤ 1@1BBCQ:;?BCQ±1>1@AD4?«

K
U U

U
> ;

>
U
 A 100  %,

3>?A=1<L>?=DA6∞≤=Q@?3≤>6>2DC≤>6=6>I6
A≤C≤H>1>1@AD41 U;A√?3F?5≤CL5?3≤A1±D;?6EQGQ…>C1±1@1BDG6

>1@AD41@A≤»;Q:3Q52D31…CLB»@?ADI6>>»BC1C≤H>?RBCQ:;?BCQDE?A=Q
C6;DH?BCQ12?B@?3±1>>»@1A1=6CAQ3A6∞≤=DH≤@6A6;≤51>>»>131>C1∞6>>»

1@1BBCQ:;?BCQ±11;C≤3>?«@?CD∞>QBC«

±
; A 100  %,

3>?A=1<L>?=DA6∞≤=Q@?3≤>6>2DC≤>6=6>I6 13;?A?C;?H1B>?=D
@QB<»131AQ:>?=DA6∞≤=Q >6=6>I62

A1>≤H>1@?CD∞>QBCL√?@6A651…CLB» ;A, »;13F?5≤CL5?3≤A1±D
;?6EQGQ…>C1±1@1BD …@?CD∞>QBCL @A≤»;Q:3Q52D31…CLB»@?ADI6>>»
BC1C≤H>?RBCQ:;?BCQ ?>1 @?3≤>>1 3≤±>1H1C≤B» ±3A1FD31>>»= 5QR
13C?=1C≤H>≤F@A≤BCA?R3

A1;C≤H>Q;A≤C6AQR…>6AQ3>?BC»=≤3≤4<»5D
dA
dB

C 3<Q3Q:H1BC≤>Q

»;≤F ±>1F?5»CLB» @?FQ5>Q3Q5 56»;≤F A6∞≤=>≤F @1A1=6CAQ3 @?
BD=>Q3>≤F ;??A5≤>1C1F A1>≤H>QB@Q33Q5>?I6>>»>1=6∞QBCQ:;?BCQ
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>12D31«CL3≤4<»5DAQ3>?BC6:56 (0; ). A1;C≤H>Q;A≤C6AQR=1«CL
3±1…=?±3»±?; Q± D=?31=≤ BC1C≤H>?R BCQ:;?BCQ Q ±1 3Q5BDC>?BCQ
B1=?A?±4?:5D31>>»3B≤BC6=Q3Q5@?3Q51«CL@?±≤C≤3>?BCQ±>1;13Q<L>?4?
H<6>1F1A1;C6A≤BC≤H>?4?AQ3>»>>»

%
dP
d

0 4A1>≤H>6B@Q33Q5>?I6>>»
dP
d

0 ±1BC?B?3D…CLB»

5<»@6A63QA;≤BCQ:;?BCQBC1>GQR»;1@A1G«…H6A6±6<6;CA?@6A651HD>1I≤>≤
>6±=Q>>?R>1@AD4≤ 12?5<»3≤@15;DA?2?C≤ 53?FBC1>GQ: BD=QA>?R
@?CD∞>?BCQA?±5Q<6>≤F6<6;CA?@6A651H6« >1±141<L>6>131>C1∞6>>»&
GL?=D;A≤C6AQR4

41<L=Q3>16<6;CA?=14>QC>1@?CD∞>QBCLBC1>GQR5
 ;DC±BD3DA?C?A1BC1>GQRBC?B?3>?36;C?A1>6±=Q>>?R>1@AD4≤D

5AD4?=D3≤@15;D-3±1…=>≤:;DC=Q∞A?C?A1=≤53?FBC1>GQ:
'Q±≤H>?@?FQ5>1 F1A1;C6A≤±D…A61;GQ«46>6A1C?A1>1±2Q<LI6>>»

;DC1 A≤@?±≤C≤3>?=DRR±>1;D3≤@15;?3?=D±A?BC1>>«;DC13Q5@?3Q51…
±2Q<LI6>>»1;C≤3>?R@?CD∞>?BCQ46>6A1C?A1»;6=1…41<L=Q3>D5Q«, Q
@?36AC1…;DC5?@?H1C;?3?4?±>1H6>>» G6Q±126±@6HD…BCQ:;QBCL
A6∞≤=D

2 &B≤BC6=QBC1>GQ» B≤BC6=1N7Xdchi A≤B. 8.1)
3≤±>1H≤C≤±1@1BBC1C≤H>?RBCQ:;?BCQ, 3≤F?5»H≤±@?BCQ:>?BCQB≤>FA?>>?R

46>6A1C?A1

≤BD>?;2 z F6=1>1:@A?BCQI?R6<6;CA?@6A651HQ

© ( ( + -

E U
Q x

U

P x

U4  
0

2
0

2
  ,              (8.1)

56 4 @6A65131<L>?RBC1>GQR5
U >1@AD41@A≤:=1<L>?4?;Q>G»5
P0, Q0 1;C≤3>1QA61;C≤3>1@?CD∞>?BCQ√?@6A651«CLB»;
x A6±D<LCD«H≤:?@QA5

P
E U

x
4


sin,              (8.2)



121

P
E U

xm
4


,                 (8.3)

56Im 1=@<QCD51;DC?3?RF1A1;C6A≤BC≤;≤5

K
P P

P±
m

A
 0

0

100 , %.

©& ©

6±D<LCD«H≤:?@QA4

x= x4 + xc = 1,8 + 0,69= 2,49.

≤>FA?>>1 @6A65131<L>?RBC1>GQR4

E U
Q x

U

P x

U4  
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=@<QCD51@?CD∞>?BCQ4
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2 4 1

2 49
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?6EQGQ…>C±1@1BD4

K
P P

P
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0

100
0 963 0 583

0 583
100 65 2

, ,

,
, %

≤BD>?;2 z A1EQH>1Q>C6A@A6C1GQ»A?±3»±;D@A≤;<15D2

2 B≤BC6=Q53QBC1>GQR >131>C1∞6>>» A≤B. 8.3)
3≤±>1H≤C≤±1@1BBC1C≤H>?RBCQ:;?BCQ, 3≤F?5»H≤±@?BCQ:>?BCQ@6A6FQ5>≤F

46>6A1C?A>≤FBC1>GQ:Q@?BCQ:>?BCQ?@?AD>131>C1∞6>>»
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≤BD>?;2 z F6=1B≤BC6=≤53QBC1>GQR >131>C1∞6>>»

© ( ( + -

Z
U

S
j >

>


2
cos sin  ,                                  (8.4)

56L> @?3>1@?CD∞>QBCL>131>C1∞6>>»5
 ;DC±BD3DE1±>131>C1∞6>>»

P E y E E y1 1 11 11 1 2 12 12 12 sin sin   ,                     (8.5)

56n11, y12 3Q5@?3Q5>?,3<1B>1Q3±1…=>1@A?3Q5>?BCQ;
11, 12 5?51C;?3Q5?30;DC≤3<1B>≤FQ3±1…=>≤F?@?AQ35

P E y E E ym  1
2

11 11 1 2 12sin .                                 (8.6)

©& ©

<1B>Q?@QAQ@A?3Q5>QBCL4

Z jx
jx z

jx z
j

j j

j j
j>

>
11 21

21

22
0 846

0 527 0 22 37

0 527 0 22 37
0 98 84 


,

, , exp

, , exp
, exp

o

o
o

;

y11 = 1,02; 11 = 6 .

±1…=>Q?@QAQ@A?3Q5>QBCL4

Z jx jx
jx jx

Z j
j

>
12 21 22

21 22 0 846 0 527
0 846 0 527

0 22 37
3 05 122 


, ,

, ,

, exp
, exp

o
o

;

y12 = 0,328; 12 =  32 .

=@<QCD51@?CD∞>?BCQ4

 708,1328,06,265,16sin02,165,1yEEsinyEP 2
12211111

2'
1m  .
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?6EQGQ…>C±1@1BD4
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1 708 1000
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70 8 .
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6 4A1>≤H>6 B@Q33Q5>?I6>>»

d Q
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±1BC?B?3D…CLB»5<»@6A63QA;≤BCQ:;?BCQ3;?>G6>CA?31>≤F6<6;CA≤H>≤F
B≤BC6=1F »;Q>6=1«CL51<L>QF 6<6;CA?@6A651H Q56 BD=>Q3>?«
;??A5≤>1C?«@A≤@?ADI6>>QBCQ:;?BCQ…>1@AD41

'Q±≤H>?G6:;A≤C6AQ:F1A1;C6A≤±D…A61;GQ«B≤BC6=≤>1±>≤∞6>>»
>1@AD4≤ 3 ±151>Q: 3D±<?3Q: C?HGQ 6<≤H≤>1 Q … AQ±>≤G6« =Q∞
A61;C≤3>?« @?CD∞>QBC« »;1 46>6AD…CLB» J4, Q»;1 B@?∞≤31…CLB»
>131>C1∞6>>»=J>:

Q = Q4  Q>.

?FQ5>1
d Q
dU


@A≤3Q5…=>?=DRR±>1;D51…36<≤H≤>D5?51C;?3?4?

A61;C≤3>?4?>131>C1∞6>>»351>Q:C?HGQB≤BC6=≤»;63≤;<≤;1…±>≤∞6>>»
>1@AD4≤3>Q:>1?5≤>≤G« A?±D=Q<?√?H≤=2Q<LI112B?<«C>136<≤H≤>1
d Q
dU


C≤=BCQ:;QI1>1@AD41351>?=D3D±<Q A≤±=6>I6>>Q12B?<«C>?R

36<≤H≤>≤
d Q
dU

@?CAQ2>Q3B6=6>IQQ=6>IQ5?51C;?3Q>131>C1∞6>>»5<»

@?>≤∞6>>»>1@AD4≤ D3D±<?3Q: C?HGQ>1?5≤>≤G« Q >1A6ICQ @A≤

>12<≤∞6>>Q36<≤H≤>≤
d Q
dU

5?>D<»=?∞<≤36>6;?>CA?<L?31>6B@?3±1>>»

>1@AD4≤
C∞6 3 GL?=D ;A≤C6AQR @A≤;<151>>» =1<?4? 5?51C;?3?4?

A61;C≤3>?4? >131>C1∞6>>»3±151>?=D3D±<QA?±4<»51…CLB»»;=1<6
±2DA6>>»1@?>≤∞6>>»>1@AD4≤ »;:?4?>1B<Q5?;.

A≤@A1;C≤H>?=D3≤;?A≤BC1>>QGL?4?;A≤C6AQ«±>1;@?FQ5>?R
d Q
dU


@?3≤>6>@6A63QA»C≤B»@?H≤>1«H≤±>1@6A653Q5?=?4?BCQ:;?4?A6∞≤=D. 1
A6±D<LC1C1=≤@?BCD@?3?4?:?4??231∞>6>>»2D5D…CLB»;A≤31>15=QA>?R
@?CD∞>?BCQQ 3I≤A?;?=D5Q1@1±?>Q>1@AD4Q@?CQ=3≤5Q<»…CLB»;A≤C≤H>1
>1@AD41.

2 &;?>G6>CA?31>Q:B≤BC6=Q,A≤B. 8.4,»;1@?51>1B3?R=≤
6;3Q31<6>C>≤=≤@1A1=6CA1=≤±156»;≤F21±≤B>≤FD=?33≤±>1H≤C≤±1@1B
BCQ:;?BCQ±1>1@AD4?« A?±4<»51«H≤>131>C1∞6>>»±1:?4?BC1C≤H>≤=≤
F1A1;C6A≤BC≤;1=.
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≤BD>?;2.z F6=16<6;CA≤H>?RB≤BC6=≤

© ( ( + -

C1C≤H>QF1A1;C6A≤BC≤;≤;?=@<6;B>?4?>131>C1∞6>>»±1>1@AD4?«
C12<2 :

%12<≤G» 2 z 1<6∞>?BCQ *(U*) C1 Q*(U*) ;?=@<6;B>?4?
>131>C1∞6>>»

U* 1,001 0,900 0,800 0,700

P* 1,000 0,941 0,893 0,855

Q* 1,000 0,885 0,844 0,880

Q
E U

x
P

U

x4
i

i
i

i
i




2
2

2
,           (8.7)

56 Q4i A61;C≤3>1 @?CD∞>QBCL 1-4? 46>6A1C?A1 D 3D±<Q

>131>C1∞6>>»5
        Ei 1-4?46>6A1C?A1;
       Pi 1;C≤3>1@?CD∞>QBCL1-4?46>6A1C?A15

         xi 3±1…=>≤:?@QA3QC;≤1-4?46>6A1C?A1

Q
E U

x

U

x4
i

i
i

i
i
 cos 

2
,                                 (8.8)

3≤A1±≤27 Q28 C?C?∞>Q

Q = Q4 Q>,                                          (8.9)

56J> A61;C≤3>1@?CD∞>QBCL3D±<1>131>C1∞6>>»

U U

U
;

U
 A 100 , %.                                (8.10)
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©& ©

?±3»±D31>>»±ADH>?3≤;?>D31C≤3C12<≤H>Q:E?A=Q,C12<2

%12<≤G»2 z?±A1FD>?;±1<6∞>?BCQQ(U)

U 1,000 0,900 0,800 0,700

P>= PP* 0,800 0,752 0,715 0,685

Q>= QQ* 0,600 0,513 0,507 0,529

(EMU/ xM)
2 

>
2 1,718 1,345 0,998 0,686

(EMU/ xM)
2 2,358 1,910 1,509 1,156

E U

x
M

M
>



2
2 1,310 1,153 0,999 0,826

B=U2/ xM 0,714 0,579 0,457 0,350
Q4= A  B 0,596 0,574 0,542 0,476

Q = Q4  Q> 0,004 0,061 0,035 0,053

4A1EQ;1Q Q UA≤B2/3≤5>?√?
d Q
dU


= =1…=QBG6@A≤

U = U;A = 0,870.
1@1BBCQ:;?BCQ

K
U3

1000 0 870

1000
100 13  

, ,

,
% .

≤BD>?;2/z CA≤=1>≤:4A1EQ;±1<6∞>?BCQQ(U)
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%
dE
dU
8 4A1>≤H>6 B@Q33Q5>?I6>>»

dE
dU
7 =?∞6

±1BC?B?3D31C≤B»5<»@6A63QA;≤BC1C≤H>?RBCQ:;?BCQA6∞≤=D32D5L-»;≤F
3≤@15;1F;?<≤ BD=>Q3>?« ;??A5≤>1C?«…>1@AD41)6=?∞62DC≤Q3
;?>G6>CA?31>≤FB≤BC6=1F± @?CD∞>≤=≤3D±<1=≤>131>C1∞6>>» Q3
B≤BC6=1F √?∞≤3<»CLH6A6±6<6;CA?@6A651HQ>131>C1∞6>>»BD=QA>?R
@?CD∞>?BCQ

 8.4 ≤±>1H≤C≤ ±1@1B BCQ:;?BCQ ;?=@<6;B>?4?
>131>C1∞6>>»√?∞≤3≤CLB»3Q5B≤BC6=≤BD=QA>?R@?CD∞>?BCQA≤B. 8.6):

≤BD>?;20z F6=1B≤BC6=≤»;1∞≤3≤CL>131>C1∞6>>»BD=QA>?R
@?CD∞>?BCQ

6?2FQ5>Q@1A1=6CA≤A6∞≤=DQB≤BC6=≤@A≤3656>QD3Q5>?B>≤F
?5≤>≤G»F±1@63>≤F21±≤B>≤FD=?3

© ( ( + -% %
C1C≤H>QF1A1;C6A≤BC≤;≤ >131>C1∞6>>» ±1 >1@AD4?« 3±»C≤ ±

[8, 7]12?±1A≤B. 4.6 [9].

E U
Q x

U

P x

UM
> M > M

 

2 2

, (8.11)

56I>, Q> 3Q5@?3Q5>?,1;C≤3>1QA61;C≤3>1@?CD∞>QBCL>131>C1∞6>>»
»;1±1<6∞≤CL3Q5>1@AD4≤

©& ©

?±3»±D31>>»3≤;?>1…=?3C12<≤H>Q:E?A=QC12<2

%12<≤G»2 z?±A1FD>?;±1<6∞>?BCQM(U)

U 1,000 0,900 0,800 0,700
P>=PP* 0,900 0,848 0,804 0,770
Q>=QQ* 0,700 0,620 0,591 0,616
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A?5?3∞6>>»C12<≤GQ2
Q>xM/U 0,560 0,551 0,591 0,704

U+Q>xM/U 1,560 1,451 1,391 1,404
P>xM/U 0,720 0,755 0,804 0,880

EM 1,720 1,634 1,610 1,660

≤5>?√?
dE

dU
M7 =1…=QBG6@A≤N7N;A=0,8. 1@1BBCQ:;?BCQ

K
U U

UU

;
3 100

10 0 8

10
100 20    A , ,

,
% .

≤BD>?;21z CA≤=1>≤:4A1EQ;±1<6∞>?BCQM(U)

%
dQ

dE
M

M

6 4A1>≤H>6B@Q33Q5>?I6>>»
dQ

dE
M

M

= =?∞6

±1BC?B?3D31C≤B» 5<» @6A63QA;≤ BCQ:;?BCQ>131>C1∞6>>» 5<» »;?4?
BD=>Q3>?« ;??A5≤>1C?«…>1@AD41(?H1>1@AD413»3>?=D3≤4<»5Q>6
@A≤BDC>»3;A≤C6AQR±3»±?;RR±;A≤C6AQ…=<64;?3≤»3<»…CLB»H6A6±21<1>B
A61;C≤3>?R@?CD∞>?BCQ

2/ <»D=?3@A≤;<15D2.3≤±>1H≤C≤;A≤C≤H>Q±>1H6>>»
EMQJM, »;Q3Q5@?3Q51«CL@?ADI6>>«BCQ:;?BCQ>131>C1∞6>>»

© ( ( + -

Q Q
P Q

U
xM >

> >
M

2 2

2
,                                      (8.12)

56 5AD4≤: 5?51>?; z 3CA1C≤ A61;C≤3>?R @?CD∞>?BCQ 3
6<6;CA?@6A651HQ

©& ©

?±3»±?;@?51=?3C12<≤H>Q:E?A=QC12< 8.4,»;A?±3≤C?;A?±3»±;D
±151HQ2.13Q5@?3Q5>D4A1EQH>D±1<6∞>QBCLzA≤B22
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%12<≤G»2.z?±A1FD>?;±1<6∞>?BCQQM M)

U 1,000 0,900 0,800 0,700
P>=PP 0,900 0,848 0,804 0,770
Q>=QQ 0,700 0,620 0,591 0,616
Q>xM/ U 0,560 0,551 0,591 0,704

U + Q>xM/ U 1,560 1,451 1,391 1,404
P>xM/ U 0,720 0,755 0,804 0,880

EM 1,720 1,634 1,610 1,660

P Q> >
2 2 1,300 1,104 0,997 0,970

P Q

U
x> >
M

2 2

2
1,040 1,090 1,250 1,588

M2

2
>

2
>

> x
U

QP
Q 1,740 1,710 1,841 2,204

QM 1,740 1,710 1,841 2,204

≤BD>?;22z CA≤=1>≤:4A1EQ;QM M)

≤5>?√?;A≤C≤H>Q@1A1=6CA≤»;Q3Q5@?3Q51«CL
dQ

dE
M

M

 C1;Q4

E;A = 1,61;  Q;A = 1,841.

%
dP
dS
8 4A1>≤H>6B@Q33Q5>?I6>>»

dP
dS
7 ±1BC?B?3D…CLB»

5<»?GQ>;≤BCQ:;?BCQ1B≤>FA?>>?4?>131>C1∞6>>»√?∞≤3≤CLB»»;3Q5I≤>
>6B;Q>H6>>?R@?CD∞>?BCQC1;Q3Q53D±<?3?RC?H;≤=6A6∞Q±>6±=Q>>?«
>1@AD4?« ?I≤A««H≤ ?BC1>>… C36A5∞6>>» >1 3≤@15?; ∞≤3<6>>»

*
  *
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>131>C1∞6>>»3Q546>6A1C?A1BD=QA>?R@?CD∞>?BCQH6A6±6<6;CA?@6A651HD
=?∞>1331∞1C≤>6±=Q>>?«>1@AD4?« 46>6A1C?A1

'Q±≤H>?@?FQ5>1
dP
dS
F1A1;C6A≤±D…A61;GQ«B≤BC6=≤>1±2Q<LI6>>»

;?3±1>>»L1B≤>FA?>>?4?>131>C1∞6>>» A≤5?51C>?=D±>1;DGQ…R@?FQ5>?R
3≤@15;?3?=D±A?BC1>>«;?3±1>>»3Q5@?3Q51…6<6;CA?=14>QC>1@?CD∞>QBCL
»;1±12≤A1…CLB»±=6A6∞Q12??26AC1«H≤:=?=6>C@A?@?AGQ:>≤:GQ:
36<≤H≤>Q»;Q±A?BC1«CLI3≤5I6 >Q∞ 41<L=Q3>1@?CD∞>QBCL =?=6>C
=1I≤>≤-±>1A»55» 15<≤I?;@?CD∞>?BCQ@A≤GL?=D>151…@A≤B;?A6>>»
53≤4D>DQC≤= @?36AC1…;?3±1>>»5?@?H1C;?3?4?±>1H6>>» 6∞≤=
3≤»3<»…CLB»BCQ:;≤=

20 B≤>FA?>>≤:53≤4D>±3Q5>?B>≤=≤@1A1=6CA1=≤
@?;1±1>≤=≤>1±1BCD@>Q:BF6=Q, A≤B. 8.9 ∞≤3≤CLB»3Q5I≤>>6±=Q>>?R

>1@AD4≤ 31∞1«H≤I0=P=6F7 3≤±>1H≤C≤±1;A≤C6AQ…=
dP
dS
7 ;A≤C≤H>Q

@1A1=6CA≤Q;?6EQGQ…>C≤±1@1BDBCQ:;?BCQ>131>C1∞6>>»±1@?CD∞>QBC«Q
>1@AD4?«.

≤BD>?;23z1BCD@>1BF6=11B≤>FA?>>?4?53≤4D>1

© ( ( + -

P
U R S

R x Ss


2

2

2
2 2( )

, (8.13)

56Fs, R2 3Q5@?3Q5>?, A6±D<LCD«H≤:Q>5D;C≤3>≤:Q1;C≤3>≤:?@QA
±1BCD@>?RBF6=≤1B≤>FA?>>?4?53≤4D>1

P
U

xm
s


2

2
; (8.14)
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U P x; sA 2 0 ; (8.15)

S
R

x;
s

A
2  . (8.16)

©& ©

A≤C6AQ«
dP
dS
7 3Q5@?3Q51«CLB@Q33Q5>?I6>>»2 4)  (8.16)

S
R

x;
s

A
,

,
,  2 0 03

012
0 25 ;

P
U

xm
s

 



2

2

10

2 012
416

,

,
, ;

U P x; sA , ,   2 2 1 012 0 490 ;

K
P P

P±
m

P
  0

0

416 100

100
316

, ,

,
, ;

K±P =316 %;

K
U U

U±
;

U
    A , ,

,
%100

100 0 49

100
100 51 .

 8.7 <»D=?3@A≤;<15D203≤±>1H≤C≤±1B@Q33Q5>?I6>>»=
dQ
dU

 ;A≤C≤H>Q@1A1=6CA≤N;A QJ;A, »;Q3Q5@?3Q51«CL@?ADI6>>«

BCQ:;?BCQ1B≤>FA?>>?4?>131>C1∞6>>» 6±D<LC1C≤@?AQ3>»C≤±A?±3»±;?=
@A≤;<15D20

© ( ( + -

Q



U

x

2

,                                                   (8.17)

Q I xx s ss
 2 ,                                                 (8.18)

56Bs BCAD=H6A6±1;C≤3>≤:?@QA±1BCD@>?RBF6=≤1B≤>FA?>>?4?
53≤4D>1

Q Q QxS
  ;                                            (8.19)
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P I
R

Ss 2 2 ;                                               (8.20)

U I x
R

Ss s


2 2
2

.                                       (8.21)

©& ©

151«H≤BL±>1H6>>»=≤;?3±1>>»L±1 (8.20 ±>1:56=?BCAD=BS √?
3Q5@?3Q51… >131>C1∞6>>« »;6 5?AQ3>«… ?5≤>≤GQ ≤;?A≤BC?3D«H≤
?56A∞1>≤:BCAD=BS, ±1 (8.21 3≤±>1H≤=?>1@AD4DN ?CQ=?2H≤B<≤=?Q, 
QxS
C1Q ±13≤A1±1=≤ (8.17)  (8.19). 

6±D<LC1C≤±3656=?3C12<≤G«C12<2/Q@A65BC13≤=?>1A≤B. 8.10.

%12<≤G»2/z 6±D<LC1C≤A?±A1FD>;D±1<6∞>?BCQQ(U)

S Is
2 Is U Q QxS Q

0,10 3,330 1,820 0,590 0,150 0,400 0,550
0,20 6,700 2,600 0,500 0,109 0,800 0,909
0,25 8,350 2,860 0,490 0,105 1,000 1,105
0,30 10,000 3,160 0,495 0,106 1,200 1,306

≤BD>?;2 z A1EQ;±1<6∞>?BCQQ(U)

≤5>?√?;A≤C≤H>Q@1A1=6CA≤»;Q3Q5@?3Q51«CL
dQ
dU

= C1;Q4

U;A = 0,49; Q;A = 1,105.

A≤C≤H>1>1@AD41±2Q41…CLB»±1±>1H6>>»=Q±A?±3»±;?=@?@6A65>L?R
±151HQ
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8.2

6A65 ?B>?3>≤F A?±A1FD>;?3≤F =6C?5Q3 ;6AQ3>≤=≤ 3;1±Q3;1=≤
>1±31>QC1;Q3»;≤F3≤±>1H6>>»BC1C≤H>?RBCQ:;?BCQ6>6A46C≤H>≤FB≤BC6=
21±D…CLB»>1±1BC?BD31>>Q=1C6=1C≤H>≤F;A≤C6AQR3√?3≤CQ;1«CL±=6C?5Q3
=1<≤F;?<≤31>L 3Q5F≤<6>L 56CLB»@A?3≤;?A≤BC1>>»1<462A1RH>≤F
DA3≤G» 1DB1 L…>1A1-+≤@1A112?H1BC?C>≤F ≤F1:<?31;A≤C6AQR3.

1BC?BD31>>»2D5L-»;≤F=1C6=1C≤H>≤F;A≤C6AQR3@?3»±1>6±1>1<Q±?=
F1A1;C6A≤BC≤H>?4?AQ3>»>>»B≤BC6=≤»;6@?3≤>>?2DC≤5<»51>?RB≤BC6=≤
>1@6A65 ?56A∞1>? 12? ±151>? 1>?>QH>1E?A=1F1A1;C6A≤BC≤H>?4?
AQ3>»>>»=1…3≤4<»54

D(P) = a0 p
n +a1 p

n-1+a2 p
n-2+...+an =0.       (8.23)

BQ1<462A1RH>Q;A≤C6AQRBCQ:;?BCQ±1B>?31>Q>1±1;?>?=QA>?BC»F√?
@?3»±D«CL3Q5…=>QBCL;?A6>Q3 Pi F1A1;C6A≤BC≤H>?4?AQ3>»>>» ?±>1;1
BCQ:;?BCQQ±±>1H6>>»=≤;?6EQGQ…>CQ31j GL?4?AQ3>»>>»Q56»;≤FED>;GQ:
3Q5;?6EQGQ…>CQ3

  

A≤C6AQ: DA3≤G» 3BC1>?3<«… GQB@Q33Q5>?I6>>» D 3≤4<»5Q
>6AQ3>?BC6: 5?CA≤=1>>»»;≤F …>6?2FQ5>?« Q5?BC1C>L?« D=?3?«
BCQ:;?BCQB≤BC6=≤2D5L-»;?4?@?A»5;D &B3?« H6A4D, ±4151>1B≤BC6=1
>6AQ3>?BC6:3≤F?5≤CL±=1CA≤GQ DA3≤G» ;315A1C>?Rc-4?@?A»5;D, 
;?=@?>6>C1=≤»;?R3≤BCD@1«CL;?6EQGQ…>C≤VjF1A1;C6A≤BC≤H>?4?AQ3>»>>»

n nt n t

?4?<?3>Q:5Q14?>1<QA?±C1I?3D«CLB»;?6EQGQ…>C≤D@?A»5;DRF
>D=6A1GQR@?H≤>1«H≤±11Q±1;Q>HD«H≤1n.

& A»5;1F @? H6A±Q @?=Q√1«CLB» ;?6EQGQ…>C≤ CQ<L;≤
±>6@1A>≤=≤12?CQ<L;≤±@1A>≤=≤ 3;<«H1«H≤>D<L?3≤: Q>56;B1=≤
@A≤H?=D<Q3?ADH3Q54?<?3>?R5Q14?>1<Q ±Q>56;B1=≤√?±=6>ID«CLB»1
@A13?ADH ±C≤=≤√?±2Q<LID«CLB».

BQ;?6EQGQ…>C≤±Q>56;B1=≤=6>I≤=≤3Q5>D<»Q2Q<LI≤=≤±1c
±1=Q>««CLB»>D<»=≤

n t , n
t j n n n

n i C?2C?:
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a j

i

 

 





0 0 1 2

0 1 2

 j  n

 i  n.

, , , ... , ;

, , ... ,
                                 (8.23)

Q14?>1<L>Q =Q>?A≤ 3≤±>1H>≤;≤ DA3≤G» ?CA≤=D«CLB»
3Q5;A6B<«31>>»=RF±<Q31Q±36AFD3Q5A6IC≤=1CA≤GQDA3≤G»»;G63≤5>?
±>1BCD@>?RRR=>6=?>QH>?RBF6=≤

≤BD>?;2 z >6=?BF6=1?CA≤=1>>»5Q14?>1<L>≤F=Q>?AQ3

22 ?B<Q5≤C≤>1BCQ:;QBCLB≤BC6=D F1A1;C6A≤BC≤H>6
AQ3>»>>»»;?R=1…3≤4<»54

p4 + 7p3 + 12p2 + 23p + 10= 0.

©& ©

1CA≤G»DA3≤G»4

101210

02370

010121

00237



Q14?>1<L>Q=Q>?A≤:
1 = 7 > 0;

2
7 23

1 12
12 7 23 1 61 0     ;

 =

C?3@GQ

»5;≤

?<?3>1
5Q14?>1<L

Q>?A≤:

1711

11 13
10 12

QC5

2 =
1n

11 1513
10
0
12 14
11 13

Q>56;B≤
±=6>ID«CLB»

Q>56;B≤
±2Q<LID«CLB»
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 3
5 6

7 23 0

1 12 10

0 7 23

1 10
7 23

0 7
1 23

7 23

1 12
913 0      ;

4
8

7 23 0 0

1 12 10 0

0 7 23 0

0 1 12 10

1 10

7 23 0

1 12 10

0 7 23

10 913 9130 0       .

B;Q<L;≤D=?3≤ 2 3 3≤;?>1>Q5?B<Q5∞D31>1B≤BC6=1BC1C≤H>?
BCQ:;1

8.2.2 -

)6:;A≤C6AQ:…56»;?«=QA?«A?±3≤C;?=;A≤C6AQ« DA3≤G»
n - n n t j

n n n  -1) -  -3) - n nt
n t C?2C?:










.0

0

n...,,2,1,0j|0a

3n

1n

j

23 ?B<Q5≤C≤>1BCQ:;QBCLB≤BC6=D F1A1;C6A≤BC≤H>6
AQ3>»>>»»;?R=1…3≤4<»54

p5 + p4 + 7p3 + 4p2 + 10p + 3 = 0.

©& ©

1CA≤G»DA3≤G»4

34100

010710

03410

001071

00341



.

Q14?>1<L>Q=Q>?A≤:
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 n        1 4
2 3

1 4 3 0

1 7 10 0

0 1 4 3

0 1 7 10

1 1

7 10 0

1 4 3

1 7 10

1 1

4 3 0

1 4 3

1 7 10

63 55 8 0( ) ( ) ;

 n     3 2
1 4

1 7
7 4 3 0 .

≤BC6=1BCQ:;1

8.2.3 

A≤C6AQ: 1DB1 3BC1>?3<«… B@Q33Q5>?I6>>» @?3»±1>Q ±
;?6EQGQ…>C1=≤F1A1;C6A≤BC≤H>?4?AQ3>»>>»D3≤4<»5Q>6AQ3>?BC6: »;Q
3≤CQ;1«CL±C12<≤GQ1DB1±H≤B<?=A»5;Q3n+1.

n t

1. @6AI?=DA»5;DA?±C1I?3D«CLB»;?6EQGQ…>C≤F1A1;C6A≤BC≤H>?4?
AQ3>»>>»±@1A>≤=≤Q>56;B1=≤@?H≤>1«H≤±>D<L?3?4?

2. 5AD4?=DA»5;DA?±C1I?3D«CLB»;?6EQGQ…>C≤F1A1;C6A≤BC≤H>?4?
AQ3>»>>»±>6@1A>≤=≤Q>56;B1=≤

<6=6>C≤;?∞>?4?>1BCD@>?4?A»5;1 kl3≤±>1H1«CLB»3≤A1±?=:

kl = Ck+l ,l-2 l-2 Ck+1 ,l-1,                                 (8.24)

56l
l

l

C

C
l2

1 2

1 1

3,

,

; 

k >?=6ABC?3@G»;
l >?=6AA»5;1

, n
t j n n n

n t t C?2C?:









1n,...,4,3l0C

n,...,2,1,0j0a

l1

j
                       (8.25)

*≤B<?±=Q>±>1;13@6AI?=DBC?3@GQC12<≤GQ3;1±D…>1H≤B<?;?A6>Q3
F1A1;C6A≤BC≤H>?4?AQ3>»>>»»;Q±>1F?5»CLB»3@A13Q:>1@Q3@<?√≤>QQC≤=
B1=≤=;A≤C6AQ: 1DB15?±3?<»…5?B<Q5≤C≤F1A1;C6A>6BCQ:;?BCQ
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 8.10 <»D=?3@A≤;<15D22@6A63QA≤C≤BCQ:;QBCLB≤BC6=≤
±1;A≤C6AQ…= 1DB1.

©& ©

;<151…=?C12<≤G« 1DB1,C12<20»;15<»±151>?4?F1A1;C6A≤BC≤H-
>?4?AQ3>»>>»

A4 1A3 A2 A 7

=1C≤=6@»CLA»5;Q3

%12<≤G»20z%12<≤G»1DB15<»D=?3@A≤;<15D2

11=1 12=12 31=10
12=7 22=23 32=0

13=61/7 23=10 33=0
14=913/61 24=0 34=0

15=10 25=0 35=0

@Q33Q5>?I6>>»2 5 3≤;?>1>QB≤BC6=1BCQ:;1

 8.11 ?B<Q5≤C≤>1BCQ:;QBCLB≤BC6=DF1A1;C6A≤BC≤H>6
AQ3>»>>»»;?R=1…C1;≤:3≤4<»54

A5 3A4 A3 A 7

©& ©

%12<≤G»21z%12<≤G»1DB15<»D=?3@A≤;<15D2

1 10 3 0
9 0 10 0
10 17/9 0 0

17/10 10 0
60,5 0
10

A≤B;<151>>QC12<≤GQ1DB1±1@?3>««CL>63BQ6<6=6>C≤A»5;Q31
<≤I6CQ»;Q@?CAQ2>Q5<»@?51<LI≤F?2H≤B<6>L. 

B;Q<L;≤3@6AI?=DBC?3@GQ…3Q5…=>≤:6<6=6>CC?D=?3≤2 5 >6
3≤;?>D«CLB»H6A6±√?B≤BC6=1>6BCQ:;1 B;Q<L;≤3@6AI?=DBC?3@GQ
3≤»3<»«CLB»53Q±=Q>≤±>1;1±@<«B1>1=Q>DB1@?CQ=±=Q>DB1>1@<«B
C?B≤BC6=1=QBC≤CL531@A13≤F;?A6>»Q=1…=QBG6;?<≤31<L>1>6BCQ:;QBCL

1=0,143
2=0,821
3=0,582

1=1/ 9
2=0,9
3= 100/17
4= 0,028
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)6:;A≤C6AQ:3≤AQID…@≤C1>>»@A?±>1F?5∞6>>»;?A6>Q3F1A1;C6-
A≤BC≤H>?4?AQ3>»>>» 1±>1H≤CL Q@A?BCQ:;QBCL I<»F?= @?2D5?3≤
4?5?4A1E1F1A1;C6A≤BC≤H>?4?36;C?A1√?Q=6>D…CLB»C1;?∞4?5?4A1E?=
≤F1:<?31

n n

1. A≤:>»C≤3F1A1;C6A≤BC≤H>?=D36;C?AQe72.
≤5Q<≤C≤5Q:B>D

U( ) = an  an-2 
2 + an-4 

4  ...                          (8.26)
QD»3>D

V( ) = an-1  an-3 
3 + an-5 

5  ... (8.27)

H1BC≤>≤F1A1;C6A≤BC≤H>?4?36;C?A1
A≤31AQ1GQR 3=6∞1F3Q50 ?2H≤B<≤C≤3Q5@?3Q5>6

±>1H6>>»U( ) C1V( ).
. 1;?=@<6;B>Q:@<?√≤>Q3;??A5≤>1C1FO N>1>6BC≤3Q5@?3Q5>Q

;A?;D C?H;≤
/ …5>1C≤C?H;≤@<13>?«;A≤3?« 4?5?4A1E?= ≤F1:<?31

, n
n n n
n n n n
n n n
>1;I65<»BCQ:;?BCQ±1 ≤F1:<?3≤=>6?2FQ5>?Q5?B≤CL√?2@A≤

31AQ1GQR 3Q5 5? :   
F1A1;C6A≤BC≤H>≤:36;C?AD(j ) ±A?2≤3@?3?A?C>1;DCc @A?C≤

4?5≤>>≤;?3?RBCAQ<;≤5
4?5?4A1E ≤F1:<?31>6@A?F?5≤3H6A6±@?H1C?;;??A5≤>1C

2 6A63QA≤C≤>1BCQ:;QBCLB≤BC6=DF1A1;C6A≤BC≤H>6
AQ3>»>>»»;?R

0,12 p3  + 0,10 p2 + 1,72 p + 0,50 = 0.

©& ©
A≤:=6=?A72, 3≤5Q<≤=?

U( ) = 0,50  0,10 2;

V( ) = 1,72  0,12 3

C1?2H≤B<≤=?±1<6∞>?BCQU( ) QV( ) @A≤±=Q>Q1A4D=6>C10 3
C12<≤H>?=D3≤4<»5QC12<22
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%12<≤G»22z ?±A1FD>?;U( ) C1V( ) 5<»@?2D5?3≤4?5?4A1E1
≤F1:<?31

U( ) V( )
0 0,50 0
2 0,10 2,48
3  0,40 1,98
4  1,10  0,80

≤BD>?;2 z ?5?4A1E ≤F1:<?31√?3Q5@?3Q51…A6±D<LC1C1=
A?±A1FD>;D

A≤B2 3≤5>?√?4?5?4A1E ≤F1:<?31@A?F?5≤CLCA≤;315A1>C≤
?C?HD«H≤@?H1C?;;??A5≤>1C C∞6B≤BC6=1BCQ:;1

?H6A4?36@A?F?5∞6>>»;315A1>CQ34?5?4A1E?= ≤F1:<?315?±3?<»…
?56A∞1C≤D=?3DBCQ:;?BCQ3Q>I?=DE?A=D<«31>>Q

,
,















0)(V

0)(U.3

;
d

)dV(
)(V'560)0('V.2

;0)0(V.1

           (8.28)

6AIDD=?3DB<Q5A?±D=QC≤C1;√?3≤A1±2 6 @A≤@Q5BC1>?3GQ =0 
@?3≤>>≤:2DC≤5?51C>Q= AD41D=?313≤F?5≤CL@A≤@Q5BC1>?3GQ 7 D
@?FQ5>D3≤A1±D2 7 »;1…D»3>?«H1BC≤>?«F1A1;C6A≤BC≤H>?4?36;C?A1
BC1>>»D=?31?±>1H1…√?;?A6>QAQ3>»>>»N 7 C1O 7 2D5DH≤

5Q:B>QC1
@6A6=Q∞>Q
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A?±C1I?31>Q>1H≤B<?3Q:?BQ @?3≤>>QH6A4D31C≤B»?5≤>±?5>≤= >1;I6
;1∞DH≤>6?2FQ5>?√?2=Q∞2D5L-»;≤=≤53?=1;?A6>»=≤?5>?4?±G≤F
AQ3>»>L±>1F?5≤3B»2;?AQ>LQ>I?4?AQ3>»>>»

2 <»D=?3@A≤;<15D2 @6A63QA≤C≤BCQ:;QBCL±1
;A≤C6AQ…= ≤F1:<?3135AD4?=DE?A=D<«31>>Q

©& ©

Q:B>1QD»3>1H1BC≤>≤F1A1;C6A≤BC≤H>?4?36;C?A14
U( ) = 0,50  0,10 2;

V( ) = 1,72  0,12 3.

≤5>?√?N = 0,50 > 0.
B;Q<L;≤V ( ) = 1,72  30,12 2C1 V (0) = 1,72 > 0,C?3≤;?>D…CLB»Q

5AD41D=?31
≤±>1H≤=?;?A6>QAQ3>»>LU( 7 ≤O ) = 0:

U( ) = 0,50  0,10 2 = 0; 1,2 = 5 2 24, ;
V( ) = 1,72  0,12 3 = 0; 3 = 0;

1,72  0,12 2 = 0; 4,5 = 
172

012
3 78

,

,
, .

B;Q<L;≤F1A1;C6A≤BC≤H>6AQ3>»>>» √?5?B<Q5∞D…CLB» CA6CL?4?
@?A»5;DC?>151<Q2D56=?A?±4<»51C≤CQ<L;≤CA≤>63Q5…=>Q;?A6>QC?=D
√?±4Q5>?±C6?AQ…«,±>1H6>>»31AQ««CLB»3Q5 5? C?2C?±>1F?5»CLB»D
>63Q5…=>Q:±?>Q @»C≤?56A∞1>≤F3≤√6;?A6>Q3GQ:D=?3Q3Q5@?3Q51«CL4

U( )=0 1=2,24
V( )=0 3=0; 4=3,78

)Q;?A6>Q5Q:B>QQ@6A6=Q∞>Q BC1>>…=?∞>121H≤C≤>1C1;Q:
=>6=?>QH>Q:BF6=Q

1 2 3 4 5

≤BD>?;2 z ?<?∞6>>»;?A6>Q3AQ3>»>LU( )C1V

8.2.5 D-

)6:B@?BQ2±1BC?B?3D…CLB»3C≤F3≤@15;1F ;?<≤3@?H1C;?3?=D
F1A1;C6A≤BC≤H>?=DAQ3>»>>QB≤BC6=≤±151>Q>63BQ1<≤I656»;Q±

U = 0

0

V = 0
3 4

1
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;?6EQGQ…>CQ3, Q±1351>>»@?<»41…D3≤±>1H6>>Q±?>≤±>1H6>L5<»Q>I≤F
;?6EQGQ…>CQ3 √? ±126±@6HD«CL BCQ:;QBCL B≤BC6=≤ 12? 3 5?3656>>Q
3Q5BDC>?BCQ±?>≤BCQ:;?BCQ

B;Q<L;≤;?6EQGQ…>C≤F1A1;C6A≤BC≤H>?4?AQ3>»>>»=QBC»CL56»;Q
C6F>QH>Q@1A1=6CA≤B≤BC6=≤C? D-A?±2≤CC»=?∞>1@A?3?5≤C≤3@<?√≤>Q
G≤F @1A1=6CAQ3 <» 3≤@15;D ;?<≤ ;?6EQGQ…>C≤ F1A1;C6A≤BC≤H>?4?
AQ3>»>>»±1<6∞1CL3Q553?F@1A1=6CAQ3 Q3≤A1±2 2) >126A63≤4<»5D:

=A , )= A Q(p)+ R(p)=0,    (8.29)

56 ,  5Q:B>Q@1A1=6CA≤5
P(p), Q(p), R(p) 3Q5?=Q=>?4?H<6>≤±5Q:B>≤=≤;?6EQGQ…>C1=≤
A?G65DA1A?±A1FD>;D±3?5≤CLB»5?@?2D5?3≤<Q>QRE-=6∞QC1 D-

A?±2≤CC»3;<«H1«H≤Q>?5Q3B626?B?2<≤3Q@A»=Q3≤5Q<6>>»±3»±>≤F±?>3
@<?√≤>Q@1A1=6CAQ3 √?5?B<Q5∞D«CLB» Q@6A63QA;≤BCQ:;?BCQ±?>≤-
@A6C6>56>C1>1BCQ:;QBCL

n 2-n n n

1. F1A1;C6A≤BC≤H>?=DAQ3>»>>Q=e , ) @A≤:>»C≤A72 .
≤5Q<≤C≤Q@A≤AQ3>»C≤5?>D<»5Q:B>DQD»3>D









)2(0),,(DIm

)a(0),,(DRe
(8.30)

H1BC≤>≤F1A1;C6A≤BC≤H>?4?AQ3>»>>»
B≤BC6=≤ AQ3>»>L »;1?56A∞1>1 3≤±>1H≤C≤ @1A1=6CA≤H>Q

AQ3>»>>»<Q>QRE

( )=



1 C1 ( )=



2 , (8.31)

56, 1, 2 3Q5@?3Q5>?, 4?<?3>≤:@6AI≤:Q5AD4≤:3≤±>1H>≤;≤
B≤BC6=≤√?3≤AQID«CLB»±1@A13≤<?= A1=6A1

. A≤31AQ1GQR 3=6∞1F ?2H≤B<≤C≤±>1H6>>» Q.
/ 1E1±?3Q:@<?√≤>Q , >1>6BC≤3Q5@?3Q5>Q5?;A?;D.C?H;≤Q

±…5>13I≤RF?56A∞1C≤<Q>Q«E-=6∞D=-A?±2≤CC»»;√?  C?=6∞6«
D-A?±2≤CC»B<D∞1CLCQ<L;≤?B?2<≤3Q@A»=Q

0 1E1±?3Q:@<?√≤>Q2D5D«CLB»?B?2<≤3Q@A»=Q±1D=?34»;√?5<»

Q = 1 =  7 C?2D5D«CL@A»=DKZD ( Q, , 7 5»;√?32 2 10 = 
10( ,  C?2D5D«CL@A»=D10( , ) = 0.

1 5Q:B>≤C≤ ICA≤FD31>>» <Q>QRE ;6AD«H≤BL C≤= √? @A≤
±A?BC1«H≤F <Q>Q»EICA≤FD…CLB»±<Q31±1F?5?=»;√?8 QB@A131 3
Q>I?=D3≤@15;D.
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2 5Q:B>≤C≤ICA≤FD31>>»?B?2<≤3≤F@A»=≤F;6AD«H≤BLC≤=√?3
=QBG»F@6A6C≤>D@A≤C?A;1>>QRF±<Q>Q…«EICA≤FD31>>»@?3≤>>?2DC≤
±36A>6>6?5>65??5>?4?

3 ≤5Q<≤C≤±3»±>Q±?>≤1B6A65>≤F ±?>D-@A6C6>56>C>1BCQ:;QBCL
»; ±?>D ±>1:2Q<LI≤= H≤B<?= <Q3≤F ;?A6>Q3 ;6AD«H≤BLC1;≤=≤
=QA;D31>>»=≤4

1@A≤@6A6F?5Q±?5>Q…R±?>≤3Q>IDH6A6±<Q>Q«L 32Q;ICA≤FD31>>»
>?31±?>1>12D31…531<Q3≤FQ3CA1H1…531@A13≤F;?A6>»;

2 @A≤@6A6F?5Q±?5>Q…R±?>≤3Q>IDH6A6±?B?2<≤3D@A»=D32Q;
ICA≤FD31>>»,>?31±?>1?CA≤=D…?5≤><Q3≤:Q3CA1H1…?5≤>@A13≤:;?AQ>L

10. B6A65≤>Q±?>≤-@A6C6>56>C1>1BCQ:;QBCL3±»C≤5?3Q<L>DC?H;D±
;??A5≤>1C1=≤ 0, 0 Q@Q5BC13≤C≤3@?H1C;?36F1A1;C6A≤BC≤H>6AQ3>»>>»
(8.29).

?B<Q5≤C≤>1BCQ:;QBCL±12D5L-»;≤==1C6=1C≤H>≤=;A≤C6AQ…=
?56A∞1>6F1A1;C6A≤BC≤H>6AQ3>»>>»±;?6EQGQ…>C1=≤3»3>Q:E?A=Q

©;√?A?±3»±?;51…BCQ:;QBCLC?±?>1-@A6C6>56>C5Q:B>?=QBC≤CL
C?H;≤BCQ:;?4?BC1>DQ>1;I6±?>≤BCQ:;?BCQ>6=1…3±141<Q

 8.14 ≤5Q<6>>»==-±?>±>1:C≤±?>DBCQ:;?BCQB≤BC6=≤

D(p, , 7A3 + A2 + A 07

12?@?;1±1C≤√?C1;?R±?>≤>6=1…3±141<Q

©& ©

A≤:=6=?A7j C1@A65BC13≤=?F1A1;C6A≤BC≤H>6AQ3>»>>»D3≤4<»5Q

D( , , ) = j 3 2 + j  + 6 = 0.
≤5Q<≤=?

Re D ( , , ) = 2 + 6 = 0;

ImD ( , , ) = 3 +   = 0.

>1<Q±D…=?B≤BC6=D









;0

60
2

2

 
2

20

0 1
; 1 2

6 0

1
6 0   ; 2

2

2
46

0
  ;

 



1
2

6
;   




2
4

2
2

.
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2H≤B<≤=?±>1H6>>» Q@A≤ 0 .

3 2 1 0
0 2/3 3/2 6

 9 4 1 0

B;Q<L;≤>6=1… i 5<»»;≤F2≤ = 1 =  7 Q10 >6±1<6∞1<?3Q5
C1C??B?2<≤3≤F@A»=≤F>6=1…

?2D5D…=?<Q>Q«E-=6∞D=-A?±2≤CC»,A≤B. 8.14. 

≤BD>?; 2. z Q>Q» Lz=6∞QDzA?±2≤CC» √? ?CA≤=1>1 ±1
A6±D<LC1C1=≤A?±A1FD>;D

?∞>13≤5Q<≤C≤±?>≤ Q (1: 2D56±?>?«=1( , 3 C?5Q
2D56±?>?«=2(  + 2, 1 ). ?>1 D2 √?=QBC≤CL2Q<LI6H≤B<?<Q3≤F
;?A6>Q3…@A6C6>56>C?=>1BCQ:;QBCL <»C?H;≤[3; 5], »;1>1<6∞≤CLGQ:
±?>Q@?H1C;?36F1A1;C6A≤BC≤H>6AQ3>»>>»C1;64

D(p) = p3 + 3p2 + 5p + 6 = 0.
<»>L?4?

630

051

063


.

B;Q<L;≤
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1 = 3 > 0; 2
3 6

1 5
9 0   ;

3 = 62 = 69 = 54 > 0,

±?>1BCQ:;?BCQQB>D…Q3?>1…=2 (3, 0).

2/ ≤5Q<≤C≤=-±?>≤Q3≤±>1H≤C≤±?>DBCQ:;?BCQB≤BC6=≤

D(p, , ) = A2 A A2 A  1) + 1 = 0.

©& ©

A≤A= j

D(p, , ) =  j ( 3 + ) + j  2  + 1 = 0.









.0)(),,(DIm

;1)1(0),,(DRe
3

2

 
0 1

1
2

3
2 2( )

( )
( ) ;

1

21 1

0
 

( )
;

2 3
20 1

0
1 

( )
( ) ;

 



1
2 2

1

1( )
;    




2
2

1

1( )
.

4

1,00 0,50 0
0 0,25 0,64 1,00

 0 0,50 0,80 1,00
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/

≤BD>?;2/z Q>Q»L-=6∞1D-A?±2≤CC»√??CA≤=1>1

0 B;Q<L;≤@A≤ i 7 =1…=QBG6 = 1 =  7 C?2D5D…=?
?B?2<≤3D@A»=DA≤B. 8.16)

Re D ( i, , ) =  ( 2 + 1)  =  1;

 (  + 1)  =  1;

 = 1.

B;Q<L;≤10 = C?2D5D…=??B?2<≤3D@A»=D  = 0.

≤BD>?;20z B?2<≤3Q@A»=Q>1E1±?3Q:@<?√≤>Q

1
B;Q<L;≤8 @A≤ C?ICA≤FD…=?±<Q31@?F?5D<Q>QRE
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≤BD>?;21z+CA≤F?3;1L-=6∞Q>1E1±?3Q:@<?√≤>Q

2 ≤5Q<≤=?±?>≤ 1, 2, 3, 4, 5 (A≤B. 8.18) C13≤;?>1…=?
ICA≤FD31>>»?B?2<≤3≤F<Q>Q:

≤BD>?;22z+CA≤FD31>>»?B?2<≤3≤F<Q>Q:

3 6F1:±?>1 2D56=2 ( , 3 ).
%?5Q

D1 5

D3 + 1, 2 5

D4  + 1, 2 5

D5 , 3 

D1 ±?>1-@A6C6>56>C>1BCQ:;QBCL?B;Q<L;≤=QBC≤CL>1:2Q<LI6H≤B<?
<Q3≤F;?A6>Q3.

≤26A6=?3B6A65≤>Q=1 (  + 2, 1 ) C?H;D /51/ C?5Q
F1A1;C6A≤BC≤H>6AQ3>»>>»2D56
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=A7A3 A2 A 7

130

021

013







 

1

 3 1 

 1 2 

 3 1 0 

 1 2 0 

 0 3 1 

 

   

   

3 0

6 1 5 0

5 0

2

3 2

;

;

.

B;Q<L;≤A?±3»±?;>1;A?GQ 51…BCQ:;QBCLC?3≤5Q<6>Q
±?>≤>1B@A135QC1;Q4

D1 = D1 (3,0) ±?>≤BCQ:;?BCQ5
D2 (1,2); D3 (2,1) ; D4 (2,1) ; D5 (1,2).

 : 3

A?4A1=1LM:MB<@A≤±>1H6>15<»@6A63QA;≤BC1C≤H>?RBCQ:;?BCQ
B≤BC6=≤ ±151>?RF1A1;C6A≤BC≤H>≤=AQ3>»>>»=@?A»5;D>62Q<LI6
>1<Q±BCQ:;?BCQ@A?3?5≤CLB»>1?B>?3Q=1CA≤GQDA3≤G»%?=D;<«H?3≤=
=?=6>C?=1<4?A≤C=DA61<Q±?31>?=D3@A?4A1=Q…B≤>C6±=1CA≤GQDA3≤G»
151<QBCQ:;QBCL3≤±>1H1…CLB»±12Q<LI6;?>?=>≤=±?2H≤B<«31<L>?RC?H;≤
21H6>>»;A≤C6AQ…= L…>1A1-+≤@1A1

FQ5>?«Q>E?A=1GQ…«5<»@A?4A1=≤LM:MB<…@?A»5?;Q;?6EQGQ…>C≤
F1A1;C6A≤BC≤H>?4?=>?4?H<6>14

*  PROGRAM STATIC
#  АНАЛИЗ УСТОЙЧИВОСТИ СИСТЕМЫ НА ОСНОВЕ 

        #  МАТРИЦЫ ГУРВИЦА
* РАЗМЕРНОСТЬЮ НЕ БОЛЕЕ 10 
* ХАРАКТЕРИСТИЧЕСКОГО УРАВНЕНИЯ
  REAL KOEFF
   DIMENSION GURV(10,10),KOEFF(11)
   READ(5,10) M

 10  FORMAT(i5)
   I1=M+1
   READ(5,15)(KOEFF(I),I=1,I1)

15  FORMAT(8F10.5)

GL?=DEA14=6>CQ@A?4A1=≤4
M-@?A»5?;=1CA≤GQDA3≤G»5
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KOEFF 36;C?A-A»5?;;?6EQGQ…>CQ3F1A1;C6A≤BC≤H>?4?AQ3>»>>»
≤FQ5>1 Q>E?A=1GQ» … B≤>C6±?31>?« 3 @Q5@A?4A1=QF:MKBQ

=1CA≤G6« DA3≤G» A6±D<LC1C≤ ?2H≤B<6>L >6?2FQ5>≤F =Q>?AQ3 3
@Q5@A?4A1=QFBGHKQ3≤B>?3;≤3Q5>?B>?BCQ:;?BCQB≤BC6=≤

?B>?3Q1<4?A≤C=D A61<Q±?31>?4?3@A?4A1=Q<6∞≤CL>1BCD@>6
C36A5∞6>>»

≤∞H6@A≤3?5≤CLB»3≤FQ5>≤:<QBC≤>4@A?4A1=≤LM:MB<±?2A?2;≤
F1A1;C6A≤BC≤H>?4?AQ3>»>>»@»C?4?@?A»5;D4

A5 A4 1A3 .A2 A 7

6A63QA;1BC1C≤H>?RBCQ:;?BCQB≤BC6=≤
26±3≤±>1H6>>»;?A6>Q3F1A1;C6A≤BC≤H>?4?

AQ3>»>>»

?6EQGQ…>C≤F1A1;C6A≤BC≤H>?4?AQ3>»>>»B≤BC6=≤/-4?
@?A»5;D4

1.00000 1.00000 7.00000 4.00000 10.00000 3.00000
1CA≤G»DA3≤G»√?3Q5@?3Q51…3≤FQ5>≤=D=?31=4

1.000    4.000   3.000    .000    .000
1.000    7.000  10.000    .000    .000
  .000    1.000   4.000   3.000    .000
  .000    1.000   7.000  10.000    .000
  .000      .000   1.000   4.000   3.000

Q>?A≤»;Q;?>CA?<««CLB»c- C1c- @?A»5;Q34
D=      8.00;
D=      3.00.

≤BC6=1BC1C≤H>?BCQ:;1±1;A≤C6AQ…= L…>1A1-+≤@1A1

8.4 U

?GQ<L>QBCL@?ID;D;?A6>Q3F1A1;C6A≤BC≤H>≤FAQ3>»>L3≤CQ;1…±C?4?
E1;CD√?@?<?∞6>>»;?A6>Q3>1;?=@<6;B>Q:@<?√≤>Q51…3Q5@?3Q5L>1
@≤C1>>»@A?BC1C≤H>DBCQ:;QBCLB≤BC6=≤ √?5?B<Q5∞D…CLB» 1»3>QBCL
BDH1B>≤F?2H≤B<«31<L>≤F=?∞<≤3?BC6:±>Q=1…B;<15>QBCL@?ID;D;?A6>Q3
F1A1;C6A≤BC≤H>≤FAQ3>»>L3≤B?;?4?@?A»5;D5<»»;≤F>6=1…±141<L>≤F
1>1<QC≤H>≤FA?±3»±;Q3. 

C6?A6C≤H>?=D@<1>Q@A≤3656>1C6±14AD>CD…CLB»>1>1BCD@>?=D
6F1:<Q>Q:>1B≤BC6=1=1…C1;D=1C6=1C≤H>D=?56<L4
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dt

dx
UF,                                                (8.32)

56U ;315A1C>1=1CA≤G»c-4?@?A»5;D

% 8.1
≤BC6=12 2 ±@?BCQ:>?«=1CA≤G6«UBCQ:;1C?5Q,
QCQ<L;≤C?5Q;?<≤3BQF1A1;C6A≤BC≤H>QH≤B<1

j = j (U)
=1CA≤GQU=1«CL>65?51C>Q5Q:B>QH1BC≤>≤

Re j (A)  0 j7 y , n.                  (8.33)

©;√?KZ (A 6 27 cC?<Q>Q:>1B≤BC6=1
BCQ:;11B≤=@C?C≤H>?).

Q5=QC≤=? √? F1A1;C6A≤BC≤H>QH≤B<1=1CA≤GQ…;?A6>»=≤ RR
F1A1;C6A≤BC≤H>?4?AQ3>»>>»

 () = det (A I) = 0,                                      (8.34)
56I ?5≤>≤H>1=1CA≤G»
>1;I6;1∞DH≤ F1A1;C6A≤BC≤H>6AQ3>»>>»3≤F?5≤CL»;A6±D<LC1C

A?±;A≤CC»4?<?3>?4?3≤±>1H>≤;1=1CA≤GQUQ@A≤AQ3>«31>>»:?4?5?>D<». 
)6=?∞62DC≤AQ3>»>>»3≤B?;?4?@?A»5;D ;?A6>Q»;?4?>1@Q5BC13Q
@A≤3656>?RC6?A6=≤Q515DCL1A4D=6>C≤5?3≤B>?3;D@A?BCQ:;QBCL12?
>6BCQ:;QBCLB≤BC6=≤

<»3≤AQI6>>»F1A1;C6A≤BC≤H>≤FAQ3>»>L=?∞DCL2DC≤3≤;?A≤BC1>Q
AQ±>Q@1;6C≤@A≤;<15>≤F@A?4A1= . 1@A≤;<15 3 LLI…
@Q5@A?4A1=1IHEKM √?±126±@6HD…A?±A1FD>?;;?A6>Q3@?<Q>?=Q1<L>≤F
AQ3>»>L@?A»5;D>63≤√60±1=6C?5?= L«C?>1- 1EB?>1

36A>6>>»5?>6RQ±=QBC3FQ5>≤FE?A=1<L>≤F@1A1=6CAQ3>13656>Q
>≤∞H64

CALL POLRT (XCOF, COF, M, ROOTR, ROOTI, IER)
56Q<H? 36;C?A 3≤=QA>QBC« ;?6EQGQ…>CQ3@?<Q>?=1D

@?A»5;D±A?BC1>>»BCD@6>Q35
COF A?2?H≤:36;C?A3≤=QA>QBC«  1; 
M @?A»5?;@?<Q>?=15
ROOTR, ROOTI A6±D<LCD«HQ36;C?A13≤=QA>QBC« 3»;≤F

±26AQ41«CLB»,3Q5@?3Q5>?,5Q:B>QQD»3>QH1BC≤>≤;?A6>Q3√?3≤±>1H1«CLB»;
IER ;?5@?36A>6>>»
<«BCA1C≤3>1@A?4A1=14?<?3>?4?=?5D<»@A≤3656>1>≤∞H6

#     Расчёт корней полинома на основе пакета SSP
dimension coeff(11),rezr(10),rezi(10),cof(11)
p%us) 'Установите дискету с файлом данных POLYNOM.(%t'



149

open(5,file='a:polynom.dat')
      open(6,file='a:polynom.txt',status='new')
      write(6,1)
 1   format(/20x,30h******************************/20x,
#30,   Разработчик В.Аввакумов    /20x,
*30h******************************//)

      read(5,10)m,(coeff(i),i=1,m+1)
10  format(i3/10f8.3)
      close(5)
      call polrt(coeff,cof,m,rezr,rezi,ier)

write(6,15)
 15 *orm%t(10x,'Файл исходных данных к программе 
POLYNOM:')

write(6,20)m,(coeff(i),i=1,m+1)
20  format(10x,i3/10x,6f8.3)

write(6,25)
25  *orm%t(10x,'Результаты определения корней полинома:')

write(6,30)(rezr(i),rezi(i),i=1,m)
30  format(20x,'(',f10.5,')+j(',f10.5,')')
      write(6,35)ier
35  format(/10x,'ier=',i3)

write(*,50)
50  *orm%t(1x, 'Выходной листинг смотрите на дискете в файле ',
     *'POLYNOM.txt')
      close(6)
      stop
      end

6±D<LC1CA?2?C≤GQ…R@A?4A1=≤5<»F1A1;C6A≤BC≤H>?4?AQ3>»>>»
3≤;?A≤BC1>?4?32 ,@A≤3656>≤:3>1BCD@>?=D3≤FQ5>?=D<QBC≤>4D

?ID;;?A6>Q3F1A1;C6A≤BC≤H>?4?AQ3>»>>»
5<»@6A63QA;≤BC1C≤H>?RBCQ:;?BCQ

'1:<@?H1C;?3≤F51>≤F5?@A?4A1=≤IHERGHF4
5
3.000  10.000   4.000   7.000   1.000   1.000
6±D<LC1C≤A?±A1FD>;D;?A6>Q3@?<Q>?=14

           ****************************************
           *      (   -.31867)+j(    .00000)      *
           *      ( -.25295)+j(  -2.14954)      *
           *      (   -.25295)+j(   2.14954)      *
           *      (   -.08772)+j(  -1.41490)      *
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           *      (   -.08772)+j(   1.41490)      *
           ****************************************
>1<?4QH>1A?2?C1±3≤AQI6>>»@?<Q>?=Q1<L>?4?AQ3>»>>»>≤∞H6

@?51>13E?A=Q±3QCD (REPORT T.EUREKA

      ********************************************
      Eureka: The Solver, Version 1.0                              
      Sunday March 24, 2000, 11:03 am.
      Name of input file: POLYNOM
Исполнитель- В.Аввакумов
********************************************

      ;|оиск корней характеристического уравнения
      ;для проверки статической устойчивости.      
      ;Program POLYNOM
  ;Расчёт корней полинома на основе ||| EUREKA
;R(p)=p^5+p^4+7.*p^3+4.*p^2+10.*p+3.

      R(p):=poly(p,1.,1.,7.,4.,10.,3.)
      ********************************************

      Roots to the polynomial R

      #     Real part      Imaginary part
1     -.31867007      .00000000

       2    -.087719413      1.4149001
       3    -.087719413     -1.4149001
       4     -.25294555      2.1495370
       5     -.25294555     -2.1495370      
       *********************************************

≤5>? √?5?B<Q5∞6>>»BCQ:;?BCQ>1?B>?3Q@A»=?4?@?ID;D
;?A6>Q312?±3≤;?A≤BC1>>»=@A?4A1=≤LM:MB<BC?B?3>??5>?4?QC?4?∞
AQ3>»>>»@A≤A?5>?@A≤3?5»CL5??5>?4?:C?4?∞3≤B>?3;D@A?BCQ:;QBCL
B≤BC6=≤

?B<Q5≤C≤>1BCQ:;QBCLB≤BC6=DA≤B2 ±1;A≤C6AQ…=
dU

Qd
A≤

5?B<Q5∞6>>Q@A≤:>»C≤BC1C≤H>QF1A1;C6A≤BC≤;≤3D±<1>131>C1∞6>>»±1
>1@AD4?«±C12<≤GQ2

1365QCLB3?R=QA;D31>>»3Q5>?B>?±2Q4D?CA≤=1>≤FA6±D<LC1CQ3±
A6±D<LC1C1=≤@A≤;<15D2
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24AD>CD:C6H≤2D5DCL3Q5AQ±>»C≤BLA6±D<LC1C≤?CA≤=1>Q5<»D=?3≤

@A≤;<15D2 @A≤5?B<Q5∞6>>Q±1@1BDBCQ:;?BCQ±1;A≤C6AQ…=
dU

dE
3Q5

A6±D<LC1CQ3»;Q?CA≤=1>Q±1;A≤C6AQ…=
dU

Qd
?

©;3@<≤>DCL>1A6±D<LC1C≤ ?CA≤=1>Q3@A≤;<151F20C121
±2Q<LI6>>»@?CD∞>?BCQ0 >1@A≤;<15 0 = 1,1?
. ?B<Q5QCL>1BCQ:;QBCLB≤BC6=D F1A1;C6A≤BC≤H>6AQ3>»>>»»;?R

±151>?3@A≤;<15Q22±1;A≤C6AQ…= ≤F1:<?31D3Q5@?3Q5>?BCQ5?53?F
:?4?E?A=D<«31>L
%6B1=61<6±15?@?=?4?« SSPC1 EUREKA.
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S U Y U S T S S
Z Z Z UT U U U S

 

©;>14?<?ID31<?B»A1>QI65≤>1=QH>?«BCQ:;QBC«A6∞≤=D6>6A46-
C≤H>?RB≤BC6=≤>1±≤31…CLB»RR±51C>QBCL@?36AC1C≤B»@QB<»C≤=H1B?3?
@A≤;<156>?4?A1@C?3?4?QAQ±;?4?±2DA6>>»5?C1;?4?BC1<?4?A6∞≤=D@A≤
»;?=D ±>1H6>>»@1A1=6CAQ3A6∞≤=D D 3D±<?3≤F C?H;1F 2<≤±L;Q5?
>?A=1<L>≤F

?AQ3>««H≤ G63≤±>1H6>>» ±3≤±>1H6>>»= @?>»CC»BC1C≤H>?R
BCQ:;?BCQ=?∞>13Q5=QC≤C≤√?3Q5=Q>>QBCL@?<»41…, 4?<?3>≤=H≤>?=, D
36<≤H≤>1F±2DA6>L1±>1H≤CLD3A1FD31>>Q12?>63A1FD31>>QQ>6AGQ:>≤F
@1A1=6CAQ3B≤BC6=≤ A≤C6AQRBC1C≤H>?RBCQ:;?BCQ@?;1±D«CL±51C>QBCL
B≤BC6=≤@A?C≤BC?»C≤=1<≤=±2DA6>>»=Q3≤±>1H1«CLB»@A≤>6±=Q>>≤F
@1A1=6CA1FB≤BC6=≤ A≤C6AQR5≤>1=QH>?RBCQ:;?BCQ F1A1;C6A≤±D«CL
±51C>QBCLB≤BC6=≤±26AQ41C≤B≤>FA?>>DA?2?CDQ3Q5>?3<«31C≤A6∞≤=
2<≤±L;≤:5?@?H1C;?3?4?@A≤;?A?C;?H1B>≤FAQ±;≤F:?4?±=Q>1F

Q±;Q±=Q>≤A6∞≤=D36<≤;Q±2DA6>>»=?∞DCL2DC≤3≤;<≤;1>Q±=Q>1=≤
@1A1=6CAQ3B≤BC6=≤@A≤>?A=1<L>≤F3≤=;>6>>»F46>6A1C?AQ3 ;Q<<Q>Q:
6<6;CA?@6A651H±=Q>1F>131>C1∞6>>»3CA1CQ±2D5∞6>>»B≤>FA?>>≤F=1I≤>
@6A6F?5Q>1>6@?3>?E1±>≤:A6∞≤=QC51<6>1:B≤<L>QIQ±2DA6>>»@?3»±1>Q±
;?A?C;≤=≤±1=≤;1>>»=≤

Q>G63≤=±1351>>»=5?B<Q5∞6>>»5≤>1=QH>?RBCQ:;?BCQB≤BC6=≤…
3≤»3<6>>»3Q5>?B>?4?ADFDA?C?AQ346>6A1C?AQ33>1:@A?BCQI?=D3≤@15;D
?5>?4? Q?CA≤=1>>»>1GQ:?B>?3Q3≤B>?3;D@A?±51C>QBCLB≤BC6=≤
±26AQ41C≤B≤>FA?>>DA?2?CD

©;@A13≤<?, C1;≤:1>1<Q±B@?H1C;D3≤;?>D…CLB»±B6A:?±>≤=≤
B@A?√6>>»=≤ 63A1F?3D«CLB»1@6AQ?5≤H>QBCAD=≤BC1C?A1Q3Q5@?3Q5>QR=
@6AQ?5≤H>QBCAD=≤3A?C?AQB≤>FA?>>?R=1I≤>≤ 6>6A1C?A≤±1=Q√1«CLB»
B3?R=≤@6A6FQ5>≤=≤@1A1=6CA1=≤ ?@?A1=≤Q @A≤H?=D@6A6FQ5>D

=1I≤>≤A?±4<»51«CL@Q5H1B3BL?4?@6A6FQ5>?4?@A?G6BD>6±=Q>>?«
(E q 7Xdchi Q5BC13?« 5?GL?4?5?@D√6>>»B<D∞≤CL3Q5?=≤:±1;?>
6<6;CA?=14>QC>?RQ>6AGQR±4Q5>?±»;≤=3B≤>FA?>>Q:=1I≤>QA6±D<LCD«H6
@?C?;?√6@<6>>»@?3»±1>6±?2=?C;?«±2D5∞6>>»±1<≤I1…CLB»D=?=6>C
±2DA6>>»>6±=Q>>≤= 151<Q@?3?<Q±=Q>«…CLB» 1»3>QBCLA64D<»C?AQ3
±2D5∞6>>»@A≤3?5≤CL5?BC12Q<Q±1GQRE q √6>12Q<LI?=DQ>C6A31<QH1BD)6
Q51…@Q5BC13D331∞1C≤E q = Xdchi@A≤B@A?√6>?=D1>1<Q±Q5≤>1=QH>?R
BCQ:;?BCQ

A≤G≤F5?@D√6>>»FBC1…=?∞<≤3≤=A?±4<»51C≤@A≤A?±A1FD>;D
5≤>1=QH>?RBCQ:;?BCQ±1BCD@>DBF6=D@?@6A65>L?4?BC1<?4?A6∞≤=D3»;Q:
3±1…=>Q ?@?A≤ =Q∞ 46>6A1C?A?= Q 3D±<?= >6±=Q>>?R >1@AD4≤
3≤±>1H1C≤=DCLB»3Q5BDC>QBC«12?>1»3>QBC« 131AQ:>?4?ID>C1 ?@?AD
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»;≤: BC3?A«… ;?=@<6;B>D ±1BCD@>D BF6=D 3Q5@?3Q5>? 5? @A13≤<1
6;3Q31<6>C>?BCQ@A»=?R@?B<Q5?3>?BCQ

6@?3>?E1±>QA6∞≤=≤C6∞=?∞>1A?±4<»51C≤»;A6∞≤=≤@A»=?R
@?B<Q5?3>?BCQ3BF6=Q?@QA3»;Q:±2Q<LI6>≤:3Q5@?3Q5>?5?@A13≤<1
6;3Q31<6>C>?BCQ@A»=?R@?B<Q5?3>?BCQ5<»@?±5?3∞>L?R>6B≤=6CAQR

±2DA6>≤F A6∞≤=1F 6<6;CA?=14>QC>1 41<L=Q3>1 @?CD∞>QBCL
46>6A1C?AQ3±=6>ID…CLB»√?±>≤∞D…Q=?=6>C41<L=D31>>» A?C6=?=6>C
?26AC1>>»√?BC3?A«…CLB»@6A3≤>>≤=53≤4D>?= CDA2Q>?«±1<≤I1…CLB»,
3@6AI≤:=?=6>CQ5?3BCD@D3A?2?CDA64D<»C?A1I3≤5;?BCQ, >6±=Q>>≤=
621<1>B=?=6>CQ3?2D=?3<«…6<6;CA?=6F1>QH>≤:@6A6FQ5>≤:@A?G6B
»;≤:F1A1;C6A≤±D…CLB»±=Q>?«3H1BQ@A?BC?A?3?R=6F1>QH>?R;??A5≤>1C≤
A?C?A1- ;DC1 1=6±1±=Q>?«;DC1Q=?∞>1BD5≤C≤@A?5≤>1=QH>D
BCQ:;QBCLB≤BC6=≤

 

Q3>»>>» ADFD B≤>FA?>>?4? 46>6A1C?A1 B≤>C6±D…CLB» ± C?4?
?H63≤5>?4?E1;CD √?>15<≤I?;@?CD∞>?BCQ »;≤: 3≤>≤;1…@A≤
±2DA6>>Q,

 7 C 3

>151…A?C?AD56»;6@A≤B;?A6>>»





d

dt

2

2
.                                                  (9.2)

3 Q3 4
PT =6F1>QH>1@?CD∞>QBCL@6A3≤>>?4?53≤4D>15

6<6;CA≤H>13>DCAQI>»@?CD∞>QBCL46>6A1C?A15
 ;DC@?3?A?CDA?C?A15
t H1B
6<≤H≤>1;DC?3?4?@A≤B;?A6>>»»;63≤>≤;1…3;?∞6>=?=6>CH1BD,

@A»=? @A?@?AGQ:>1 >15<≤I;D @?CD∞>?BCQQ?26A>6>? @A?@?AGQ:>1
@?BCQ:>Q:=6F1>QH>Q:Q>6AGQR46>6A1C?A1%j:

jT

P
  (9.3)

©;√?@Q5BC13≤C≤3?BC1>>…AQ3>»>>»B@Q33Q5>?I6>>»3 Q3 C?
=≤=1…=?4

T
d

dt
P Pj T

2

2


 .                                     (9.4)
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)6 Q…?B>?3>6 AQ3>»>>» ADFD B≤>FA?>>?4? 46>6A1C?A1 @A≤

>63A1FD31>>Q:?4?1B≤>FA?>>?R@?CD∞>?BCQQ=1<Q:±=Q>QI3≤5;?BCQ
d
dt


, 

C?2C?, ±1C1;≤F5?@D√6>L@A≤»;≤FAQ3>»>>» 3. GQ<;?=±15?3?<L>»…
?B>?3>QQ>∞6>6A>Q±1351>>»

AQ3>»>>Q3.3FQ5>Q36<≤H≤>≤=1«CLC1;Q3≤=QA>?BCQ4
 A15Q1>≤5
t A15Q1>≤5
Tj A15Q1>≤5

% 3?
A?±D=Q<? √? GQ36<≤H≤>≤ =?∞DCL=1C≤ Q>IQ3≤=QA>?BCQ

A?±A1FD>;1F5≤>1=QH>?RBCQ:;?BCQ>1:H1BCQI63≤;?A≤BC?3D…CLB»C1;1E?A=1
±1@≤BDAQ3>»>>»ADFDB≤>FA?>>?4?46>6A1C?A1;?<≤;DC3≤=QA«…CLB»3
6<6;CA≤H>≤F4A15DB1FH1BQ@?BCQ:>1=6F1>QH>?RQ>6AGQR 3B6;D>51F1
@?CD∞>?BCQ,»;QA1>QI6,D3Q5>?B>≤F?5≤>≤G»F%?5Q4

T d

dt
P Pj

T360 0

2

2 f


 ,                                       (9.5)

56[0 >?=Q>1<L>1H1BC?C1 G
©; >14?<?ID31<?B» 3≤√6 ;Q>G63≤= ±1351>>»= 5?B<Q5∞6>>»

@?365Q>;≤B≤>FA?>>?4?46>6A1C?A1@A≤B≤<L>≤F±2DA6>>»F…±>1F?5∞6>>»
CA1…;C?AQR = (t »;1=?∞62DC≤?56A∞1>1»;A6±D<LC1CQ>C64AD31>>»
AQ3>»>>»ADFDDE?A=Q3.12?3/ )«∞±151HD 3≤»3<6>>»3Q5>?B>?4?
ADFDA?C?A146>6A1C?A13D=?31F@6A6FQ5>?4?@A?G6BD=?∞>1>12<≤∞6>?
A?±3»±1C≤>1?B>?3Q1>1<Q±D6>6A46C≤H>≤FB@Q33Q5>?I6>L 1GL?=D
?B>?31>≤:,C1;±31>≤:,B@?BQ2@<?√

 

)Q;A≤C6AQR21±D«CLB»>156;Q<L;?F31∞<≤3≤F@?>»CC»F 6AI≤=±
>≤F…;DC?315≤>1=QH>1F1A1;C6A≤BC≤;1@?CD∞>?BCQ»;1@A≤3Q5=QH6>≤F
3≤√65?@D√6>>»F=1…3≤4<»54

P
E U

X
q

d

 sin,                                               (9.6)

56N >1@AD41@A≤:=1<L>?RB≤BC6=≤5

dX A6±D<LCD«H≤: @?±5?3∞>Q: 3±1…=>≤: ?@QA =Q∞
@6A65131<L>?«Q@A≤:=1<L>?«H1BC≤>1=≤B≤BC6=≤

A≤3≤±>1H6>>Q3±1…=>?4??@?AD±2DA6>?4?A6∞≤=D @A≤A?5>?
3A1F?3D…CLB»131AQ:>≤:ID>C
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6?=6CA≤H>≤: 3≤A1± 30 3;??A5≤>1C1F …B≤>DB?R5?« ±
1=@<QCD5?«@?CD∞>?BCQm,

P
E U

Xm
q

d

 .                                                         (9.7) 

©;√?AQ±>QB≤<L>Q±2DA6>>»@?AQ±>?=D±=Q>««CL3±1…=>≤:?@QAC?
3?>≤@?A?5∞D«CL=>?∞≤>DB≤>DB?R5±AQ±>≤=≤1=@<QCD51=≤ 1∞<≤3?
3Q5±>1H≤C≤ √? ±2DA6>QA6∞≤=≤ =1C≤=DCL 1=@<QCD5≤ =6>IQ >Q∞
@?H1C;?3≤:>?A=1<L>≤:A6∞≤=

B;Q<L;≤ 3 @?H1C;?3?=D >?A=1<L>?=D A6∞≤=Q @?CD∞>QBCL
@6A3≤>>?4?53≤4D>1 %Q6<6;CA?=14>QC>141<L=Q3>1@?CD∞>QBCL AQ3>QC?
±1 30 =?∞>1±>1:C≤;DC>?A=1<L>?4?A6∞≤=D0 6?=6CA≤H>?0

3Q5@?3Q51…@6A6C≤>D;DC?3?RF1A1;C6A≤BC≤;≤@?CD∞>?BCQ>?A=1<L>?4?
A6∞≤=D±@A»=?« %7Xdchi>13≤BFQ5>Q:H1BC≤>QB≤>DB?R5≤, A≤B3

>I≤=≤31∞<≤3≤=≤@?>»CC»=≤>1»;QB@≤A1«CLB»@A1;C≤H>Q;A≤C6AQR
5≤>1=QH>?RBCQ:;?BCQ, …@<?√15;1@A≤B;?A6>>»@<?√15;141<L=D31>>»Q
@<?√15;1=?∞<≤3?4? 41<L=D31>>» 6?=6CA≤H>? 3?>≤ >1A≤B. 9.1,
3Q5@?3Q5>?,3≤±>1H1«CLB»@<?√1=≤;A≤3?<Q>Q:>≤FEQ4DAVWXV, cd d c C1 cd
dd c.

Q5±>1H≤=?√6?5>631∞<≤36@?>»CC» ;A≤C≤H>≤:;DC;A 1A≤B. 
3 3Q>3Q5@?3Q51…@6A6C≤>D;DC?3?RF1A1;C6A≤BC≤;≤@?CD∞>?BCQ±2DA6>?4?
A6∞≤=D±@A»=?« %7Xdchi>1B@15>Q:H1BC≤>QB≤>DB?R5≤

≤BD>?;3 z DC?3QF1A1;C6A≤BC≤;≤@?CD∞>?BCQ5<»>?A=1<L>?4?
C1±2DA6>?4? A6∞≤=Q3

©;√?5Q:B>≤:;DC@6A63≤√≤CL;DC;A C?>1A?C?A5Q»C≤=DCLB≤<≤
@A≤B;?A6>>»Q3Q52D56CLB»1@6AQ?5≤H>6@?ADI6>>»5≤>1=QH>?RBCQ:;?BCQ

&@63>6>QBCL3BCQ:;?BCQ2D56?H63≤5>?C?5Q;?<≤@A≤;?<≤31>>»F
A?C?A>65?B»4>6;A≤C≤H>?4?@?<?∞6>>» C?H;1Y ±1»;≤=@?H>6CLB»
@A?4A6BD«H6±2Q<LI6>>»;DC1 )6BC1…CLB»»;√?3B»6>6A4Q»?56A∞1>1
@A≤ @A≤B;?A6>>QA?C?A1 @<?√15;1 @A≤B; 7 VWX1 3AQ3>?31∞D…CLB»
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6>6A4Q…«41<L=D31>>»@<?√15;1 41<L= = cd dX5?;A≤C≤H>?RC?H;≤
GL?=D3≤@15;D@<?√15;1=?∞<≤3?4?41<L=D31>>» =?∞< 41<L= =cd dd c) 
2D562Q<LI?«3Q5@<?√15;≤@A≤B;?A6>>»4

 7 =?∞<41<L= @A≤B; (9.8)

1±>1;?= =?∞>1BD5≤C≤@A?BCQ:;QBCL5≤>1=QH>?4?@6A6F?5D
?>1∞…;Q<L;QB>?«=QA?«±1@1BD5≤>1=QH>?RBCQ:;?BCQ4

.@A≤B;.@A≤B;

.@A≤B;

.@A≤B;

.41<L=.=?∞<
1

A
k





 .                           (9.9)

?<≤: k > 1 @6A6FQ5BCQ:;≤:;
k = 1 ;A≤C≤H>≤:3≤@15?;5
k < 1 @6A6FQ5>6BCQ:;≤:

©;√?@6A6FQ5>6BCQ:;≤: C?5<»±26A6∞6>>»BCQ:;?BCQ@?CAQ2>?
@?36AC1C≤B»3@?H1C;?3≤:A6∞≤=12?3Q>I≤:<64I≤:±2DA6>≤:A6∞≤=%1;
3≤>≤;1…±1351>>»3≤±>1H6>>»4A1>≤H>?4?;DC13≤=;>6>>»15<»Q>∞6>6A>?R
A61<Q±1GQR ±1351>>»4A1>≤H>?4?H1BD3≤=;>6>>»

 S

6C?5 @?B<Q5?3>≤F Q>C6A31<Q3 ±5Q:B>«… H≤B<?36 Q>C64AD31>>»
AQ3>»>>»ADFDB≤>FA?>>?4?46>6A1C?A1D3≤4<»5Q = (t) I<»F?=
@?B<Q5?3>?4?A?±4<»5D5Q<»>?;Q>C6A31<Q3@6A6FQ5>?4?@A?G6BD

%A≤31<QBCLQ>C6A31<Q3H1BDt 3≤2≤A1…CLB», @?=?∞<≤3?BCQ,>1BCQ<L;≤
=1<?« √?2 ±1 G6: Q>C6A31< >15<≤I?; @?CD∞>?BCQ 1 ±>1H≤CL Q
@A≤B;?A6>>»A?C?A1=?∞>12D<?2331∞1C≤>6±=Q>>≤= )6;<«H?36
@?<?∞6>>»51…=?∞<≤3QBCL3≤;?A≤BC?3D31C≤>1Q>C6A31<Q±1;?>?=QA>?BCQ
AQ3>?=QA>?@A≤B;?A6>?4?ADFD

?∞6>Q>C6A31<, 3GL?=D3≤@15;D, =?∞6F1A1;C6A≤±D31C≤B»56»;≤=≤
±>1H6>>»=≤ @?H1C;?3≤F Q ;Q>G63≤F 36<≤H≤> ;DC1 @A≤B;?A6>>»
>15<≤I;?3?R@?CD∞>?BCQ I3≤5;?BCQ 1C1;?∞ B6A65>Q=≤ ±>1H6>>»=≤
I3≤5;?BCQQ@A≤B;?A6>>» 3 =6∞1F Q>C6A31<D H63≤5>? √? @A≤
@?B<Q5?3>?=DA?±4<»5QQ>C6A31<Q3=1…=QBG6C1;64@?H1C;?3Q±>1H6>>»
36<≤H≤>√?3≤±>1H1«CLB»>1;?∞>?=DQ>C6A31<Q5?AQ3>««CL;Q>G63≤=RF
±>1H6>>»=>1@?@6A65>L?=DQ>C6A31<Q

A≤ADH>?=DA1FD>;DCA≤31<QBCLQ>C6A31<DH1BC?@A≤:=1«CLC1;≤=:
t = 0, /B

A≤=1I≤>>?=DA1FD>;DG«CA≤31<QBCL±=6>ID«CL2?=1…=QBG6
±3»±?;C?H>?BCQA?±3»±;D±5?3∞≤>?«Q>C6A31<D
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A≤Q>C64AD31>>Q±1?B>?3D26A6CLB»AQ3>»>>»ADFDD3≤4<»5Q3/ 56
3≤;?A≤BC?3D«CLB»C1;Q3≤=QA>?BCQ4

                                        t     c;
                                        Tj B5

 6<4A155
                             f  G

%?5Q@A≤B;?A6>>»


360 f

T j

P                                               (9.10)

=1…3≤=QA>QBCL6<4A15B2.

n n n n

≤±>1H≤C≤@?CD∞>QBCL√?A?±3≤31…CLB»46>6A1C?A?=>1@?H1C?; i-
4?Q>C6A31<D4

P Pi m i1 1sin ,                                         (9.11)

56Im1=@<QCD51@?CD∞>?BCQ

P
E U

xm
q

d




Q>?5Q331∞1«CL5<»B@A?√6>>» E q=E ).
≤±>1H≤C≤>15<≤I?;@?CD∞>?BCQ>1@?H1C?; i-4?Q>C6A31<D4

P P Pi T i1 1                                              (9.12)

≤±>1H≤C≤@A≤AQBC;DC13≤2Q4DA?C?A1±1H1B1-4?Q>C6A31<D4
  i i ipK P 1 1,                                     (9.13)

56p 








 0.5 

 1

K
Tj


360 f t2

;?6EQGQ…>C

. ≤±>1H≤C≤ >?36 ±>1H6>>» ;DC1 3 ;Q>GQ Q>C6A31<D √?
5?B<Q5∞D…CLB»:

 i i i 1 ,                                       (9.14)

≤;<156>≤: 1<4?A≤C= =?∞62DC≤ DC?H>6>≤: QA?±3≤>6>≤: Q±
3A1FD31>>»=A»5D?2BC13≤>

A≤ BCA≤2;?@?5Q2>Q: ±=Q>Q>15<≤I;D@?CD∞>?BCQ3B6A65≤>Q
Q>C6A31<D3Q>33?5≤CLB»3313 »;>1@Q3BD=1>15<≤I;Q3@?CD∞>?BCQ5

A≤3A1FD31>>QA61;GQRBC1C?A1Q @?CD∞>QBCL±1 (9.11) 
3≤±>1H1…CLB»Q±3A1FD31>>»=±=Q>≤3@6A6FQ5>?=D@A?G6BQ

5<»@6AI?4?Q>C6A31<D
5<»3BQFQ>I≤F;
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 0 6 5

A?4A1=1A61<Q±D…=6C?5@?B<Q5?3>≤FQ>C6A31<Q3 3≤;<156>≤:3
@?@6A65>L?=D A?±5Q<Q BC?B?3>? @A?BC?RB≤BC6=≤ BC1>GQ» I≤>≤
>6±=Q>>?R>1@AD4≤

A?4A1=1=RG:F 5?±3?<»…±121∞1>>»=;?A≤BCD31H1?56A∞1C≤
@6A6FQ5>≤:@A?G6B3?5>?=D-53?F12?56;Q<L;?FG≤;<1F4?:51>L ;<15
±?3>QI>L?RQ>E?A=1GQR5<»A?2?C≤@A?4A1=≤@?B<Q5?3>QBCLQE?A=1C≤RR
33656>>»3≤5>?±>≤∞H6>13656>?4?EA14=6>C14

read(5,1)m,e,d0,k,tv,u,p0
  read(5,2)(x(i),i=1,m)
 read(5,3)(dt(i),i=1,m)

  1   format(i2,4f8.5,2f5.3)
  2   format(8f8.4)
3   format(8f7.4)

6:
m ;Q<L;QBCLA6∞≤=Q36C1@Q3@6A6FQ5>?4?@A?G6BD 5?AQ3>«…H≤B<D

±2DA6>≤FA6∞≤=Q3@<«B?5≤>5
e @6A6FQ5>1 >?A=1<L>?4?A6∞≤=D√?@6A65D…;
d0 @?H1C;?36±>1H6>>»;DC14A15DB≤5
k ;?>BC1>C1√?±4151>1>1;A?GQ1<4?A≤C=DA?±5Q<D3.5
tv 5?3∞≤>1;A?;D±1H1B?=B5
u >1@AD41>1I≤>1F@A≤:=1<L>?RB≤BC6=≤3. ?.;
p0 @?CD∞>QBCL>?A=1<L>?4?A6∞≤=D√?@6A651…CLB»3. ?.;
x(i) i-1;?=@?>6>C1=1B≤3D3±1…=>≤F?@?AQ33≤=QA>QBC«b3. ?.; 
dt(i) i-1;?=@?>6>C1=1B≤3D3≤=QA>QBC« b H1BD@6A62D31>>»

B≤BC6=≤3;?∞>?=DA6∞≤=Q
≤FQ5>?«Q>E?A=1GQ…«@A?4A1=≤=RG:F …C12<≤G»±@?C?H>≤=

H1B?=QC1;≤=>12?A?=@1A1=6CAQ3»;Q3Q5@?3Q51«CL:?=D4
@?C?H>6±>1H6>>»;DC16<4A5
@A≤AQBC;DC16<4A155
@?C?H>6±>1H6>>»@?CD∞>?BCQ3?5
@A≤AQBC@?CD∞>?BCQ3?

?±4<»>6=?A?2?CD@A?4A1=≤>1C1;?=D>636<≤;?=D@A≤;<15Q

3 6F1:±151>1B≤BC6=1»;1±?2A1∞6>1>1A≤B3 Q
@?CAQ2>?@6A63QA≤C≤RR5≤>1=QH>DBCQ:;QBCL@A≤?5>?E1±>?=D;?A?C;?=D
±1=≤;1>>Q>1@?H1C;D?5>?4?;?<1 353?F3≤@15;1F4

?5>?E1±>6;?A?C;6±1=≤;1>>»B1=?<Q;3Q5D…CLB»H6A6± ,1 B;
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?5>?E1±>6;?A?C;6±1=≤;1>>»3Q5;<«H1…CLB»H6A6± ,5 BQ
B≤BC6=1@6A6F?5≤CL3@QB<»131AQ:>≤:A6∞≤=A?2?C≤?5>≤=;?<?=

©& ©

?=@<6;B>1±1BCD@>1BF6=1131AQ:>?4?A6∞≤=DA1±?=±QB3?R=≤
@1A1=6CA1=≤@A65BC13<6>1>1A≤B. 9.3

≤BD>?; 9.2 z F6=16>6A4?B≤BC6=≤√?5?B<Q5∞D…CLB»

≤BD>?;3 z 6±D<LCD«H1;?=@<6;B>1±1BCD@>1BF6=1

A?±A1FD>;D@?@6A65>L?4?>?A=1<L>?4?A6∞≤=D3Q5?=?√?0=27,5 
6<4A15;?6EQGQ…>Ck 7.121 A?±A1FD>;Q3C1;?∞3Q5?=Q3±1…=>Q?@?A≤
131AQ:>?4?Q@QB<»131AQ:>?4?±?5>≤=;?<?= A6∞≤=Q3Q3?>≤, 3Q5@?3Q5>?,
5?AQ3>««CL:

x33 0 471 0 296
0 471 0 296

0 265
12931. 


, ,

, ,

,
, ;

x34 1064. , .

C12<3 @A≤3656>QA6±D<LC1C≤A?±A1FD>;D@6AI?R@Q5±151HQ
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%12<≤G»3 z ?B<Q5∞6>>»5≤>1=QH>?4?@6A6F?5D@A≤?5>?E1±>?=D
;?A?C;?=D±1=≤;1>>Q√?B1=?DBD>D<?B»H6A6± B

'1:<51>≤F5<»A?2?C≤@A?4A1=≤=RG:F4
  2 1.6600027.50000 4.78700  .050001.0001.000
  1.2931   .7670
  .1000 1.0000
=@<QCD51@?CD∞>?BCQ√?@6A651…CLB» Pm( 1)= 1.28374
=@<QCD51@?CD∞>?BCQ√?@6A651…CLB»  Pm( 2)= 2.16428
A≤C≤H>≤:;DC =;A7//

N *1BB6;
?C?H>6±>1H
;DC16<4A15

A≤AQBC;DC1
6<4A15

?C?H>6±>1H
@?CD∞>3?

A≤AQBC
@?CD∞>
3?

 0
 1
 2
 3
 4
 5
 6
 7
 8
 9
10
11
12
13
14
15
16
17
18
19
20
21
22
23

0.00
 .05
 .10
.15
 .20
 .25
 .30
 .35
 .40
 .45
 .50
 .55
 .60
 .65
 .70
 .75
 .80
 .85
 .90
 .95
1.00
1.05
1.10
1.15

27.50000
28.47472
31.30657
34.76876
37.10978
37.98691
37.27442
35.07433
31.70777
27.68291
23.63185
20.21474
18.00471
17.37933
18.44633
21.02214
24.66839
28.77756
32.68613
35.78672
37.61586
37.90839
36.62249
33.94320

   .97472
 2.83185
 3.46219
 2.34102
   .87714
-.71249

-2.20009
-3.36657
-4.02485
-4.05106
-3.41711
-2.21003
-.62538

 1.06701
 2.57581
 3.64624
 4.10917
 3.90857
 3.10058
 1.82914
   .29253
-1.28590
-2.67929

1.00000
 .61205
 .66705
1.23421
1.30580
1.33207
1.31076
1.24368
1.13752
1.00547
 .86757
 .74784
 .66897
 .64646
 .68481
 .77639
 .90329
1.04190
1.16879
1.26560
1.32100
1.32973
1.29108
1.20847

 .40724
 .38795
-.12459
-.23421
-.30580
-.33207
-.31076
-.24368
-.13752
-.00547
 .13243
 .25216
 .33103
 .35354
 .31519
 .22361
 .09671
-.04190
-.16879
-.26560
-.32100
-.32973
-.29108

%DC∞6=?∞>121H≤C≤?A41>Q±1GQ«E1:<D51>≤F
C12<3 @A65BC13<6>≤:A?±3»±?;5AD4?R@Q5±151HQ
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%12<≤G»3 z ?B<Q5∞6>>»@6A6FQ5>?4?@A?G6BD@A≤?5>?E1±>?=D
;?A?C;?=D±1=≤;1>>Q√?3Q5;<«H1…CLB»H6A6± /B±3≤F?5?=>1@QB<»131-
AQ:>≤:?5>?;?<?3≤:A6∞≤=A?2?C≤

'1:<51>≤F5<»A?2?C≤@A?4A1=≤=RG:F4
            2 1.6600027.50000 4.78700  .050001.0001.000
            1.2931  1.0640
            .5000  .3000

=@<QCD51@?CD∞>?BCQ√?@6A651…CLB» Pm( 1)= 1.28374
=@<QCD51@?CD∞>?BCQ√?@6A651…CLB» Pm( 2)= 1.56015
A≤C≤H>≤:;DC =;A7//

N *1B
B6;

?C?H>6±>1H
;DC16<4A

A≤AQBC;DC1
6<4A

?C?H>6±>1H
@?CD∞>3?

A≤AQBC
@?CD∞>3?

 0
 1
 2
 3
 4
 5
 6
 7
 8
 9
10
11
12
13
14
15
16

0.00
 .05
 .10
.15
 .20
 .25
 .30
 .35
 .40
 .45
 .50
 .55
 .60
 .65
 .70
 .75
 .80

27.50000
28.47472
31.30657
35.73224
41.35610
47.70657
54.29834
60.68677
66.50381
71.47212
75.40070
77.58927
77.27092
74.45468
69.23021
61.80965
52.59354

   .97472
 2.83185
4.42567
5.62386
6.35047
6.59178
6.38843
5.81704
4.96832
3.92858
2.18857
-.31835
-2.81624
-5.22447
-7.42056
-9.21611

1.00000
 .61205
 .66705
.74970
.84821
.94959
1.04248
1.11936
1.17730
1.21720
1.24229
1.52369
1.52181
1.50308
1.45876
1.37509
1.23930

 .40724
 .38795
.33295
.25030
.15179
.05041
-.04248
-.11936
-.17730
-.21720
-.50978
-.52369
-.52181
-.50308
-.45876
-.37509

2≤531A?±3»±;≤?A41>Q±?31>QC1;√?2A?±A1FD>;≤@A?3?5≤<≤B»3 -
G≤;<1F;?∞6> BD=QB>?4?A?±4<»5D C12<≤GL3≤5>?√?3@6AI?=DQ
5AD4?=D3≤@15;1F±26AQ41…CLB»5≤>1=QH>1BCQ:;QBCL?B;Q<L;≤3∞?5>?=D±
>≤F=1;B≤=1<L>≤:3≤<QCA?C?A1D±141<L>6>?4?46>6A1C?A1>65?B»41…
;A≤C≤H>?4?;DC1 )»∞ C6±1@A?±26A6∞6>>»BCQ:;?BCQ=?∞62DC≤
@Q5C36A5∞6>1C≤= √?;DC≤ 5?B»4>D3I≤>1:2Q<LI?4?±>1H6>>» @?CQ=
D2D31«CL)6?±>1H1…√?3>1BCD@>≤FG≤;<1F4?:51>L, ±31∞1«H≤>15Q«
56=@ED«H≤FH≤>>≤;Q3,3Q52D56CLB»@6A6FQ55?BC1<?4?A6∞≤=D

±BD=QB>?4?A?±4<»5DC12<≤GLC1;?∞ 3≤5>? √?±2DA«31<L>≤:
Q=@D<LB35AD4?=D3≤@15;D2Q<LI≤:, G6Q±D=?3<«…2Q<LI6±>1H6>>»;DC1, 
√?»;QB>?=?∞>121H≤C≤±@?2D5?3≤@<?√15?;@A≤B;?A6>>»
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 '

±151H1F A?±A1FD31>>» 5≤>1=QH>?R BCQ:;?BCQ 6>6A4?B≤BC6=
B≤>FA?>>Q =1I≤>≤, »; @A13≤<?, @A65BC13<»«CLB» @?3>≤=≤ 12?
B@A?√6>≤=≤ AQ3>»>>»=≤ 1A;1- ?A…31 3 5≤E6A6>GQ1<L>?=D 12?
?@6A1C?A>?=D3≤4<»5Q CD@Q>LQ3≤5≤B@A?√6>>»=1C6=1C≤H>?4??@≤BD
±1<6∞1CL3Q5GQ<6:A?±A1FD>;DBF6=≤6<6;CA≤H>?RB≤BC6=≤Q>6?2FQ5>?BCQ
3A1FD31>>»;?>BCAD;GQR46>6A1C?A1 B≤BC6= 46>6A1C?AQ3C1 +
CDA2Q> ;<15?3?«H1BC≤>?«GL?4?=1C6=1C≤H>?4??@≤BD…AQ3>»>>»ADFD
A?C?A1

©;√? ±>6FCD31C≤ 56C1<»=≤ C? =?∞>1 ±D@≤>≤C≤B» >1 C1;Q:
=1C6=1C≤H>Q:=?56<QADFDB≤>FA?>>?R=1I≤>≤@A≤B≤<L>≤F±2DA6>>»F4

T
d

d t
P PJ T m

2

2


 sin ,                                     (9.15)

56MJ @?BCQ:>1=6F1>QH>?RQ>6AGQRCDA2?14A641CDA15Q1>≤5
 ;DC=Q∞3QBB«fQ36;C?A?=N »;≤:=1…@A?6;GQRNd QNq, 

A15Q1>≤5
       t H1BA15Q1>≤5
     PC @?CD∞>QBCLCDA2Q>≤3?.;
     Pm 1=@<QCD516<6;CA?=14>QC>?R@?CD∞>?BCQ46>6A1C?A13Q5>?B>Q

?5≤>≤GQ
1<6∞>QBCL (9.15 3Q5?2A1∞1…C?:E1;C √?@A≤B;?A6>>»A?C?A1

B≤>FA?>>?R=1I≤>≤@A»=?@A?@?AGQ:>6>15<≤I;D=?=6>CDQ?26A>6>?
@A?@?AGQ:>65?=6F1>QH>?RQ>6AGQRCDA2?46>6A1C?A1 Q±>QDC?H>6>>»
@?3»±1>Q±DA1FD31>>»= Q + 56=@E6A>≤F?2=?C?;QC5±>1F?5»CL
3Q55±6A;1<6>>» 3 ;?=@?>6>C1F @A13?RH1BC≤>≤ 3 5 >6 =Q>»«H≤
@A≤>G≤@?3?RBDCQAQ3>»>>»ADFD

141<L>?@A≤:>»C≤=CA15≤GQ:>≤=B@?B?2?=A?±3»±D31>>»AQ3>»>>»
(9.15 …3≤;?A≤BC1>>», C1;±31>?4?, =6C?5D@?B<Q5?3>≤FQ>C6A31<Q3[8]. 
C3?A6>≤:>1@?H1C;D -FA?;Q35<»ADH>?4?A1FD>;DG6:=6C?5=1:∞6
26±±=Q>2D3@6A6>6B6>≤:>1BC1C≤H>Q=?56<Q1@Q±>QI6>1 Q
A61<Q±?31>≤:32141C?H≤B<6>>≤F@A?4A1=1F ?4?ED>51=6>C1<L>Q>65?<Q;≤
@?<»41«CL3D»3<6>>Q@A?>6±=Q>>QBCL?B>?3>≤F@1A1=6CAQ3>1Q>C6A31<Q
>6BCA?4?=D B@?<DH6>>Q ?;A6=≤F 6C1@Q3 @6A6FQ5>?4? @A?G6BD √?
3Q5AQ±>»«CLB»31∞;QBC« ±2DA6>LQ3Q5BDC>QBC« ;?>CA?<« C?H>?BCQ 6
5≤3<»H≤BL>1G62141C?H≤B<6>>≤=≤6;B@6A≤=6>C1<L>≤=≤5?B<Q5∞6>>»=≤
@Q5C36A5∞D…CLB»:?4?±2Q∞>QBCL±A61<L>QBC«

1±?=±C≤=, 5?GQ<L>?±36A>DC≤D314D>1DB@QF≤H≤B6<L>≤F=6C?5Q3
Q>C64AD31>>»±3≤H1:>≤F5≤E6A6>GQ1<L>≤FAQ3>»>L@6AI?4?@?A»5;D»;Q
21±D«CLB»>1AQ±>≤G63≤FBF6=1F 6C?5≤ 51=B1 D>46- DCC1 6AB?>1C1
Q>5?±3?<»«CL±>1F?5≤C≤ @6A6521H6>≤: Q3≤@A13<6>≤: A?±3»±;≤»;Q
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3Q5AQ±>»«CLB»>62Q<LI6, >Q∞>1>1@6A65±151>D36<≤H≤>D)65?B»41…CLB»
±1A1FD>?;±=Q>≤;A?;D

1∞<≤3≤==?=6>C?=…C6√?3Q5=QH6>Q3≤√6=6C?5≤, A?±@?3B«5∞D-
…CLB»Q>1B≤BC6=≤±3≤H1:>≤F5≤E6A6>GQ1<L>≤FAQ3>»>L@6AI?4?@?A»5;D
A?C6AQ3>»>>» (9.15 …AQ3>»>>»=5AD4?4?@?A»5;DQG6=?∞<≤3?BC1<?
@A≤H≤>?« C?4? √?5?:?4?Q>C64AD31>>»>6±1BC?B?3D31<≤BLBDH1B>Q
AQ±>≤G63Q=6C?5≤

<Q5±36A>DC≤D314D>1;<«H?3D, 5<»51>?4?@≤C1>>», C6?A6=D
QB>D31>>»4

2D5L-»;6AQ3>»>>»c-4?@?A»5;D
y(n) = F (x, y, y y y(n-1))

33656>>»=>?3≤F±=Q>>≤F
y1 = y , y2 = y y yn-1 = y(n-1)

=?∞62DC≤±3656>?5?B≤BC6=≤cAQ3>»>L

dy
dx

y
dy

dx
y

dy

dx
yn

n 1
1

2
1

1, , , , ,= F x,  y,  y1K K

±»;?R3≤F?5≤CLB1=1=?∞<≤3QBCL@A65BC13<6>>»AQ3>»>>»ADFDB≤>FA?>>?R
=1I≤>≤B≤BC6=?« 53?F±3≤H1:>≤F5≤E6A6>GQ1<L>≤FAQ3>»>L@6AI?4?
@?A»5;D

3656=?3A?±4<»5C1;Q>?3Q±=Q>>Q4
 = y1;                                                      (9.16)
 = y2,                                                     (9.17)

56 
d

dt
.

Q3>»>>»3 5 @6A6@≤I6=?C1;4
T P PJ m  y  T  sin 1 0 ;                                    (9.18)


1

T
P P

J
m  y T 1sin .                                   (9.19)

3 7)  y2 . A≤AQ3>»…=?@A13QH1BC≤>≤3 8 Q3 9):

y
T

P P
J

m2
1

 y T 1sin .                                    (9.20)

3 6):
 y1 .                          (9.21)

A≤AQ3>»…=?@A13QH1BC≤>≤3 7 Q321):
y y1 2 .                                                  (9.22)

A65BC13≤=?322 Q320 »;B≤BC6=D±3≤H1:>≤F5≤E6A6>GQ1<L>≤F
AQ3>»>L@6AI?4?@?A»5;DA?±3»±1>≤F3Q5>?B>?@?FQ5>≤F>?3≤F±=Q>>≤F4










1mC
j

2

21

ysinP-P
T

1
y

yy

.
                             (9.23)
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<»3BQF;?=@?>6>C323 …5≤>≤=±141<L>≤=1A4D=6>C?=…H1Bi
? B≤BC6=≤ AQ3>»>L 323 3∞6=?∞>1±1BC?B?3D31C≤ BDH1B>Q

AQ±>≤G63Q=6C?5≤H≤B6<L>?4?Q>C64AD31>>»QBC1>51AC>Q@A?4A1=≤ »;Q
A61<Q±D«CLGQ=6C?5≤ ?;A6=1@A≤@?AQ3>»<L>?=DC6BCD31>>Q, A1±?=±
@A?4A1=1=≤ =6C?5D @?B<Q5?3>≤F Q>C6A31<Q3 2D<≤ 3≤;?A≤BC1>QC1;Q
BC1>51AC>Q@A?4A1=≤4

dYZ @1;6CDF:ME:;5
dYZ./@1;6CDF:ME:;5
rkgs @1;6CDLLI5
Yg3/h@1;6CDLLI5
sysdif C1Q>

≤∞H6@A≤3656>QBF6=≤±36A>6>>»5?56»;≤F±>≤F4
[t,y]=ode23(f,t0,tfinal,y0,tol,trace);
[t,y]=ode45(f,t0,tfinal,y0,tol,trace);
call rkgs(prmt,y,dery,ndim,ihlf,fct,outp,aux);
call drkgs(prmt,y,dery,ndim,ihlf,fct,outp,aux);

56[ A»5;?31ED>;GQ»3Q5iD5
t0 @?H1C;?36±>1H6>>»1A4D=6>C1;
tfinal ;Q>G636±>1H6>>»1A4D=6>C1;
y0 36;C?A-BC?3@6GL@?H1C;?3≤F±>1H6>LED>;GQ:5
tol C?H>QBCL5
trace ;?53≤3656>>»>15AD;5
prmt 36;C?A√?=QBC≤CL@?H1C;?36;Q>G636±>1H6>>»Q>C6A31<D

;A?;>6±1<6∞>?R±=Q>>?RQ4A1>≤H>D@?=≤<;D5
D 36;C?A@?H1C;?3≤F±>1H6>LED>;GQ:5
dery B@?H1C;D36;C?A314≤@?=≤<?;1@?CQ= @?FQ5>≤F5
ndim H≤B<?AQ3>»>L3B≤BC6=Q5
ihlf ;?5@?36A>6>>»5
fct @Q5@A?4A1=1-ED>;GQ»»;1±151…@A13QH1BC≤>≤323);
outp @Q5@A?4A1=13≤3656>>»;
aux B<D∞2?31=1CA≤G»3≤=QA>QBC« 2cY1b
A?±A1FD>;1F@6A6FQ5>≤F@A?G6BQ3>6?2FQ5>?A6C6<L>?@Q5Q:C≤5?

E?A=D31>>»@?H1C;?3≤FD=?3 A?±3»±;D3 5) ±1=6C?5?=@?B<Q5?3>≤F
Q>C6A31<Q33?>≤?H63≤5>Q @?H1C?;±2DA6>>»3Q5>?B≤CLB»5?i7 1
±>1H6>>»;DC15<»GL?4?H1BD3≤±>1H1…CLB»±1@?@6A65>Q=BC1<≤=A6∞≤=?=.

=?56<Q323 5<»i7 B<Q551C≤53Q@?H1C;?3QD=?3≤±1;Q<L;QBC«
AQ3>»>L3B≤BC6=Q 5<»nQn A≤33656>>QG≤F>?3≤F±=Q>>≤FRF±=QBCD
3Q5@?3Q5>?BCQ5? (9.16 Q3 7) BC1…±A?±D=Q<≤= n 3Q5@?3Q51…;DCD1n
I3≤5;?BCQ:?4?±=Q>≤ B;Q<L;≤ 3@?@6A65>L?=DBC1<?=DA6∞≤=Q
I3≤5;?BCQ±=Q>≤;DC1>6=1…5<»i7 , B<Q5@A≤:>»C≤n 7 >1H6>>»n
»;QA1>QI63≤±>1H1…CLB»±>6±2DA6>?4?BC1<?4?A6∞≤=D
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1∞<≤3?« @6A6314?« =?56<Q 323 … RR<64;1 151@C1GQ» 5?
2141C?6C1@>≤F @6A6FQ5>≤F @A?G6BQ3 ;?∞>≤: ± 6C1@Q3 »;≤F =?∞6
A?±AQ±>»C≤B» B≤<?« ±2DA«31<L>?R5QR ©;√? 3 =6C?5Q@?B<Q5?3>≤F
Q>C6A31<Q33≤;?A≤BC?3D«CL>1@Q3BD=≤±2DA«31<L>≤F5Q:>1Q>C6A31<QC?3
A?±3»±D31>>Q±1=?56<<« (9.23 =?∞>1±126±@6H≤C≤BCA?46@A≤@1BD31>>»
>1BCD@>?4?A?±3»±;D5?@?@6A65>L?4?)65?B»41…CLB»±=Q>?«@?H1C;?3≤F
D=?3H6A4?3?4?6C1@D@6A6FQ5>?4?@A?G6BD »;Q@?3≤>>Q5?AQ3>«31C≤
A6±D<LC1C1= ;Q>G»@?@6A65>L?4?6C1@D ©;>14?<?ID31<?B»3≤√6 3
@?H1C;?3QD=?3≤3F?5»CL;DCQI3≤5;QBCL:?4?±=Q>≤ A?±D=Q<?√?±3»±?;
±153?=1@1A1=6CA1=≤B@A≤»…@Q53≤√6>>«C?H>?BCQA?±3»±;D

A?Q<«BCAD…=?3≤;<156>Q=QA;D31>>»>14Q@?C6C≤H>?=D@A≤;<15Q
5?B<Q5∞6>>»@6A6FQ5>?4?@A?G6BD@A≤@?E1±>?=DDB@QI>?=D @QB<»
?5>?E1±>?4?;?A?C;?4?±1=≤;1>>»356»;Q:B≤BC6=Q

6F1: D 51>?=D ±1351>>Q=1… =QBG6 >1BCD@>1 @?B<Q5?3>QBCL
±2DA«31<L>≤F5Q:±@1A1=6CA1=≤@?CD∞>QBCLD3. ?.):

5?131AQ:>≤:A6∞≤= 7 Ib7 0 /2 6<4A5
@6AI≤:6C1@ Pm=1.54110 t=0.00 ... 0.10 c.;
5AD4≤:6C1@ Pm=2.11268 t=0.10 ... 0.45 c.;
CA6CQ:6C1@ Pm=2.26891 t=0.45 ... 0.80 c.;
H6C36AC≤:6C1@ Pm=2.44565 t=0.80 ... 1.15 c.;
@»C≤:6C1@ Pm=2.63158 t=1.15 ... 1.45 B

≤∞H6>13?5»CLB»56»;QA6±D<LC1C≤C6BCD31>>»DGL?=D±1351>>Q
=?56<Q3 5 ±3≤;?A≤BC1>>»==6C?5D@?B<Q5?3>≤FQ>C6A31<Q3Q=?56<Q
(9.23 Q>C64AD31>>»»;?R±5Q:B>«31<?B»±3≤;?A≤BC1>>»=@A?4A1=≤KD L
=6C?5?= D>46- DCC1- ≤<»%6BC?3QA?±A1FD>;≤@A?3?5≤<≤B»@A≤AQ±>≤F
;A?;1F@?>6±1<6∞>Q:±=Q>>Q:H1BD5<»@6A63QA;≤HDC<≤3?BCQA?±3»±;Q35?
GL?4?H≤>>≤;1

?±A1FD>;≤±1=?56<<« (9.23 2D<≤3≤;?>1>QB@?H1C;DQ±C?H>≤=
@A≤@1BD31>>»=A?±3»±;Q3>16C1@1F1@?CQ=26±@A≤@1BD31>>»C?2C?C1;,
»;3=6C?5Q@?B<Q5?3>≤FQ>C6A31<Q3 6AI≤:±G≤FA?±3»±;Q32D<?>1±31>?
A?±3»±;?=3≤B?;?RC?H>?BCQQ@A≤:>»C?±16C1<?>@A≤3BQF@?AQ3>»>>»F
Q5BC13?«5<»GL?4?2D<?C1;64

<?4QH>1>6BD@6A6H>QBCL=?56<Q3 @A≤3656>Q:3≤√6C6?A6=Q
QB>D31>>»5

±1BC?BD31>>» @A≤>G≤@D @A≤@1BD31>>» »; >1:2Q<LI
5?36AI6>?4?=6F1>Q±=DD±4?5∞6>>»6C1@Q35≤>1=QH>≤F@A?G6BQ35

@6A6C3?A6>>»3C?C?∞>QBCLAQ3>»>L 3 ±C?H>QBC« 5?
3?BL=?4?±>1;1@QB<»56B»C≤A≤H>?R;A1@;≤>1;?∞>Q:QC6A1GQR

<» Q<«BCA1GQR6C1<?>>?4? A?±3»±D31>>» >≤∞H6 @A≤3?5»CLB»
3≤FQ5>≤:<QBC≤>45<»@6AI?4?6C1@DEA14=6>CE1:<D51>≤F5<»5AD4?4?
6C1@D56=?∞>121H≤C≤=6F1>Q±=@A≤@1BD31>>»Q4A1EQH>6@A65BC13<6>>», 
A≤B3.,3BL?4?@6A6FQ5>?4?@A?G6BD
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≤FQ5>≤:<QBC≤>4A?±3»±;D@6AI?4?6C1@D@6A6FQ5>?4?@A?G6BD
'1:<51>≤F@A?4A1=≤  DYNAMSYS
5<»@6AI?4?6C1@D@6A6FQ5>?4?@A?G6BDi7 - B
     2
     .00000  .10000  .01000  .00100
    9.50000  .00000
     .50000  .50000

>C64AD31>>»=6C?5?= D>46- DCC1- ≤<»
* ©'& ): & %

iA15
& %
iB deryvdel YZaiV4A15

.00000
3.14159
6.28319
9.42478

12.56637
15.70796
18.84956
21.99115
25.13274
28.27434
31.41593
31.41593
31.41593

.0000

.0100

.0200

.0300

.0400

.0500

.0600

.0700

.0800

.0900

.1000

.1000

.1000

.00000

.00056

.00113

.00169

.00224

.00278

.00332

.00384

.00435

.00484

.00532

.00532

.00532

9.50000
9.55082
9.70311
9.95632

10.30952
10.76144
11.31047
11.95461
12.69156
13.51867
14.43300
14.43300
14.43300

≤BD>?;9.4z%A1…;C?AQ»5≤>1=QH>?4?@A?G6BD=
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'1:<51>≤F@A?4A1=≤   DYNAMSYS
5<»5AD4?4?6C1@D@6A6FQ5>?4?@A?G6BDi7 z ./B

      2
      .10000  .45000  .01000  .00100
    14.43300  .00532
      .50000  .50000

A≤BCD@1«H≤5?@?AQ3>»>>»A?±3»±;Q3±36A>6=?B»5?C12<33 56
5<»F1A1;C6A>≤F=?=6>CQ3H1BD@6A6FQ5>?4?@A?G6BD@A≤3656>QA?±A1F?31>Q
±>1H6>>»;DC1

%12<≤G» 33 z ?AQ3>»<L>1 ?GQ>;1 A6±D<LC1CQ3 A?±A1FD>;D
@»C≤6C1@>?4?@6A6FQ5>?4?@A?G6BD@A≤5?3∞≤>QQ>C6A31<D;A?;D B

*1BiX

?±3»±?;±1
=?56<<«

3 @A≤BCA?4?=D
@A≤@1B?3D31>>Q
YZaiV6<4A15

?±3»±?;±1
=?56<<«
3 26±
@A?G65DA≤

@A≤@1B?3D31>>»
YZaiV6<4A15

?±3»±?;±1
=?56<<«
3/=6C?5?=
@?B<Q5?3>≤F
Q>C6A31<Q3

delta,6<4A15
0.00
0.10
0.45
0.80
1.15
1.45

9.50000
14.43300
49.27640
12.07953
26.65006
35.95931

9.50000
14.43300
49.15898
11.88322
26.91055
35.81848

9.50000
14.43431
49.40110
11.60871
27.12872
34.79567

C12<33 QA≤B3.3≤5>?√?A?±3»±?;±1=?56<»=≤3/Q3
@A≤3?5»CL5??5>?4?QC?4?∞3≤B>?3;D@A?BCQ:;QBCLB≤BC6=≤@A≤±151>≤F
±2DA6>>»F 1<6;Q<L;QB>Q?GQ>;≤3Q5AQ±>»«CLB» @A≤H?=DA?±3»±?;±1
=6C?5?=@?B<Q5?3>≤FQ>C6A31<Q351…BDCC…3Q@?=≤<;≤)6C36A5∞6>>»√6
?H63≤5>QI63C12<34 56@A≤3656>Q12B?<«C>Q±>1H6>>»3Q5F≤<6>L3Q5
6C1<?>>?4?A?±3»±;D

%12<≤G»34z ?AQ3>»<L>1?GQ>;13Q5F≤<6>L3Q56C1<?>>?4?A?±3»±;D

*1BiX

?±3»±?;±1=?56<<«
3 26±@A?G65DA≤
@A≤@1B?3D31>>»
YZaiV6<4A15

?±3»±?;±1=?56<<«
3/=6C?5?=@?B<Q5?3>≤F

Q>C6A31<Q3
YZaiV6<4A15

1 2 3
0.00
0.10
0.45

0.00000
0.00000
0.11742

0.00000
0.00131
0.12470
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A?5?3∞6>>»C12<≤GQ3.
1 2 3

0.80
1.15
1.45

0.19631
0.26049
0.14083

0.47082
0.47866
1.16364

A≤ C1;?=D C36A5∞6>>Q @A≤A?5>Q 3Q5=Q>>?BCQ D 3≤±>1H6>>Q
=1;B≤=1<L>≤FQ=Q>Q=1<L>≤F;DCQ33@6A6FQ5>?=D@A?G6BQ√?±ADH>?
@A?B<Q5;D31C≤3C12<35.

%12<≤G»3/z ?AQ3>»<L>1?GQ>;16;BCA6=D=Q33 2-FG≤;<1F
4?:51>L@A≤5?3∞≤>QQ>C6A31<D;A?;D B

?=6A
G≤;<D
4?:51>L

?±3»±?;±1
=?56<<«

3 @A≤BCA?4?=D
@A≤@1B?3D31>>Q
YZaiV6<4A15

?±3»±?;±1
=?56<<«

(9.23 26±@A?G65DA≤
@A≤@1B?3D31>>»
YZaiV6<4A15

?±3»±?;±1
=?56<<«

(3/=6C?5?=@?B<Q-
5?3>≤FQ>C6A31<Q3
YZaiV6<4A15

max min max min max min
1
2

49.35635
42.55384

4.30041 49.21620
42.61591

4.32197 49.44606
42.96432

4.08860

1∞<≤3D5<»@A1;C≤;≤F1A1;C6A≤BC≤;D 3@<≤3;A?;DQ>C64AD31>>»
5?3∞≤>≤Q>C6A31<D =?∞>1@?21H≤C≤3C12<36 56C6∞B1=6C6BC?36
±1351>>»A?±3»±D31<?B»±2Q<LI≤=>Q∞A1>QI6;A?;?=

%12<≤G»36z ?AQ3>»<L>1?GQ>;13@<≤3D5?3∞≤>≤Q>C6A31<D;A?;D
@A≤i7 /B±A?±3»±;?=3≤B?;?RC?H>?BCQ

*1BiX

?±3»±?;3≤B?;?R
C?H>?BCQ

@A≤;A?GQ B
YZaiV6<4A15

?±3»±?;±1
=?56<<«

3 26±@A?G65DA≤
@A≤@1B?3D31>>»
YZaiV6<4A15

?±3»±?;±1
=?56<<«

3/=6C?5?=@?B<Q-
5?3>≤FQ>C6A31<Q3
YZaiV6<4A15

0.00
0.10
0.45
0.80
1.15
1.45

 9.50000
14.43300
49.27640
12.07953
26.65006
35.95931

 9.50000
14.43260
49.31752
11.85294
26.82538
35.96306

 9.50000
14.45628
49.57608
11.27901
27.15299
38.18484

)6:H≤>>≤;√6±ADH>QI6A?±4<»>DC≤3C12< 37 56@A≤3656>Q
12B?<«C>Q±>1H6>>»3Q5F≤<6>L3Q56C1<?>>?4?A?±3»±;D
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%12<≤G»38 z ?AQ3>»<L>1?GQ>;13Q5F≤<6>L@A≤i7 /B Q±
A?±3»±;?=3≤B?;?RC?H>?BCQ

*1BiX

?±3»±?;±1=?56<<«
3 26±@A?G65DA≤
@A≤@1B?3D31>>»
YZaiV6<4A15

?±3»±?;±1=?56<<«
3/=6C?5?=@?B<Q-
5?3>≤FQ>C6A31<Q3
YZaiV6<4A15

0.00
0.10
0.45
0.80
1.15
1.45

0.00000
0.00004
0.10120
0.22659
0.17532
0.00375

0.00000
0.02328
0.29968
0.80052
0.50293
2.22553

±BD=QB>?4?A?±4<»5DC12<34 QC12<35 3≤5>?√?A?±3»±?;±1
=?56<<« (9.23 B<12?HDC<≤3≤:5?5?3∞≤>≤;A?;D1A?±3»±?;±1=6C?5?=
@?B<Q5?3>≤FQ>C6A31<Q3QBC?C>?±1<6∞≤CL3Q536<≤H≤>≤Q>C6A31<D &
@6AI?=D3≤@15;DG6, ?H63≤5>?, @?»B>«…CLB»C≤=√?±3»±?;@?51<LI?4?
;A?;D±@?@6A65>Q=±5Q:B>«…CLB»H6A6±531@1A1=6CA≤ ;DCQ@?FQ5>D;DC1
C?5Q,»;3=6C?5Q@?B<Q5?3>≤FQ>C6A31<Q3,H6A6±?5≤>@1A1=6CA ;DC

±3»±;D±3≤;<156>≤=,=?∞>1±A?2≤C≤C1;Q3≤B>?3;≤
?56<L 323 156;31C>?3Q5?2A1∞1…@A?G6BADFDB≤>FA?>>?R

=1I≤>≤@A≤B≤<L>≤F±2DA6>>»F
?±3»±?;±1=?56<<« 3 , >1?B>?3QAQ±>≤G63≤FBF6= Q

@A?G65DA≤BCA?4?4?@A≤@1BD31>>»,…A?±3»±;?=3≤B?;?RC?H>?BCQ
?±3»±?;±1=?56<<« 3 , >1?B>?3QAQ±>≤G63≤FBF6=26±

3≤;?A≤BC1>>» @A?G65DA≤ @A≤@1BD31>>», … C?H>QI≤=, @?AQ3>»>? ±
A?±3»±;?=±1=6C?5?=@?B<Q5?3>≤FQ>C6A31<Q3

. ?56<L323 B<12?HDC<≤315?5?3∞≤>≤;A?;DQ>C64AD31>>».

©;QQ±>13656>≤FB@Q33Q5>?I6>L=?∞DCL=1C≤=QBG6@A≤BDCC…3≤F
±2DA6>>»F6<6;CA?6>6A46C≤H>?RB≤BC6=≤1»;Q>Q;?<≤4

@A≤B;7 41<L=; @A≤B;7 =?∞<41<L=;
@A≤B;> 41<L=; @A≤B;> =?∞<41<L=;
@A≤B;< 41<L=; @A≤B;< =?∞<41<L=;

2 *≤3A1F?3D…@A≤A?±A1FD>;1FA?2?CD 46>6A1C?AQ3=6C?5
@?B<Q5?3>≤FQ>C6A31<Q3√?A?±4<»513B»9©;√?>QC?±1@A?@?>D:C6»;G6
±A?2≤C≤

%6B1=656=@E6A>≤F?2=?C?;46>6A1C?AQ3
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. ©;3@<≤31…±2Q<LI6>>»H1BD3≤=;>6>>»?5>?E1±>?4?;?A?C;?4?
±1=≤;1>>» 3 @A≤;<15Q3 >1 36<≤H≤>D ;A≤C≤H>?4? ;DC1 Q;DC1
=1;B≤=1<L>?4?3≤<L?CDA?C?A19
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Y SY Z Z Z Z S
U Z  Simulink

 

≤BC6=1L1bja1c3»;1…H1BC≤>?«@1;6CDF:ME:;51…=?∞<≤3QBCL
C1;±31>?4?2<?;?3?4?=?56<«31>>»B≤BC6=AQ±>?4?@A≤±>1H6>>»DC?=D
H≤B<QQB≤BC6=6<6;CA?6>6A46C≤;≤ n

nt n n
n n
n n

1=1=1C6=1C≤H>1A61<Q±1GQ»@A≤F?31>13Q5;?A≤BCD31H1QG6=?∞>1
?GQ>«31C≤@?-AQ±>?=D ?5>?4?2?;D ;?A≤BCD31H=?∞6>63F?5≤C≤3
C?>;?√Q=1C6=1C≤H>?4??@≤BD6<6=6>C1BCAD;CDA≤@?3>QBC«5?3QA≤C≤B»
A?±A?2>≤;1=QG62141C?FC?331∞1…@6A6314?«B≤BC6=≤L1bja1c3 <»
Q>I≤FG6=?∞6331∞1C≤B»>65?<Q;?=?B;Q<L;≤;?A≤BCD31H±>1H>?«=QA?«
1<6>6@?3>QBC« @?±213<6>≤:=?∞<≤3?BCQ;?A6;CD31C≤=1C6=1C≤H>≤:
?@≤B6<6=6>C1 65≤3<»H≤BL>1C1;D@?53Q:>QBCL3?GQ>GQB≤BC6=≤
L1bja1c3 3?>1I≤A?;?3≤;?A≤BC?3D…CLB»5?B<Q5>≤;1=≤5<»3≤3H6>>»Q
3Q±D1<Q±1GQR@A?G6BQ3√?3Q52D31«CLB»3B≤BC6=QC15<»@A≤:>»CC»AQI6>L±
@?51<LI?4?RR35?B;?>1<6>>»±1A1FD>?;±=Q>≤ BCAD;CDA≤ C1 12?
@1A1=6CAQ3

B;Q<L;≤B≤>C6±?31>12<?;?31=?56<L…>63≤5≤=?«5<»5?B<Q5>≤;1
;?=2Q>1GQ…« B≤BC6= 5≤E6A6>GQ1<L>≤FQ1<462A1RH>≤FAQ3>»>L C?5<»
A?2?C≤±C1;?«=?56<<«@?3≤>>Q2DC≤ @Q5AD;?« Q3Q5@?3Q5>Q2<?;≤C1
@A?4A1=>Q@A?5D;C≤ ?;A6=15<»6>6A46C≤H>≤F5?B<Q5∞6>L3B≤BC6=Q
L1bja1c3…@1;6CA?±I≤A6>LIdlZgLnhiZb ;adX3hZi»;≤:=QBC≤CLA»5
2Q2<Q?C6; 1=@1;6C=?∞>13≤»3≤C≤3L1bj31c3E1WgVgn;gdlhZg»;√?
3Q5;A≤C≤5≤A6;C?AQ«L1bIdlZgLnhiZbh ≤5RR56A631@A65BC13<6>≤:>≤∞H6
>1A≤B

&2Q2<Q?C6GQ<dccZXidgh±?B6A65∞6>Q2<?;≤√?±5Q:B>««CL±…5>1>>»
?;A6=≤F2<?;Q3C1;Q>1@A≤;<15»;I≤>≤±1±6=<6>>»;DC?3QQ%-@?5Q2>Q
±3»±;≤C1Q>

Q2<Q?C6;1>aZXig1XVaLdjgXZh=QBC≤CL2<?;≤?5>?E1±>≤FQCA≤E1±>≤F
5∞6A6<6<6;CA≤H>?R6>6A4QR6<6;CA≤H>≤F5∞6A6<@?BCQ:>?4?BCAD=DQ
B≤4>1<Q3

&5?B≤CL?2…=>Q:2Q2<Q?C6GQ>aZbZcih±>1F?5»CLB»>1:31∞<≤3QIQ
2<?;≤ ±»;≤F E?A=D…CLB» BCAD;CDA1B≤BC6=≤ 6<6;CA?@?BC1H1>>» -
CA1>BE?A=1C?A≤<Q>QR>131>C1∞6>>»3≤=≤;1HQ;?A?C;?±1=≤;1HQC1Q>

2Q2<Q?C6GQFVX]1cZh±?B6A65∞6>Q2<?;≤B≤>FA?>>≤FQ1B≤>FA?>>≤F
=1I≤>=1I≤>@?BCQ:>?4?BCAD=DA64D<»C?AQ3BC12Q<Q±1C?AQ3QC5

Q2<Q?C6;1FZVhjgZbZcih=QBC≤CL2<?;≤?5>?E1±>≤FQCA≤E1±>≤F
±1B?2Q33≤=QA«31>>»BCAD=Q3>1@AD4?@?AQ3C1Q>
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2Q2<Q?C6GQIdlZg >aZXigdc1Xh ±?B6A65∞6>Q2<?;≤ 6<6=6>CQ3
@A6C3?A«31<L>?RC6F>Q;≤-5Q?5≤C≤A≤BC?A≤Q561<L>Q;<«HQQC5

Q55≤A6;C?AQ» >migVE1WgVgn 3;<«H1…A»5 31∞<≤3≤F 2Q2<Q?C6;
@?3»±1>≤F±5≤B;A6C>?«C6F>Q;?«36<6;CA?6>6A46C≤GQ1C1;?∞B≤<?3?«Q
3≤=QA«31<L>?« C6F>Q;?« CA≤E1±>≤FB≤BC6= &GL?=DB6>BQ2Q2<Q?C6;1
>migVE1WgVgn@?=QC>?A?±I≤A«…±=QBCA1>QI6±4151>≤F2Q2<Q?C6;

           SimPowerSystems

                         Connectors

                                   Electrical Sources

                                 Elements

                                 Extra Library                                                                  

                                                   Machines

                                                  Measurements

                                              Power Electronics

≤BD>?; z 6A63?5≤A6;C?AQ:SimPowerSystems

?∞6>2<?;√?±>1F?5≤CLB»D3Q5@?3Q5>Q:2Q2<Q?C6GQ=1…=>6=?>Q;D
»;1<64;?A?±@Q±>1…CLB»QG65?@?=141…3@?ID;D@?CAQ2>≤F2<?;Q3 AQ=
C?4?»;√?=≤I6«>136BC≤;DAB?A>12<?;√?GQ;13≤CLQ1;C≤3Q±D31C≤
:?4??5>≤=;<1G1>>»=C?±»3<»…CLB»;?A?C;1C6;BC?315?3Q5;1@A?>L?4?
>6A46C≤H>16AD5≤GQ»;?A≤BCD31H13BD;D@>?BCQ±=>6=?BF6=?«Q5?3Q5;?«
±1±3≤H1: 51«CL=?∞<≤3QBCL±A?±D=QC≤ @A≤±>1H6>>»2<?;1 ?53Q:>6
;<1G1>>»=≤I6« @A≤3?5≤CL5??@≤BD@1A1=6CAQ32<?;1 »;Q>151<Q
5?3656CLB»>1<14?5∞D31C≤@Q53<1B>Q@?CA62≤ B6G632Q<LI?BCQ3≤@15;Q3
51…=?∞<≤3QBCL;?A≤BCD31HD±»BD31C≤»;16<6;CA≤H>1±1BCD@>1BF6=1
<6∞≤CL3?B>?3Q2<?;1Q»;QAQ3>»>>»B≤BC6=≤AQ3>»>L@A65BC13<»«CL
=1C6=1C≤H>≤:?@≤B2<?;1 1@A≤;<15 ±36A>6>>»5?2<?;1B≤>FA?>>?R
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=1I≤>≤BC3?A«…D»3<6>>»√?3?>1=1C6=1C≤H>??@≤BD…CLB»@?3>≤=≤
5≤E6A6>GQ1<L>≤=≤AQ3>»>>»=≤ 1A;1- ?A…313;??A5≤>1C1FY-q- 5<»;Q<
BC1C?A1QA?C?A1

>?5Q 2<?;≤ »;≤F >6 3≤BC1H1… >1@A≤;<15 ;?>G6>CA1C?A≤
@Q5B≤<«31HQB≤4>1<Q3QC5 =?∞>1ID;1C≤3Q>I≤F2Q2<Q?C6;1F±1=6∞1=≤
5≤A6;C?AQRL1bIdlZgLnhiZbh <6?B?2<≤3?R314≤>12D31…±>1:?=BC3?±
B≤BC6=?« 5?@?=?4≤ 56B;?>G6>CA?31>?26±<QH4?C?3≤F5?3≤;?>1>>»
@A≤;<15Q3 ≤3H6>>»RF ±1@DB; >13≤;?>1>>»Q@?51<LI≤: 1>1<Q±
A6±D<LC1CQ3 51…>6?2FQ5>D Q>E?A=1GQ« ;?A≤BCD31H63Q ≤:C≤ >1GQ
@A≤;<15≤=?∞>1@QB<»±1@DB;DL1bjaQc3I<»F?=@?B<Q5?3>?4?3≤2?AD
;?=1>5±1C1;?«BF6=?«4

Help 
                 Simulink Help 
                                              Demos 

                                                 Simulink 
                                                                                     SimPowerSystems.

≤2QA @A≤;<15D 3≤;?>D…CLB»;<1G1>>»= =≤I6« & 3Q;>Q √?
±»3≤<?B» B<Q5 1;C≤3Q±D31C≤ @A≤;<15 Q±>1±3?« HeZc i]1hbdYZaQ
@A≤BCD@≤C≤5?3≤3H6>>»=?56<Q

≤26A6=?5<»@6A64<»5DQ@6AI?4?±>1:?=BC31@A≤;<15E1cZVg
MgVch[dgbZg <?;?31=?56<L5<»>L?4?@A65BC13<6>1>≤∞H6>1A≤B

1H≤=?√??2…;C?=5?B<Q5∞6>>»…A6∞≤=3B≤BC6=Q±?5>?E1±>≤=
CA≤?2=?C;?3≤=CA1>BE?A=1C?A?= E1cZVgMgVch[dgbZg √?∞≤3≤CLB»3Q5
Q561<L>?4?5∞6A6<1B≤>DB?R51<L>?R>1@AD4≤OhQ@A1G«…>1CA≤?5>?E1±>Q
>131>C1∞6>>» EdVY EdVY EdVY 3Q3C?A≤>>Q?2=?C;≤
CA1>BE?A=1C?A1 =1«CL ±141<L>D C?H;D <» ;6AD31>>» 5AD4≤=
>131>C1∞6>>»=@6A6521H6>≤:?5>?E1±>≤:3≤=≤;1H ;gZV3Zg 141<L>1
>6:CA1<L3C?A≤>>≤F?2=?C?;CA1>BE?A=1C?A1Q3≤FQ5>Q;Q>GQ@6AI?4?C1
5AD4?4?>131>C1∞6>L@Q5…5>1>Q5?±2QA>≤FI≤> 1GL?=D@6AI6
±>1:?=BC3?±B≤<?3?« H1BC≤>?« B≤BC6=≤ »;15?B<Q5∞D…CLB» =?∞>1
331∞1C≤C1;≤=√?3Q52D<?B»

Q<LI 4<≤2?;6D»3<6>>»=?∞>1?56A∞1C≤@QB<»?±>1:?=<6>>»±
@1A1=6CA1=≤B≤<?3≤F6<6=6>CQ32<?;?3?R=?56<Q <»GL?4?@?B<Q5?3>?
3≤2≤A1…=?B≤<?3Q6<6=6>C≤Q@?53Q:>≤=;<1G1>>»==≤I6«3Q5;A≤31…=?
3Q;>?±@1A1=6CA1=≤6<6=6>C1 1A≤B 3≤3656>?>1E?>Q=?56<Q3Q;>?
@1A1=6CAQ35∞6A6<1∞≤3<6>>»Oh

<»>L?4?±151>?1=@<QCD5>D>1@AD4D .. hfgiTUD ?<LC1FE1±1
>1@AD4≤ 6<6;CA≤H>≤F4A15DBQ3 H1BC?C10 GQA?±A1FD>;?3≤:H1B
@?H1C;DA?2?C≤5∞6A6<1∞≤3<6>>» B >1<?4QH>?=?∞>1?±>1:?=≤C≤B»±
@1A1=6CA1=≤Q>I≤FB≤<?3≤F6<6=6>CQ3
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QB<»GL?4?5?GQ<L>?±36A>DC≤D314D>1±1B?2≤3≤=QA«31>L»;Q
@6A6521H6>Q3=?56<Q 1H≤=? √?>1:@?3>QI63?>≤@6A6521H6>Q5<»
5∞6A6<1∞≤3<6>>» ?>CA?<««CLB»BCAD= Beg1b >1@AD41 O eg1b
1;C≤3>1QA61;C≤3>1@?CD∞>?BCQ:Xi1kZ KZVXi1kZIdlZg @A≤H?=D
1;C≤3>1IP QA61;C≤3>1J kVgh@?CD∞>?BCQ3≤3?5»CLB»>13QACD1<L>≤:
?BG≤<?4A1E A≤ ±151>Q: BCAD;CDAQB≤BC6=≤ √? 5?B<Q5∞D…CLB» GQ
3≤=QA«31<L>Q±1B?2≤3Q5?2A1∞1«CLQ@1A1=6CA≤A6∞≤=D@6A3≤>>?RBC?A?>≤
B≤<?3?4?CA1>BE?A=1C?A1&;?<1F>131>C1∞6>L>6@6A6521H6>Q2D5L-»;Q
±1B?2≤3≤=QA«31>>» Q∞ >6:CA1<L>?« C?H;?« 3C?A≤>>≤F?2=?C?;Q
±2QA>≤=≤I≤>1=≤@Q5…5>1>?2<?;1=@6A=6CA1BcZjigVa±3≤F?5?=>1
?BG≤<?4A1E BcZjigVa 36A>6=?D314D√6>1?5≤>2<?;3≤=QA«31>LQ
;?>CA?<« - IdlZgfj1»;≤:»3>?>6@Q5…5>D…CLB»5?2D5L-»;?4?;?<11<6
3Q5?2A1∞1… »;√?:?4?1;C≤3Q±D31C≤;<1G1>>»==≤IQ@1A1=6CA≤3BQF
B≤<?3≤F 6<6=6>CQ3 =?56<QQ@1A1=6CA≤ 3BQF ±1B?2Q3 3≤=QA«31>>»
@Q5…5>1>≤F5?=?56<Q.

1 GL?=D ±1;Q>H≤=? ±>1:?=BC3? ± @6A3≤>>?« Q3C?A≤>>?«
;?=DC1GQ…«2<?;?3?R=?56<Q?5>?E1±>?4?CA≤?2=?C;?3?4?CA1>BE?A=1C?A1
B≤BC6=≤6<6;CA?@?BC1H1>>»√?5?B<Q5∞D…CLB» 1<QB<Q5±36A>DC≤D314D>1
@A?4A1=>≤:@A?5D;C±15?@?=?4?«»;?4?5?B<Q5∞D31C≤=6CLB»A6∞≤=3
B≤BC6=QQ56»;Q>1@A≤;<15C≤=H1B?3Q@1A1=6CA≤A?2?C≤@A?4A1=≤ <»
GL?4?CA6211;C≤3Q±D31C≤?@GQ« L1bjaVi1dc=6>« Q3≤2A1C≤3;<15;D
L1bjaVi1dc eVgVbZiZghy & 3≤B3QH6>?=D 3Q;>QB@?H1C;D ?2=6∞≤=?B»
±>1:?=BC3?=CQ<L;≤±Q=»=@A?4A1=≤ ?YZ/h C153?=1C≤=H1B?3≤=≤
@1A1=6CA1=≤ LiVgii1bZQLidei1bZ √?±151«CLH1B@?H1C;DQ;Q>G»
A?2?C≤@A?4A1=≤ 1H≤=?√?5?B<Q5∞6>>»A6∞≤=D3Q52D31C≤=6CLB»>1
Q>C6A31<QH1BD y B

3≤H1:>? 5?GQ<L>? 56C1<L>QI6 @?±>1:?=≤C≤B» ± @A?4A1=>≤=
@A?5D;-C?=±?;A6=15Q±>1C≤B»»;≤:=6C?5Q>C64AD31>>»5≤E6A6>GQ1<L>≤F
AQ3>»>LC1=3≤;?A≤BC?3D…CLB»»;Q@1A1=6CA≤C?H>?BCQ±1;<156>Q3@A?4A1=Q
QC5)6=?∞>1±A?2≤C≤»;√?34?<?3>?=D3Q;>QF:ME:;336BC≤;?=1>5D

>> help ode15s,
1<65<»@6AI?4?±>1:?=BC31±=?56<<«G6=?∞>13Q5;<1BC≤>1@Q±>QI6

%6@6A>1BC13H1B@?±>1:?=≤C≤B»±A?2?C?«@A?4A1=≤ 5<»GL?4?
>6?2FQ5>?>1@A13≤C≤>13≤;?>1>>»2<?;?3D=?56<L√?3≤3H1…CLB»)6
=?∞>1±A?2≤C≤I<»F?=3≤2?AD;?=1>5≤LiVgi±?@GQRL1bjaVi1dc<Q>Q:;≤
=6>«12?3≤;?A≤BC1>>»=±>1H;1 LiVgih1bjaVi1dc A?±C1I?31>?4?@Q5
<Q>Q:;?«=6>«

*6A6±56»;≤: H1B @QB<»±1;Q>H6>>»A?2?C≤ @A?4A1=≤ =?∞>1
1;C≤3Q±D31C≤@?53Q:>≤=;<1G1>>»==≤IQ2<?;≤?BG≤<?4A1EQ3Q@?21H≤C≤
@6A6FQ5>Q@A?G6B≤>1Q>C6A31<QH1BD»;≤:@6A6521H6>≤:@A≤>1<14?5∞6>>Q
@A?4A1=≤ A≤1>1<Q±Q?BG≤<?4A1= =?∞>13≤»3≤C≤ √?5?=?=6>CD
D3Q=;>6>>»3≤=≤;1H6=;gZV3Zg5AD4?4?>131>C1∞6>>»i7 /BBCAD=D3
>6:CA1<Q>6=1…2?@6AI6QCA6C…>131>C1∞6>>»∞≤3≤CLB»Q>I≤=≤;?<1=≤
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1∞1>? @A?1>1<Q±D31C≤ FQ5 @6A6FQ5>?4? @A?G6BD ±1 ?BG≤<?4A1=1=≤
1;C≤3>?RQA61;C≤3>?R@?CD∞>?BC6: %DC=?∞>13BC1>?3≤C≤CA≤31<QBCL
@6A6FQ5>?4?A6∞≤=D@A≤33Q=;>6>>Q@6AI?4?QCA6CL?4?>131>C1∞6>L3≤FQ5
>1BC1<≤:A6∞≤= 1@QB<»33Q=;>6>>»3≤=≤;1H15AD4?4?>131>C1∞6>>»-
>?3Q@1A1=6CA≤@6A6FQ5>?4?@A?G6BDQBC1<?4?A6∞≤=D)6=?∞>1@?21H≤C≤
>1A≤B .

≤BD>?; .z BG≤<?4A1=≤F?5D@6A6FQ5>?4?@A?G6BD1;C≤3>?RQ
A61;C≤3>?R@?CD∞>?BC6:

Q<L;QB>D Q>E?A=1GQ« @A? A6±D<LC1C≤ A?2?C≤ =?56<Q=?∞>1
?CA≤=1C≤±2<?;13≤=QA«31>LQ;?>CA?<«IdlZgfj1»;√?1;C≤3Q±D31C≤:?4?
@?53Q:>≤=;<1G1>>»==≤IQ 1∞1>?3≤3H≤C≤:?4?3≤B3QH6>6=6>« 1<6
B@?H1C;D±36A>6=?D314D>1?@GQ« ZcZgViZgZedgi±15?@?=?4?«»;?R
=?∞>1B≤>C6±D31C≤±3QC@A?A?2?CD=?56<Q

≤∞H6@A65BC13<6>≤:±3QCDC1;?=D3≤4<»5Q3»;?=D3Q>4?CD…CLB»
B≤BC6=?«L1bja1c3@A≤H?=D@1A1=6CA≤>13656>Q31=@<QCD5>?=D±>1H6>>Q

SimPowerSystems Report.
generated by powergui.

Model : 
C:\MATLAB6p5\toolbox\powersys\powerdemo\psbtransfo.mdl.

[1] Steady-State voltages and currents:
States at 60 Hz :
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Il_Load 1 120V 20kW 10kvar          =         115.6 A   -91.60°
I0$Lo%( 2 120V 20/W 10/v%r          =         115.6 A    88.40°
Uc_Load 3 240V 30kW  20kVar         =         332.8 V    -1.60°
Il_winding1 Linear Transformer
                75kVA 14400-120-120V=         6.888 A    -2.81°
Il_Lm Linear Transformer

           75kVA 14400-120-120V=        0.1458 A   -91.60°

Measurements at 60 Hz :

V pr-m     =    2.036)+004 V     0.00°
I n)utr%0  =      0.003991 A   125.43°
I prim     =         6.888 A    -2.81°

Sources at 60 Hz :
Vs 14400 V  =    2.036)+004 V     0.00°

Nonlinear elements at 60 Hz :

U$Br)%/)r  =      0.002584  V   151.84°
I$Br)%/)r  =         258.4  A   151.84°

[2] Initial values of States Variables:

Il_Load 1 120V 20kW 10kvar                  =        -115.5 A
Il_Load 2 120V 20kW 10kvar                  =         115.5 A
Uc_Load 3 240V 30kW  20kVar                 =        -9.269 V
Il_winding1 Linear Transformer

        75kVA 14400-120-120V  =       -0.3375 A
Il_Lm Linear Transformer
                75kVA 14400-120-120V        =       -0.1457 A
************************************************************

©;D;1±D31<?B»A1>QI6B≤BC6=1L1bja1c3@6AI±13B6@A≤BC?B?31>1
5<»3Q±D1<L>?4?;?>CA?<« @A?G6BQ3 √?5?B<Q5∞D«CLB» ±1A1FD>?;
3≤;?A≤BC1>>»C1;≤F±1B?2Q33Q5?2A1∞6>>» »;3QACD1<L>Q?BG≤<?4A1E≤
4A1EQH>Q@A≤BCA?RC1Q> <63@A?G6BQ5?B<Q5∞6>>»…21∞1>≤=5?BCD@5?
3BQ…RH≤B<?3?RQ>E?A=1GQR*1BC≤>1RR»;@?;1±1>?3≤√6±26AQ41…CLB»3
2<?GQ3≤=QA«31>LC1;?>CA?<«IdlZgfj1Q3≤3?5≤CLB»3±3QC 1±?=±G≤=
>16C1@Q>1<14?5∞6>>»=?56<QQB>D…=?∞<≤3QBCL±26A6∞6>>»3?@6A1C≤3>Q:
@1=»CQ3BQ…RQ>E?A=1GQR»;13≤3?5≤CLB»>1±1B?2≤3≤=QA«31>>»√?=?∞6
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2DC≤;?A≤B>≤=5<»4<≤2I?4?1>1<Q±D>1@A≤;<15@6A6FQ5>≤F@A?G6BQ3 <»
GL?4?=?∞>1B;?A≤BC1C≤B»>1BCD@>≤=@A≤>G≤@?3≤=1<4?A≤C=?=

Mi i- n n n n t

1<14?5≤C≤ 3≤3656>>»51>≤F3QACD1<L>?4??BG≤<?4A1E15<»
?5>?H1B>?4?±26A6∞6>>»Q>E?A=1GQR3?@6A1C≤3>Q:@1=»CQ4

11;C≤3Q±D31C≤@?53Q:>≤=;<1G1>>»==≤IQ2<?;?BG≤<?4A1E1√?
GQ;13≤CL5

23≤2A1C≤3<Q>Q:GQ=6>«?@GQ«IVgVbZiZgh5
351<Q3≤2A1C≤=ViV]1hidgn5
41;C≤3Q±D31C≤v3Q;>?LVkZYViVidldg3heVXZ5
5 >151C≤>?3612?±26A64C≤ Q=»±=Q>>?R√?@A?@?>D…CLB»

(SkopeData);
63≤2A1C≤3≤3656>>»3=1B≤3:ggVn5
∞@Q5C36A5≤C≤3≤;?>1>6>1<14?5∞6>>»
1@A13≤C≤>13≤;?>1>>»2<?;?3D=?56<L
≤:C≤34?<?3>63Q;>?F:ME:;

. ±1@≤CQ88>151C≤Q336BC≤Q=»±=Q>>?R?@6A1C≤3>?R@1=»CQ
≤3656>DH≤B<?3DQ>E?A=1GQ« >151<Q=?∞>13≤;?A≤BC?3D31C≤±1

3<1B>≤=21∞1>>»= 1GL?=D3≤3H6>>»@A≤;<15DE1cZVgMgVch[dgbZg=?∞>1
331∞1C≤±1;Q>H6>≤= A?C6GQ<;?=@A≤A?5>?±»3<»…CLB»21∞1>>»±=Q>≤C≤
BCAD;CDAD12?@1A1=6CA≤=?56<Q5<»4<≤2I?4?5?B<Q5∞6>>»A6∞≤=D G6
GQ<;?==?∞<≤3?I<»F?=BC3?A6>>»>?3?R=?56<Q12?;?A6;GQRCQ…R√?QB>D…
5<»3<1B>?R=6C≤

 

©;Q2D5L-»;Q=1C6=1C≤H>Q=?56<Q2<?;?31=?56<LBC3?A«…CLB»5<»
3≤AQI6>>» @63>?R =>?∞≤>≤ ±1351>L 3 6<6;CA≤H>Q: B≤BC6=Q √?
=?56<«…CLB»%?=DB@?H1C;DCA6213≤±>1H≤C≤@6A6<Q;±1351>L>1»;≤F
5?B<Q5>≤; F?CQ32≤ B;?>G6>CAD31C≤ B3?« D314D QA1>∞≤AD31C≤ RF
>1@A≤;<15±1H6A4?3QBC«A?±4<»5D <»C?4?√?2B;?A≤BC1C≤B»2<?;?3≤=
@Q5F?5?= @?CAQ2>?=1C≤ ?56A∞1C≤ C?@?<?4Q« 6<6;CA≤H>?RB≤BC6=≤Q
@1A1=6CA≤RR6<6=6>CQ3 <»3≤2A1>?4?@6A6<Q;D±1351>L5?GQ<L>?±»BD31C≤
»;Q6<6=6>C≤6<6;CA≤H>?RB≤BC6=≤B<Q53;<«H1C≤3=?56<L 1»;Q>6
3;<«H1C≤3±141<Q12?@A≤>1:=>Q>63;<«H1C≤>1@6AI?=D6C1@Q%1;D
=?56<L>1±36=?21±?3?«3C?=DA?±D=Q>>Q√?3?>1BC1>6?B>?3?«5<»
A?±3≤C;D 1∞1>>»?56A∞1C≤3Q5A1±D»;>1:@?3>QID=?56<L»;@A13≤<?
>6A1GQ?>1<L>6Q>6AQ5;??26AC1…CLB»>6351H6«

151<Q=?∞>1;6AD31C≤B»C1;≤=@A≤>G≤@?3≤=1<4?A≤C=?=
Mi i- n

&3Q:C≤5?F:ME:;
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&3Q:C≤ 5? L1bja1c3 33656>>»= ;?=1>5≤ L1bja1c3 D 3Q;>Q
MATLAB).

Q5;A≤C≤3Q;>?5<»B≤>C6±D=?56<QFile New Model).
.&3Q;>Q2A1D±6A1L1bja1c33≤2A1C≤2Q2<Q?C6;DL1bIdlZgLnhiZbh
/ 3≤B3QH6>≤F2Q2<Q?C6;±>1F?5≤C≤C1@?B<Q5?3>?3≤2≤A1C≤2<?;≤

√?GQ;13<»CLQ@6A6C»4D31C≤RFDCA≤=D«H≤<Q3D;>?@;D=≤IQD3Q5;A≤C6
3Q;>?±1@

0 …5>1C≤<Q>Q»=≤±QBCAQ<;1=≤?;A6=Q2<?;≤3Q5?2A1∞1«H≤C≤=
B1=≤=C?@?<?4Q«B≤BC6=≤

1 BC13≤C≤ 56G6>6?2FQ5>? ±1B?2≤3≤=QA«31>>» D@A13<Q>>»
3Q5?2A1∞6>>»QC5 3≤2≤A1«H≤RF±AQ±>≤F2Q2<Q?C6;2A1D±6A1L1bja1c3Q
B@?<DH1«H≤±B≤<?3?«H1BC≤>?«B≤BC6=≤

6C?«B≤>C6±D=?56<Q3>1I?=D3≤@15;D2D56=?331∞1C≤1>1<Q±
>?A=1<L>≤F Q131AQ:>≤F @6A6FQ5>≤F C1 BC1<≤F A6∞≤=Q3 3 B≤BC6=Q
6<6;CA?@?BC1H1>>» A≤@DBC≤=? √? @6A3≤>>1 BF6=1 B≤BC6=≤
6<6;CA?@?BC1H1>>»»;15?B<Q5∞D…CLB»=?∞62DC≤3Q5?2A1∞6>12<?;?3?«
=?56<<« A≤B / >6R3≤5>? √?B≤BC6=1?CA≤=D…∞≤3<6>>»3Q5
±?3>QI>L?4? 5∞6A6<1 Q3<1B>?R5≤±6<L>?R6<6;CA?BC1>GQR± ?5>≤=
B≤>FA?>>≤=46>6A1C?A?= 131>C1∞6>>»=…;AD@>≤:1B≤>FA?>>≤:53≤4D>
?3>QI>…5∞6A6<?∞≤3<6>>»H6A6±CA1>BE?A=1C?A@Q5…5>1>65?±2QA>≤F
I≤> >1»;Q@A1G«…Q5≤±6<L-46>6A1C?A Q5G≤F∞6I≤>∞≤3≤CLB»
1B≤>FA?>>6>131>C1∞6>>»

?∞>1±CAL?F >1:31∞<≤3QI≤F @Q5B≤BC6= ±?3>QI>…5∞6A6<?
13C?>?=>65∞6A6<?Q>131>C1∞6>>»@Q5…5>1>Q5?±2QA>≤FI≤>?;A6=≤=≤
3≤=≤;1H1=≤ <«H?36 @A≤±>1H6>>» 3 =?56<Q=1… ;?A?C;?±1=≤;1H
@Q5…5>1>≤:26±@?B6A65>L?5?I≤> %1;?« …=?56<LB≤<?3?RH1BC≤>≤
B≤BC6=≤√?5?B<Q5∞D…CLB»

?56<LA1±?=Q±±1B?21=≤3≤=QA«31>>»Q;?>CA?<«@A65BC13<6>1>1
A≤B 0

<»@Q5B≤BC6=≤±?3>QI>L?4?5∞6A6<1@6A6521H6>≤:3≤=QA«31<L>≤:
2<?;M]gZZ-I]VhZO FZVhjgZbZci»;≤:±126±@6H≤CL3≤3656>>»>1?;A6=Q
?BG≤<?4A1E≤<Q>Q:>QBCAD=≤QE1±>Q>1@AD4≤BC?A?>≤>≤±L;?R>1@AD4≤
CA1>BE?A=1C?A1

<» @Q5B≤BC6=≤ 13C?>?=>?4? 5∞6A6<1 >1 2141C?;1>1<L>≤:
?BG≤<?4A1E LF 3≤3?5»CLB»>1:31∞<≤3QIQ@1A1=6CA≤A6∞≤=D C1;Q»;
=6F1>QH>1@?CD∞>QBCLBCAD=±2D5∞6>>»>1@AD41I3≤5;QBCLA?C?A1

<» 1B≤>FA?>>?4? >131>C1∞6>>» @6A6521H6>? 3≤3656>>» >1
?BG≤<?4A1E?5>Q…RE1±>?R>1@AD4≤C1>1B@6GQ1<L>≤:?BG≤<?4A1E:LF -
BCAD=DBC1C?A1QI3≤5;QBCLA?C?A1

Q<L;QB>D Q>E?A=1GQ« @A? A6±D<LC1C≤ A?2?C≤ =?56<Q=?∞>1
?CA≤=1C≤±2<?;13≤=QA«31>LQ;?>CA?<«IdlZgfj1
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%1;6;?=@<6;CD31>>»±1B?2Q33≤=QA«31>L5?BC1C>…5<»@6A3≤>>?4?
1>1<Q±DA6∞≤=Q33B≤BC6=Q6<6;CA?@?BC1H1>>»1<6@A≤>6?2FQ5>?BCQ=?∞6
2DC≤A?±I≤A6>6Q>I≤=≤±1B?21=≤

36A>6=?B»C6@6A5?@6A6<Q;D±1351>L»;Q=?∞>1BE?A=D<«31C≤Q
3≤AQI≤C≤±15?@?=?4?«B≤>C6±?31>?R2<?;?3?R=?56<Q

n n

?B<Q5∞6>>»A6∞≤=D@A≤∞≤3<6>>QCQ<L;≤3Q5?5>?4?±?3>QI>L?4?
5∞6A6<1

>1<Q±@6A6FQ5>?4?@A?G6BD@DB;D5≤±6<L-46>6A1C?A1±3≤F?5?=>1
F?<?BC≤:FQ5

?B<Q5∞6>>»A6∞≤=D@A≤∞≤3<6>>QCQ<L;≤3Q5?5>?4?13C?>?=>?4?
5∞6A6<1∞≤3<6>>»

. ?B<Q5∞6>>»A6∞≤=D@A≤BD=QB>?=D∞≤3<6>>Q3Q5±?3>QI>L?4?Q
13C?>?=>?4?5∞6A6<1

/ ?±@?5Q<>131>C1∞6>>»=Q∞@1A1<6<L>≤=≤5∞6A6<1=≤∞≤3<6>>»
0 >1<Q±@6A6FQ5>?4?@A?G6BDB≤>FA?>Q±1GQR±?3>QI>L?4?Q13C?-

>?=>?4?5∞6A6<∞≤3<6>>»
1 ?B<Q5∞6>>» @6A6FQ5>?4? @A?G6BD @DB;D 1B≤>FA?>>?4?

>131>C1∞6>>»@A≤AQ±>≤FB@?B?21FDH1BCQ5∞6A6<∞≤3<6>>»
A?±D=Q<? √?G6:@6A6<Q;3Q5?2A1∞1…CQ<L;≤>6±>1H>D;Q<L;QBCL

±1351>L»;QA61<L>?3≤>≤;1«CL@A≤@A?6;CD31>>Q12?6;B@<D1C1GQRB≤BC6=≤
6<6;CA?@?BC1H1>>»

n n

?B<Q5∞6>>»A6∞≤=D@A≤AQ±>≤F;?A?C;≤F±1=≤;1>>»F3B≤BC6=Q
6<6;CA?@?BC1H1>>»QAQ±>≤FB@?B?21FA?2?C≤5∞6A6<∞≤3<6>>»

>1<Q±3@<≤3D1B≤>FA?>>?4?>131>C1∞6>>»>136<≤H≤>≤BCAD=Q3
;?A?C;?4?±1=≤;1>>»3B≤BC6=Q6<6;CA?@?BC1H1>>»

?B<Q5∞6>>»@6A6FQ5>≤FA6∞≤=Q3@A≤AQ±>≤FB@?B?21F?A41>Q±1GQR
A?2?C≤ @QB<»;?A?C;≤F±1=≤;1>L

. >1<Q± BCQ:;?BCQ1B≤>FA?>>?4? >131>C1∞6>>» @A≤ AQ±>≤F
;?A?C;?H1B>≤F±2DA6>>»F3B≤BC6=Q6<6;CA?@?BC1H1>>»

A?±D=Q<?√?G6:@6A6<Q;3Q5?2A1∞1…CQ<L;≤56»;QQ±@≤C1>L√?
A61<L>? 3≤>≤;1«CL @A≤ @A?6;CD31>>Q 12? 6;B@<D1C1GQR B≤BC6=≤
6<6;CA?@?BC1H1>>»

A≤ @A1;C≤H>?=DA?±3»±D31>>Q2D5L-»;?RQ±±1±>1H6>≤F±151H
@?CAQ2>?2D56@A?36BC≤5?51C;?36>1<14?5∞6>>»BCAD;CDA≤=?56<QQ
@1A1=6CAQ3RR?;A6=≤F2<?;Q3 & GQ:A?2?CQ=?∞>1;6AD31C≤B»C1;≤=
@A≤>G≤@?3≤=1<4?A≤C=?=
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Mi i- n n n n n

1. & 3Q5@?3Q5>?BCQ±=6C?« ±1351>>» 3≤±>1H≤C≤BC1>;?=D-
C1GQ:>≤F1@1A1CQ3D3Q=;>6>?3≤=;>6>?QC≤=H1B?3Q@1A1=6CA≤RFA?2?C≤

2. ≤±>1H≤C≤>6?2FQ5>≤:BC1>2<?;1>1@A≤;<15 ;?A?C;?±1=≤-
;1H1»;≤:±151…±2DA6>>»3B≤BC6=Q

136BC≤=≤I6«;DAB?A>12<?;?3D=?56<L√?GQ;13≤CL
. ?53Q:>≤=>1C≤B;1>>»=<Q3?«;>?@;?«=≤IQ3≤;<≤;1C≤3Q;>?

;adX3IVgVbZiZghQ3>L?=D3≤;?>1C≤>6?2FQ5>Q±=Q>≤
≤;<156>Q=QA;D31>>»@A?Q<«BCAD…=?@A≤A?±3»±D31>>Q56»;≤F

±151H>1B≤>C6±?31>Q:=?56<Q

10.3 

36A>6=?B»B@?H1C;D5?5?B<Q5∞6>>»>?A=1<L>≤FA6∞≤=Q3Q3Q±L=6=?
5<»A61<Q±1GQR±1351>>»∞≤3<6>>»>131>C1∞6>>»3Q5?5>?4?±?3>QI>L?4?
5∞6A6<1 6?2FQ5>DBF6=D@6A3≤>>≤F±…5>1>L±126±@6H≤=?3≤±>1H≤3I≤
C1;6@?<?∞6>>»;?=DC1GQ:>≤F1@1A1CQ34

3-Phase Breaker -D3Q=;>6>≤:5
3-Phase Breaker1 -3≤=;>6>≤:5
3-Phase Breaker2 -D3Q=;>6>≤:5
3-Phase Fault1 -3≤=;>6>≤:
1:31∞<≤3QIQ@1A1=6CA≤ 3≤=≤;1HQ3 -I]VhZ;gZV3ZgQ -Phase 

;gZV3Zg?5>1;?3QQ3?>≤C1;Q4
3BQCA≤E1±≤3=≤;1«CLB»?5>?H1B>?3=?=6>Ci7 B5
3BQCA≤E1±≤3≤=≤;1«CLB»?5>?H1B>?3=?=6>Ci7 B
>IQ@1A1=6CA≤=?∞>1@6A64<»>DC≤>1A≤B 156RF3≤5>?>1E?>Q

2<?;?3?R=?56<Q
?±4<»51«H≤@1A1=6CA≤5∞6A6<1∞≤3<6>>» /3O FO:

±36A>6=?D314D>1@1A1=6CAI]VhZVc/aZd[e]VhZ:»;≤:±151…@?H1C;?3≤:
1A4D=6>C>1@AD4≤E1±≤ ?4?±>1H6>>» 36<6;CA≤H>≤F4A15DB1F
5?AQ3>«…>D<«

&3≤B3QH6>?=D3Q;>QL1bjaVi1dceVgVbZiZgh?2=6∞≤=?B»±>1:?=BC3?=
CQ<L;≤±Q=»=@A?4A1=≤?YZ/hC153?=1C≤=H1B?3≤=≤@1A1=6CA1=≤LiVgi
i1bZ QLidei1bZ √?±151«CLH1B@?H1C;DQ;Q>G»A?2?C≤@A?4A1=≤
1H≤=?√?5?B<Q5∞6>>»A6∞≤=D3Q52D31C≤=6CLB»>1Q>C6A31<QH1BD
B QB<»GL?4?±1@DB;1…=?=?56<L>13≤;?>1>>»

A?±4<»5D?BG≤<?4A1=BCAD=Q3=?∞>1±»BD31C≤ √?@6A6FQ5>≤:
@A?G6B3B≤BC6=Q±1;Q>HD…CLB»@A≤2<≤±>?H6A6± 1/z 2B
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36A>6=?B»C6@6A5?±1351>>»±5?B<Q5∞6>>»@6A6FQ5>?4?@A?G6BD
@DB;D5≤±6<L-46>6A1C?A1%1;6±1351>>»=1…QB1=?BCQ:>6±>1H6>>»1<6√6
2Q<LI?«=QA?«»;@Q54?C?3;15?A?±4<»5DQ>I≤F±1351>L@?3»±1>≤F±
=?∞<≤3?«@1A1<6<L>?«A?2?C?«53?F5∞6A6<∞≤3<6>>» A?±D=Q<?√?
A?±3»±1>>»@?BC13<6>?R±151HQ3≤=141…3≤5Q<6>>»5≤±6<L-46>6A1C?A1Q±
±141<L>?RBF6=≤QG6=?∞>1±5Q:B>≤C≤@6A6521H6>≤=≤@A≤B≤>C6±Q=?56<Q
;?=DC1GQ:>≤=≤1@1A1C1=≤

C∞6 >6?2FQ5>Q±=Q>≤3@6A3≤>>Q:BF6=Q±…5>1>>»3Q5?2A1±≤=?
BC1>?=;?=DC1GQ:>≤F1@1A1CQ31B1=64

3-Phase Breaker -3≤=;>6>≤:5
3-Phase Breaker1 -D3Q=;>6>≤:5
3-Phase Breaker2 -3≤=;>6>≤:5
3-Phase Fault1 z3≤=;>6>≤:
A≤GL?=D5≤±6<L-46>6A1C?A>1F?<?BC?=DF?5Q2D56@Q5…5>1>≤:5?

±2QA>≤FI≤> 1A1=6CA≤3≤=≤;1H1 -I]VhZ;gZV3ZgC1;Q4
3BQCA≤E1±≤3=≤;1«CLB»?5>?H1B>?3=?=6>Ci7 B5
3BQCA≤E1±≤3≤=≤;1«CLB»?5>?H1B>?D=?=6>Ci7 B
1∞1>?@6A6>6BC≤3≤=QA«31<L>≤:2<?;M]gZZ-I]VhZO ZVhjgZbZci

26±@?B6A65>L?5?5≤±6<L-46>6A1C?A1A≤B 2
2141CL?F @1A1=6CAQ3 3≤26A6=? ?BG≤<?4A1=D >1@AD4 ?>1

@A65BC13<6>1>1A≤B 3 ≤»3≤<?BL√?@A≤:>»C1B≤BC6=113C?=1C≤;≤
5≤±6<L-46>6A1C?A1A≤B ±126±@6HD…=≤CC…3≤:3≤FQ5>1>?=Q>1<L>D
>1@AD4D)6±3≤H1:>?>6A61<L>?1<63Q±L=6=?G65?D314≤ 1±>1H≤=?
C1;?∞√?@?H1C;?31E1±1>1@AD4≤NV5?AQ3>«…U )6:E1;C@A≤A?±4<»5Q
Q>I≤F±1351>L=?∞63≤»3≤C≤B»5?B≤CL31∞<≤3≤=

1∞1>??4<»>DC≤3≤3Q52141C?;1>1<L>?4??BG≤<?4A1E1LFQ±36A>DC≤
D314D>1@1A1=6CA≤=6F1>QH>?R@?CD∞>?BCQI3≤5;?BCQ>1@AD4≤±2D5∞6>>»
C1>1@AD4≤BC1C?A146>6A1C?A1

36A>6=?B»5?±1351>>»5?B<Q5∞6>>»@6A6FQ5>?4?@A?G6BD@A≤
33Q=;>6>>Q53?F5∞6A6<∞≤3<6>>»-B≤BC6=≤N7BdchiQ13C?>?=>?4?5≤±6<L-
46>6A1C?A1>1@1A1<6<L>DA?2?CD 6>B@?BC1>?3;≤C1;?4?±1351>>»
@?<»41…D3≤»3<6>>QB1=?R=?∞<≤3?BCQ@1A1<6<L>?RA?2?C≤53?F5∞6A6<
∞≤3<6>>»3≤3H6>>QC1?GQ>GQ@1A1=6CAQ3A6∞≤=D»;Q=?∞DCLB;<151C≤B»
@A≤GL?=D

Q5A1±D3;1∞6=?>1?2=6∞6>QBCLB≤BC6=≤L1bja1c35<»5?B<Q5∞6>>»
C1;?R?@6A1GQR Q:B>?DB;<15QRR2Q2<Q?C6;3Q5BDC>Q:2<?;√?Q=QCD…
B≤>FA?>?B;?@)63Q5A1±D3≤;<«H1…=?∞<≤3QBCLC?H>?RB≤>FA?>Q±1GQR
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≤BD>?; 3z BG≤<?4A1=1>1@AD45≤±6<L-46>6A1C?A1

Q5?=?√?G6:@A?G6B3≤=141…3≤;?>1>>»@63>≤FD=?3- AQ3>?BCQ
H1BC?C?5>1;?3?4?@?A»5;D@A?F?5∞6>>»E1±?5>1;?3?RE?A=≤;A≤3≤F

AQ3>?BCQ5Q«H≤F±>1H6>L AQ=C?4?@?CAQ2>?√?23=?=6>C
B≤>FA?>Q±1GQR 53?F5∞6A6<2D<≤3@A?C≤E1±Q*1BC≤>1G≤FD=?3
3≤;?>D…CLB»32<?;1F√?Q=QCD«CL5∞6A6<1∞≤3<6>>» A?C656»;Q31∞<≤3Q
D=?3≤>6=?∞DCL2DC≤A61<Q±?31>Q ∞6±415D31<1B»3Q5BDC>QBCL2<?;1
B≤>FA?>Q±1GQR AQ=C?4?32<?;1FB≤>FA?>>≤F=1I≤>3Q5BDC>Q=?∞<≤3?BCQ
±=Q>≤@?H1C;?3?RE1±≤ QD3Q=;>6>>»12?3≤=;>6>>»;?<1±2D5∞6>>»
31∞1«H≤ >1 G6 ;<1B≤H>Q @A≤:?=≤ C?H>?R B≤>FA?>Q±1GQR 12?
B1=?B≤>FA?>Q±1GQR>6=?∞DCL2DC≤A61<Q±?31>Q3B≤BC6=QL1bja1c3 <6
31∞<≤3QBCL5?B<Q5∞6>>»@6A6FQ5>?4?@A?G6BD@A≤D3Q=;>6>>Q53?F5∞6A6<
∞≤3<6>>»26±@6A6H>1 QC?=D 5?3656CLB»A6C6<L>? @A?5D=1C≤ @<1>
6;B@6A≤=6>CD

<»@A?3656>>»5?B<Q5∞6>>»3Q±L=6=?=?56<LA≤B (?H1RR
±?3>QI>Q:3≤4<»5@A1;C≤H>?>6±=Q>≤3B»1<6BC1>56»;≤F;?=DC1GQ:>≤F
1@1A1CQ3QRF@1A1=6CA≤>1<14?5∞6>>»B<Q5DC?H>≤C≤ D56=?3≤F?5≤C≤±
C?4?√?∞≤3≤<L>1B≤BC6=1D3Q=;>6>1 -Phase Breaker - 33Q=;>6>≤: 1
13C?>?=>≤:5≤±6<L-46>6A1C?A@Q5…5>D31C≤=6CLB»>1@1A1<6<L>DA?2?CD
<»GL?4?@A≤:=6=? √?:?4?3≤=≤;1H -I]VhZ;gZV3Zg B@?H1C;D
3≤=;>6>≤: A?±D=Q<?1B≤>FA?>>6>131>C1∞6>>»@?3≤>>62DC≤3Q5…5>1>6
5<» C?4? √?2 @A?G6BB≤>FA?>Q±1GQR>62D3 DB;<15>6>≤: 3@<≤3?=
>131>C1∞6>>» 11>1<?4QH>≤=≤=QA;D31>>»=≤ ;?A?C;?±1=≤;1H -Phase 
?VjaiC1;?∞@?3≤>6>2DC≤3≤=;>6>≤=
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±»3I≤5?D314≤A6±D<LC1C≤1>1<Q±D3∞6A?±4<»>DC≤F±1351>L
@A?3656=?5?B<Q5∞6>>»@6A6FQ5>?4?@A?G6BDB≤>FA?>Q±1GQR>1Q>C6A31<Q
H1BD B <»GL?4?3>6B6=?±=Q>≤3@1A1=6CA≤LiVgii1bZQLidei1bZ
@A?4A1=≤?YZ/h»;Q±151«CLH1B@?H1C;DQ;Q>G»A?2?C≤@A?4A1=≤
A≤:=6=?4

LiVgii1bZ7 B5
Lidei1bZ7 B

& 3Q5@?3Q5>?BCQ±G≤= @A≤:=6=? √?3≤=≤;1H -Phase Breaker 
±=Q>≤CLB3?…@?<?∞6>>»C1;?∞H6A6± B

A≤>G≤@?3≤= … >1<14?5∞6>>» 3≤=≤;1H1 -Phase Breaker1. 
14151…=? √?3Q> B@?H1C;D±>1F?5≤CLB»D3≤=;>6>?=DBC1>Q <»
3≤AQI6>>»@≤C1>>»@A?H1B:?4?D3Q=;>6>>»±36A>6=?D314D>1A≤B 3±
»;?4?3≤5>?√?@?H1C;?31E1±1>1@AD4≤NV5?AQ3>«…U/2 ?±4<»51«H≤
@1A1=6CA≤5∞6A6<1∞≤3<6>>» /3O FO: ±36A>6=?D314D>1
@1A1=6CAI]VhZVc/aZd[e]VhZ:»;≤:±151…@?H1C;?3≤:1A4D=6>C>1@AD4≤
E1±≤ ?4?±>1H6>>»5?AQ3>«…>D<«6<6;CA≤H>≤F4A15DBQ3%1;≤:BC1>
BD@6A6H≤CL±1±>1H6>≤=3≤√6D=?31=B≤>FA?>Q±1GQR%?=D@A≤:=6=?√?
3≤=≤;1H -I]VhZ;gZV3Zg3≤=≤;1C≤=6CLB»H6A6± B √?3Q5@?3Q51…
H36ACQ@6AQ?5D)6±126±@6H≤CL>12<≤∞6>6@?<?∞6>>»@A?C≤E1±≤ 53?F
5∞6A6<∞≤3<6>>»D=?=6>C33Q=;>6>>» ?∞>1@A≤@DBC≤C≤ √?G6
±126±@6H≤CL;A1√DA61<Q±1GQ« @6A6FQ5>?4?@A?G6BD <»»B;A13QI?4?
3Q5?2A1∞6>>»BCAD=Q3>1?BG≤<?4A1EQLXdeZ±151=?;?6EQGQ…>C@?B≤<6>>»
>12<?GQKIF XdckZgh1dcAQ3>≤: / Q>±1±3≤H1:DC?H>«…CLB»3
@?@6A65>QF6;B@6A≤=6>C1F

QB<»±1@DB;D=?56<Q>13≤;?>1>>»?B?2<≤3DD314D±36A>6=?>1
@6A6FQ5>QBCAD=≤ 3Q5?2A1∞6>Q>13QACD1<L>?=D?BG≤<?4A1EQLXdeZ
@6AIDH6A4D>1BGQ;13<»CLC1;Q@1A1=6CA≤@6A6FQ5>?4?@A?G6BD»;H1B
5?B»4>6>>»BC1<?4?BC1>D=1;B≤=1<L>Q±>1H6>>»BCAD=Q3QI3≤5;QBCLRF
±=Q>≤3H1BQ 1∞1>?C1;?∞?4<»>DC≤3≤3?52141C?;1>1<L>?4??BG≤<?4A1E1
LF Q±36A>DC≤D314D>1@1A1=6CA≤=6F1>QH>?R@?CD∞>?BCQI3≤5;?BCQ
>1@AD4≤±2D5∞6>>»Q>1@AD4≤BC1C?A146>6A1C?A1

6A6FQ5>≤: @A?G6B B≤>FA?>Q±1GQR @A≤A?5>? @?3≤>6> 2D3 2≤
±1;Q>H≤C≤B»3BC1>?3<6>>»=>?=Q>1<L>≤F@1A1=6CAQ3H1BC?C≤ >1@AD4≤Q
>D<L?3≤F±>1H6>LBCAD=Q3?B;Q<L;≤>131>C1∞6>>»2D<?3≤=;>6>6 A?C6
G6>6B@?BC6AQ41…CLB» A≤H≤>?«GL?=D…3Q5=QH6>13≤√6?2=6∞6>QBCL
B≤BC6=≤L1bja1c35<»5?B<Q5∞6>>»C1;?R?@6A1GQR 65≤3<»H≤BL>1G6
;?A≤B>QBCLC1;?4?5?B<Q5∞6>>»26±@6A6H>1 C1…>1@A≤;<15±A?±D=Q<?√?
26±<QH±1351>L»;Q3≤>≤;1«CL3B≤BC6=Q6<6;CA?@?BC1H1>>»B@?H1C;DB<Q5
3≤AQID31C≤@A≤2D5L-»;?=D?5>?=D5∞6A6<Q∞≤3<6>>» 1A1<6<L>1A?2?C1
53?F5∞6A6<∞≤3<6>>»?2D=?3<«…B;<15>Q@6A6FQ5>Q@A?G6B≤√?=?∞6
3≤»3≤C≤B»>621∞1>≤=
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 Y
,onst

≤>C6±D…=?@A?BCD±1BCAD;CDA?«B≤BC6=DA≤B 3»;Q:5∞6A6<?
∞≤3<6>>» /3O FO: H6A6±CA≤E1±>D<Q>Q« -Phase Series RLC 
;gVcX] D3Q=;>6>6>1B;<15>6CA≤E1±>6;?A?C;6±1=≤;1>>»>1±6=<« 3
B≤BC6=QQ±±1±6=<6>?«>6:CA1<<« @A≤»;?=DE1±1 ±1=;>DC1H6A6±?@QA
LZg1ZhKE< ;gVcX] 153QQ>IQ- =6C1<63? 2=6∞≤=?B»3Q±D1<L>≤=
;?>CA?<6=@6A6FQ5>?4?@A?G6BD √?3≤>≤;1… Q5<»GL?4?@Q54?CD…=?
>6?2FQ5>D3QACD1<L>D3≤=QA«31<L>D1@1A1CDAD

± A≤B 3≤5>? √? >1 3≤3?51F 5∞6A6<1 ∞≤3<6>>»
;?>CA?<««CLB»CA≤E1±>Q>1@AD4≤ OdaiV/ZFZVhjgZbZci B≤4>1<≤±
»;≤FH6A6±@Q5B≤<«31HQ 5Q<L>≤;≤ Q;?>G6>CA1C?A Fjm @?51>Q>1
?BG≤<?4A1E LXdeZ 15?@?=?4?«G≤F;Q<2D56±ADH>?@6A6;?>1C≤B»3
@Q5CA≤=GQ5∞6A6<?=∞≤3<6>>»@?BCQ:>?BCQ>1@AD4≤3@6A6FQ5>?=D@A?G6BQ

<»;?>CA?<«31>>»BCAD=Q3;?A?C;?4?±1=≤;1>>»3≤;?A≤BC?3D«CLB»
3≤=QA«31<L>≤:2<?; M]gZZ-I]VhZO FZVhjgZbZci CA≤1=@6A=6CA≤
(Current MeasurZbZci @Q5B≤<«31HQ;?>G6>C1C?A Fjm Q?BG≤<?4A1E
LXdeZ )Q…« 4AD@?« @A≤<15Q3;?>CA?<««CLB»BCAD=≤;?A?C;?4?
±1=≤;1>>»DE1±>≤F;??A5≤>1C1F

<»;?>CA?<«31>>»G≤F∞6131AQ:>≤FBCAD=Q31<63;??A5≤>1C1F
B≤=6CA≤H>≤F B;<15?3≤F 5? 3≤=QA«31<L>?4? 2<?;1 (Three-Phase V1 
FZVhjgZbZci@Q5…5>1>Q2<?;@6A6C3?A6>>» -Phase Sequence Analyzer), 
@Q5B≤<«31HQ;?>G6>CA1C?AFjmQ?BG≤<?4A1E LXdeZ Q5=QC≤=?√?±
@6A6C3?A«31H1 -I]VhZLZfjZcXZ:cVanoZg ±>Q=1«CLB»B≤4>1<≤ @A?
1=@<QCD5≤QE1±≤BCAD=Q3;?A?C;?4?±1=≤;1>>»»;QGQ;13<»CL>1B Q<L;QB>D
Q>E?A=1GQ« ±1A6±D<LC1C1=≤A?2?C≤=?56<Q=?∞>1?CA≤=1C≤±2<?;1
3≤=QA«31>LQ;?>CA?<«IdlZgfj1

A≤B 3»;?=D>1E?>Q=?56<Q@A65BC13<6>1?BG≤<?4A1=1
E1±>≤F>1@AD4 3≤5>? √? »;Q@6A6521H1<?B» 3A6∞≤=Q;?A?C;?4?
±1=≤;1>>»5∞6A6<?∞≤3<6>>»@Q5CA≤=D…@?BCQ:>≤:AQ36>L>1@AD4

<» @A≤:>»C≤F @1A1=6CAQ3 6<6=6>CQ3 @6A3≤>>?RBF6=≤ 36BL
@6A6FQ5>≤:@A?G6B=?∞>1@A?B<Q5;D31C≤>1A≤B .56@A65BC13<6>Q3BQ
?BG≤<?4A1=≤

±BD=QB>?4?A?±4<»5D?BG≤<?4A1= LXdeZ Q LXdeZ =?∞>1
@?21H≤C≤ √?@6A6FQ5>≤:@A?G6B@A1;C≤H>?±1;Q>HD…CLB»H6A6± B
@QB<»H?4?@1A1=6CA≤A6∞≤=D5?B»41«CLBC1<≤F±>1H6>L ≤5>?C1;?∞√?
BCAD=DE1±Q QBC?C>?3Q5AQ±>»…CLB»±136<≤H≤>?«3Q5BCAD=Q3Q>I≤FE1±
3@<≤3?@?ADLZg1ZhKE<;gVcX] 1∞1>?±36A>DC≤D314D>13≤>≤;>6>>»
3Q5=Q>>?BCQD36<≤H≤>1FB≤=6CA≤H>≤FB;<15?3≤FBCAD=Q3QRFE1±
?BG≤<?4A1=≤3≤5>? √?B≤4>1<≤3Q5?2A1∞1«CLB»D3≤4<»5Q?4≤>1«H≤F
@1A1=6CAQ3A6∞≤=D
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*≤B<?31Q>E?A=1GQ»5<»BC1<?4?A6∞≤=D;?A?C;?4?±1=≤;1>>»»;
>14?<?ID31<?B»3≤√6 ?CA≤=D…CLB»±2<?;13≤=QA«31>LQ;?>CA?<«
Powerqui.

≤∞H6>1A≤B /Q 03?>1@A65BC13<6>1DC1;?=D3≤4<»5Q3
»;?=D3?>151…CLB»B≤BC6=?« L1bja1c3, 3Q5@?3Q5>?, 5<»@1A1=6CAQ33
1=@<QCD5>Q:E?A=QQDE?A=Q5Q«H≤F36<≤H≤>

1±1;Q>H6>>»GL?4?A?±5Q<D±1±>1H≤=?√?CDC3≤;?A≤BC?3D31<1BL
@A?4A1=1?YZ- ±53?=1C≤=H1B?3≤=≤@1A1=6CA1=≤ LiVgii1bZ7 B Q
Lidei1bZ7 B »;Q±151«CLH1B@?H1C;DQ;Q>G»A?2?C≤

<»@A≤;<15DE1cZVgMgVnsformer:
V >1@A13≤C≤ >13≤;?>1>>»2<?;?3D =?56<L±3BC1>?3<6>>»=

@1A1=6CAQ3±151>≤F3B≤BC6=QL1bja1c35
2 1;C≤3Q±D31C≤ 3QACD1<L>Q?BG≤<?4A1E≤ QD31∞>? @6A64<»>DC≤

?56A∞1>Q?BG≤<?4A1=≤5
3@?»B>≤C≤?CA≤=1>>»53?FBCD@6>Q31;C≤3>?R@?CD∞>?BCQ AQ±>≤F

AQ3>Q35
4 @?»B>≤C≤ 3≤>≤;>6>>»1;C≤3>?-…=>QB>?4? BC1<?4? A6∞≤=D 3

5?B<Q5∞D31>Q:B≤BC6=Q6<6;CA?@?BC1H1>>»5
5 ±1@A?@?>D:C6±1F?5≤ √?±126±@6HD«CL@6A63656>>»B≤BC6=≤3

1;C≤3>?-Q>5D;C≤3>≤:A6∞≤=±5?BC1C>L?3≤B?;≤=BCD@6>6=;?=@6>B1GQR
<»5?B<Q5∞6>>»@A?G6BDB≤>FA?>Q±1GQR53?F5∞6A6<∞≤3<6>>»±1

=?56<<«A≤B 4
V >1@A13≤C≤ >13≤;?>1>>»2<?;?3D =?56<L±3BC1>?3<6>>»=

@1A1=6CAQ33Q5=Q>>≤F3Q5@A≤:>»C≤F3@Q5ADH>≤;D5
2@A?36BC≤@?AQ3>»<L>D?GQ>;D@6A6FQ5>?4?@A?G6BD>1@A≤;<15±1

±=Q>?«BCAD=Q3± 1I≤=3BC1>?3<6>>»=@1A1=6CAQ3=?56<QQ@1A1=6CA1=≤
@A≤:>»C≤=≤3@Q5ADH>≤;D5

3 >1@A13≤C≤>13≤;?>1>>»2<?;?3D=?56<L±Q>I≤=@1A1=6CA?=
I]VhZVc/aZd[e]VhZ: »;≤:±151…@?H1C;?3≤:1A4D=6>C>1@AD4≤E1±≤
5<»5∞6A6<1∞≤3<6>>» /3O FO:5

4>1?B>?3Q3<1B>≤F6;B@6A≤=6>CQ3@A≤365QCLB3?R=QA;D31>>»@A?
5?GQ<L>QBCLB@Q<L>?RA?2?C≤ 53?F 5∞6A6< ∞≤3<6>>»>11B≤>FA?>>6
>131>C1∞6>>»

<»5?B<Q5∞6>>»@A?G6BD;?A?C;?4?±1=≤;1>>»±1=?56<<«
A≤B 4

1@6A63QA≤C≤RRA?2?CD@A≤3≤;?A≤BC1>>QQ>I?R@A?4A1=≤±1AB6>1<D
B≤BC6=≤L1bja1c35

2±151C≤Q>IQ3≤5≤;?A?C;≤F±1=≤;1>LQ@A?1>1<Q±D31C≤A6±D<LC1C≤5
3@A?36BC≤1>1<Q±3@<≤3D>1CA≤31<QBCL@6A6FQ5>?4?@A?G6BDC1;≤F

H≤>>≤;Q3»;@1A1=6CA≤<Q>QRB@Q33Q5>?I6>>»KQQ @1A1=6CA≤?@?AD
±1±6=<6>>»C1Q>
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?51C?;
DIFUR.for

*      program DIFUR
#    Интегрирование системы дифферен°иальных уравнений,
#    разрешенных относительно производных, методом
#    Кутта -Мерсона (на 3 уравнения!)

dimension y(10),soln(10)
      real instep
      logical start

start=.true.
      p%us) 'Установите дискету с файлом данных DIFUR.(%t'

open(5,file='a:difur.dat')
      open(6,file='a:difur.txt',status='new')
      write(6,1)
  1   format(/20x,30h******************************/20x,
#30,   Разработчик В.Аввакумов    /20x,
*30h******************************//)

      read(5,5)x,instep,acc,neqs,(y(i),i=1,neqs)
  5   format(2f8.3,f8.4,i3/10f8.3)

close(5)
      write(6,10)
 10   *orm%t(/1x,'Ф а й л  д а н н ы х  к  п р о г р а м м е  
DIFUR'/)

write(6,5)x,instep,acc,neqs,(y(i),i=1,neqs)
write(6,15)

 15   *orm%t(/1x,'Интегрирование методом Кутта-Мерсона'/)
call kuttam(neqs,x,y,acc,instep,start,soln)

      write(6,16)
 16   format(1x,50(1h-))
*      write(6,20)(i,soln(i),i=1,neqs)
* 20   format(/1x,'Результат- y(',i2,')=',f10.5)

write(*,25)
 25   *orm%t(1x, 'Выходной листинг смотрите на дискете в 
файле ',

*'DIFUR.txt')
      close(6)
      stop
      end
*     ****************************************************
      subroutine dybydx(x,y,dydx,neqs)
      dimension y(neqs),dydx(neqs)
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      Um=1.
      alfa=0.
      f=50.
      pi=3.14159
      omega=2.*pi*f
      Rk=0.1
      Xk=sqrt(1.-Rk*Rk)
      do 10 i=1,neqs
            goto (1,2,3,4),i
 1          dydx(i)=Um*omega/Xk*sin(omega*x+alfa)-
y(i)*omega*Rk/Xk
            goto 10
 2          dydx(i)=Um*omega/Xk*sin(omega*x+alfa-2.*pi/3.)-
     *              y(i)*omega*Rk/Xk
            goto 10
 3          dydx(i)=Um*omega/Xk*sin(omega*x+alfa+2.*pi/3.)-
     *              y(i)*omega*Rk/Xk
            goto 10
 4          dydx(i)=(sin(x*x+sqrt(y(i))))**2
 10   continue
      return
      end
*     *****************************************************
      subroutine kuttam(neqs,x,y,acc,instep,start,soln)
      dimension y(neqs),y0(10),y1(10),y2(10),
     *dydx0(10),dydx1(10),dydx2(10),soln(neqs)
      logical start,double
      real instep
      if(.not.start) goto 1
      do 2 i=1,neqs
 2    y0(i)=y(i)

write(6,15)
 15   format(1x,50(1h-),/1x,'|AРГУМЕНТ|   З Н А Ч Е Н И Я    ',  
     #'Ф У Н К Ц И И    |',
     */1x,'|   X    |                   Y(X)                |',
     */1x,50(1h-))
#     Оператор 20 сделан для ТРЕХ уравнений!

write(6,20)x,(y0(i),i=1,neqs)
 20   format(1x,':',f8.5,':',3(2x,f10.5,1x),':')
      step=instep
      nsreqd=1
      start=.false.



201

      goto 3
1    step=instep/nsreqd
 3    nsdone=0
 10   call dybydx(x,y0,dydx0,neqs)
      do 4 i=1,neqs
 4    y1(i)=y0(i)+step/3.*dydx0(i)
      call dybydx(x+step/3.,y1,dydx1,neqs)
      do 5 i=1,neqs
 5    y1(i)=y0(i)+step/6.*dydx0(i)+step/6.*dydx1(i)
      call dybydx(x+step/3.,y1,dydx1,neqs)
      do 6 i=1,neqs
 6    y1(i)=y0(i)+step/8.*dydx0(i)+3.*step/8.*dydx1(i)
      call dybydx(x+step/2.,y1,dydx2,neqs)
      do 7 i=1,neqs
 7    y1(i)=y0(i)+step/2.*dydx0(i)-3.*step/2.*dydx1(i)+
     *2.*step*dydx2(i)
      call dybydx(x+step,y1,dydx1,neqs)
      do 8 i=1,neqs
 8    y2(i)=y0(i)+step/6.*dydx0(i)+2.*step/3.*dydx2(i)+
     *step/6.*dydx1(i)
      double=.true.
      do 9 i=1,neqs
         error=abs(0.2*(y1(i)-y2(i)))
         if (error.le.acc)goto 11
         step=step/2.
         nsreqd=2*nsreqd
         nsdone=2*nsdone
         goto 10
 11      if(error*64..gt.acc) double=.false.
 9    continue
      x=x+step
      do 12 i=1,neqs
 12   y0(i)=y2(i)
      write(6,20)x,(y0(i),i=1,neqs)
      nsdone=nsdone+1
      if(nsdone.ge.nsreqd) goto 13
      if(.not.(double.and.nsdone.eq.(nsdone/2)*2.and.
     *nsreqd.gt.1)) goto 10
      step=step*2.
      nsdone=nsdone/2
      nsreqd=nsreqd/2
      goto 10
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 13   do 14 i=1,neqs
 14   soln(i)=y0(i)

return
      end
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?51C?;

'1:<51>≤F5?@A?4A1=≤=B?NK
  .000    .050   .0001  3
 .000    .000    .000

>C64AD31>>»=6C?5?= DCC1- 6AB?>1
: & % * ©'& ) %& ' (

iB A B C
.00000
.00078
.00156
.00234
.00313
.00391
.00469
.00547
.00625
.00703
.00781
.00859
.00938
.01016
.01094
.01172
.01250
.01328
.01406
.01484
.01563
.01641
.01719
.01797
.01875
.01953
.02031
.02109
.02187
.02266
.02344

.00000

.02987

.11673

.25393

.43186

.63849

.86010
1.08211
1.28995
1.46993
1.61005
1.70075
1.73543
1.71091
1.62755
1.48929
1.30338
1.07994
.83138
.57164
.31533
.07691

-.13024
-.29456
-.40708
-.46187
-.45646
-.39196
-.27303
-.10754
.09386

.00000
-.22382
-.45850
-.68938
-.90204

-1.08318
-1.22138
-1.30784
-1.33683
-1.30613
-1.21706
-1.07448
-.88647
-.66383
-.41945
-.16755
.07721
.30059
.48958
.63328
.72345
.75506
.72661
.64014
.50119
.31845
.10319

-.13136
-.37081
-.60051
-.80638

.00000

.19395

.34177

.43545

.47018

.44469

.36129

.22573

.04689
-.16380
-.39299
-.62626
-.84896

-1.04707
-1.20809
-1.32174
-1.38059
-1.38052
-1.32096
-1.20491
-1.03878
-.83197
-.59637
-.34557
-.09412
.14342
.35327
.52332
.64384
.70804
.71251
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.02422

.02500

.02578

.02656

.02734

.02812

.02891

.02969

.03047

.03125

.03203

.03281

.03359

.03437

.03516

.03594

.03672

.03750

.03828

.03906

.03984

.04062

.04141

.04219

.04297

.04375

.04453

.04531

.04609

.04687

.04766

.04844

.04922

.05000

.31838

.55185

.77961

.98733
1.16191
1.29226
1.36994
1.38970
1.34975
1.25193
1.10152
.90701
.67951
.43214
.17921

-.06460
-.28517
-.46976
-.60774
-.69132
-.71591
-.68047
-.58754
-.44309
-.25619
-.03842
.19679
.43497
.66148
.86241

1.02535
1.14022
1.19980
1.20020

-.97578
-1.09829
-1.16626
-1.17535
-1.12475
-1.01722
-.85897
-.65921
-.42969
-.18392
.06360
.29826
.50621
.67521
.79534
.85959
.86433
.80946
.69846
.53816
.33836
.11121

-.12950
-.36918
-.59330
-.78827
-.94223

-1.04583
-1.09268
-1.07985
-1.00796
-.88118
-.70698
-.49565

.65741

.54643

.38665

.18802
-.03716
-.27503
-.51097
-.73048
-.92006

-1.06800
-1.16512
-1.20526
-1.18571
-1.10734
-.97455
-.79499
-.57916
-.33970
-.09071
.15316
.37754
.56925
.71703
.81227
.84949
.82669
.74545
.61086
.43120
.21745

-.01739
-.25903
-.49282
-.70454
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?51C?;
U

'1:<51>≤F5?@A?4A1=≤=B?NK
  .00000  .08000  .00010  3
  .00000  .00000  .00000

>C64AD31>>»=6C?5?= DCC1- 6AB?>1
: & % * ©'& ) %& ' (

t, c A B C
.00000
.00125
.00250
.00375
.00500
.00625
.00750
.00875
.01000
.01125
.01250
.01375
.01500
.01625
.01750
.01875
.02000
.02125
.02250
.02375
.02500
.02625
.02750
.02875
.03000
.03125
.03250
.03375
.03500
.03625
.03750
.03875

.00000

.07550

.28662

.59551

.94968
1.28996
1.55947
1.71233
1.72060
1.57851
1.30339
.93296
.51964
.12250

-.20167
-.40708
-.46586
-.36973
-.12384
.24466
.68591

1.13296
1.51090
1.74819
1.78865
1.60618
1.22297
.69567
.10292

-.46660
-.92770

-1.21162

.00000
-.36427
-.73382

-1.05006
-1.26258
-1.33685
-1.25947
-1.04022
-.71054
-.31878
.07721
.41886
.65580
.75355
.69875
.50120
.19239

-.18898
-.59570
-.96363

-1.22814
-1.33457
-1.24819
-.96198
-.50075
.06502
.63799

1.13026
1.46625
1.59421
1.49405
1.18047

.00000

.28876

.44721

.45456

.31290

.04689
-.30000
-.67211

-1.01005
-1.25972
-1.38059
-1.35182
-1.17544
-.87606
-.49708
-.09412
.27347
.55871
.71954
.71897
.54224
.20162

-.26270
-.78620

-1.28789
-1.67120
-1.86096
-1.82593
-1.56917
-1.12760
-.56635
.03114
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.04000

.04125

.04250

.04375

.04500

.04625

.04750

.04875

.05000

.05125

.05250

.05375

.05500

.05625

.05750

.05875

.06000

.06125

.06250

.06375

.06500

.06625

.06750

.06875

.07000

.07125

.07250

.07375

.07500

.07625

.07750

.07875

.08000

-1.27653
-1.11764
-.77760
-.32515
.16109
.60518
.94472

1.13877
1.17178
1.05094
.79624
.44545
.05099

-.32801
-.63476
-.82341
-.86608
-.75707
-.51374
-.17388
.21006
.57896
.87600

1.05532
1.08901
.97138
.71976
.37193

-.01968
-.39595
-.70007
-.88620
-.92644

.70066

.14116
-.39768
-.83807

-1.12423
-1.22846
-1.15254
-.92460
-.59244
-.20525
.18635
.52378
.75667
.85052
.79197
.59082
.27854

-.09650
-.47642
-.80263

-1.02472
-1.10820
-1.03968
-.82895
-.50746
-.12356
.26488
.59927
.82924
.92029
.85904
.65530
.34053

.57586

.97648
1.17528
1.16322
.96313
.62328
.20782

-.21417
-.57934
-.84569
-.98259
-.96923
-.80766
-.52251
-.15722
.23259
.58754
.85357
.99017
.97651
.81466
.52924
.16369

-.22636
-.58155
-.84782
-.98464
-.97120
-.80956
-.52434
-.15898
.23089
.58591
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?51C?;
(park.dgo)

(Uf=1., Tf0=1., Xad=0.9, Xf=1.)

>C64Ae4AD31>>»=6C?5?= D>46- DCC1
: & % * © '& )

t, c If Ud Uq
.00000
.10000
.20000
.30000
.40000
.50000
.60000
.70000
.80000
.90000
1.00000
1.10000
1.20000
1.30000
1.40000
1.50000
1.60000
1.70000
1.80000
1.90000
2.00000
2.10000
2.20000
2.30000
2.40000
2.50000
2.60000
2.70000
2.80000
2.90000
3.00000
3.10000
3.20000
3.30000
3.40000

.00000

.09516

.18127

.25918

.32968

.39347

.45119

.50341

.55067

.59343

.63212

.66713

.69881

.72747

.75340

.77687

.79810

.81732

.83470

.85043

.86466

.87754

.88920

.89974

.90928

.91791

.92573

.93279

.93919

.94498

.95021

.95495

.95924

.96312

.96663

 .00000
-.81435
-.73686
-.66674
-.60329
-.54588
-.49393
-.44693
-.40440
-.36591
-.33109
-.29958
-.27108
-.24528
-.22194
-.20082
-.18171
-.16442
-.14877
-.13461
-.12180
-.11021
-.09972
-.09023
-.08165
-.07388
-.06685
-.06049
-.05473
-.04952
-.04481
-.04054
-.03669
-.03319
-.03004

.00000

.08565

.16314

.23326

.29671

.35412

.40607

.45307

.49560

.53409

.56891

.60042

.62892

.65472

.67806

.69918

.71829

.73558

.75123

.76539

.77820

.78979

.80028

.80977

.81835

.82612

.83315

.83951

.84527

.85048

.85519

.85946

.86331

.86681

.86996
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3.50000
3.60000
3.70000
3.80000
3.90000
4.00000
4.10000
4.20000
4.30000
4.40000
4.50000
4.60000
4.70000
4.80000
4.90000
5.00000

.96980

.97268

.97528

.97763

.97976

.98168

.98343

.98500

.98643

.98772

.98889

.98995

.99090

.99177

.99255

.99326

-.02718
-.02459
-.02225
-.02013
-.01822
-.01648
-.01492
-.01350
-.01221
-.01105
-.01000
-.00905
-.00819
-.00741
-.00670
-.00606

.87282

.87541

.87775

.87987

.88178

.88352

.88508

.88650

.88779

.88895

.89000

.89095

.89181

.89259

.89330

.89394
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?51C?;

U

( Uf=1., gamma0=0., Tf0=1., Xf=1., Xad=0.9 )

>C64AD31>>»»=6C?5?= D>46- DCC1
: & % * © '& )

t, c If Ud Uq Ua Ub Uc
.00000
.00100
.00200
.00300
.00400
.00500
.00600
.00700
.00800
.00900
.01000
.01100
.01200
.01300
.01400
.01500
.01600
.01700
.01800
.01900
.02000
.02100
.02200
.02300
.02400
.02500
.02600
.02700
.02800
.02900
.03000

.00000

.00100

.00200

.00300

.00399

.00499

.00598

.00698

.00797

.00896

.00995

.01094

.01193

.01292

.01390

.01489

.01587

.01686

.01784

.01882

.01980

.02078

.02176

.02274

.02371

.02469

.02566

.02664

.02761

.02858

.02955

 .00000
-.89910
-.89820
-.89730
-.89641
-.89551
-.89462
-.89372
-.89283
-.89194
-.89104
-.89015
-.88926
-.88838
-.88749
-.88660
-.88571
-.88483
-.88394
-.88306
-.88218
-.88130
-.88042
-.87954
-.87866
-.87778
-.87690
-.87603
-.87515
-.87427
-.87340

.00000

.00090

.00180

.00270

.00359

.00449

.00538

.00628

.00717

.00806

.00896

.00985

.01074

.01162

.01251

.01340

.01429

.01517

.01606

.01694

.01782

.01870

.01958

.02046

.02134

.02222

.02310

.02397

.02485

.02573

.02660

 .00000
-.89910
-.85369
-.72435
-.52399
-.27246
 .00538
 .28214
 .53059
 .72633
 .85020
 .89015
 .84242
 .71188
 .51153
 .26123
-.01428
-.28785
-.53256
-.72437
-.84451
-.88130
-.83128
-.69953
-.49920
-.25012
 .02309
 .29350
 .53450
 .72242
 .83887

.00000

.44877

.18499
-.09648
-.36788
-.60255
-.77745
-.87550
-.88719
-.81154
-.65618
-.43655
-.17439
.10442
.37240
.60321
.77419
.86865
.87742
.79983
.64366
.42445
.16390
-.11229
-.37688
-.60386
-.77097
-.86187
-.86776
-.78823
-.63127

 .00000
 .45033
 .66870
 .82082
 .89187
 .87501
 .77207
 .59335
 .35660
 .08522
-.19401
-.45360
-.66803
-.81630
-.88393
-.86444
-.75991
-.58080
-.34487
-.07546
 .20084
 .45684
 .66738
 .81182
 .87607
 .85398
 .74787
 .56836
 .33326
 .06581
-.20760
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?51C?;

'1:<51>≤F5?@A?4A1=≤=B?NK
      .000  10.000   .0001  3
     .000      .000  1.000

>C64AD31>>»=6C?5?= DCC1- 6AB?>1
: & % * © '& )

t,c Id Iq If
.00000
.15625
.31250
.46875
.62500
.78125
.93750

1.25000
1.56250
1.87500
2.18750
2.50000
2.81250
3.12500
3.43750
3.75000
4.37500
5.00000
5.62500
6.25000
6.87500
7.50000
8.12500
8.75000
9.37500
10.00000

.00000
-.03496
-.11420
-.21452
-.32388
-.43544
-.54485
-.74593
-.91110

-1.03178
-1.10506
-1.13269
-1.12007
-1.07517
-1.00740
-.92651
-.76109
-.63520
-.57537
-.57944
-.62619
-.68785
-.74073
-.77124
-.77694
-.76383

.00000

.11718

.22633

.32520

.41221

.48636

.54706

.62764

.65621

.63916

.58577

.50686

.41362

.31655

.22469

.14511

.03958

.01194

.04640

.11291

.18093

.22898

.24847

.24229

.22037

.19440

1.00000
1.02980
1.09184
1.16230
1.22999
1.28967
1.33889
1.40277
1.42150
1.40072
1.34886
1.27571
1.19123
1.10465
1.02381
.95473
.86563
.84586
.87986
.94034

1.00035
1.04151
1.05699
1.05004
1.02981
1.00669
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?51C?;

(Uf=1., Tf0=1., Xad=0.9 Xf=1., T1d0=1., X1d=1.)

'1:<51>≤F5?@A?4A1=≤=B?NK
.00000 9.00000  .00001  2
.00000  .00000

>C64AD31>>»=6C?5?= DCC1- 6AB?>1
: & % * © '& )

t, c If I1d Ud Uq
.00000
.03516
.07031
.10547
.14063
.17578
.21094
.24609
.28125
.31641
.35156
.38672
.42188
.49219
.56250
.63281
.70313
.77344
.84375
.98438

1.12500
1.26563
1.40625
1.68750
2.25000
2.81250
3.09375

.00000

.15737

.27064

.35284

.41314

.45797

.49188

.51806

.53877

.55557

.56960

.58162

.59220

.61046

.62632

.64074

.65421

.66698

.67918

.70215

.72341

.74315

.76147

.79429

.84701

.88622

.90187

  .00000
-.13904
-.23431
-.29885
-.34180
-.36960
-.38680
-.39658
-.40118
-.40217
-.40067
-.39746
-.39308
-.38225
-.37007
-.35747
-.34490
-.33258
-.32060
-.29780
-.27657
-.25685
-.23853
-.20571
-.15299
-.11380
-.09813

  .00000
-.46500
-.45648
-.44811
-.43989
-.43183
-.42391
-.41614
-.40851
-.40102
-.39367
-.38645
-.37937
-.36558
-.35230
-.33950
-.32717
-.31528
-.30383
-.28215
-.26202
-.24333
-.22597
-.19488
-.14494
-.10780
-.09297

.00000

.01650

.03270

.04860

.06421

.07953

.09457

.10934

.12383

.13806

.15203

.16574

.17920

.20539

.23063

.25495

.27838

.30096

.32273

.36391

.40215

.43767

.47065

.52973

.62461

.69518

.72336
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?51C?;
- Z U U

Z U U K

1>≤:BC1>51AC3BC1>?3<«…±141<L>D=6C?5≤;DA?±A1FD31>>»
BCAD=Q3 ;?A?C;?4? ±1=≤;1>>» >6?2FQ5>≤F 5<» 3≤2?AD Q@6A63QA;≤
6<6;CA?DBC1C;D31>>»±1D=?3≤;?A?C;?4?±1=≤;1>>»55<»3≤2?ADDBC13?;Q
?GQ>;≤=?∞<≤3?R5QRA6<6:>?4?±1F≤BCDC113C?=1C≤;≤55<»3≤±>1H6>>»
3@<≤3DBCAD=Q3>D<L?3?R@?B<Q5?3>?BCQ<Q>Q:6<6;CA?@6A651HQ>1<Q>QR
±3»±;D55<»3≤2?AD±1±6=<«31<L>≤F@A≤BCA?R3

. ?±A1FD31>>»BCAD=Q335?3Q<L>≤:=?=6>CH1BD3?;A6=≤F
3QC;1FA?±A1FD>;?3?RBF6=≤3≤=141«CL3A1FD31>>»6<6;CA?=6F1>QH>≤F
@6A6FQ5>≤F @A?G6BQ3QRF B<Q5 @A?3?5≤C≤ Q±±1BC?BD31>>»= ±1B?2Q3
?2H≤B<«31<L>?R C6F>Q;≤ 3≤;?A≤BC?3D«H≤ @A?4A1=≤ A?±A1FD>;Q3
5≤>1=QH>?RBCQ:;?BCQ6<6;CA?6>6A46C≤H>≤FB≤BC6=

0 ?±A1FD31>>» @6AQ?5≤H>?R B;<15?3?R BCAD=D ;?A?C;?4?
±1=≤;1>>»5?@DB;1…CLB»@A?3?5≤C≤ >63A1F?3D«H≤ 1;C≤3>≤F?@?AQ3
6<6=6>CQ36<6;CA?6>6A46C≤H>?RB≤BC6=≤±?;A6=1@?3QCA»>≤FQ;126<L>≤F
<Q>Q:6<6;CA?@6A651HQ»;√?A6±D<LCD«H≤:6;3Q31<6>C>≤:1;C≤3>≤:?@QA
√?5?C?H;≤;?A?C;?4?±1=≤;1>>»>6@6A63≤√D… A6±D<LCD«H?4?
6;3Q31<6>C>?4?Q>5D;C≤3>?4??@?AD

;<15 >6?2FQ5>≤F 5<» A?±A1FD31>>» BCAD=Q3 ;?A?C;?4?
±1=≤;1>>»@1A1=6CAQ36<6=6>CQ3A?±A1FD>;?3?RBF6=≤

;<15@1A1=6CAQ3;?>;A6C>≤F6<6=6>CQ3A?±A1FD>;?3?RBF6=≤
»;≤: 3 ±141<L>?=D 3≤@15;D >6?2FQ5>≤: 5<» A?±A1FD31>>» BCAD=Q3
;?A?C;?4?±1=≤;1>>»3;1±1>≤:>≤∞H6

≤>FA?>>Q =1I≤>≤ 46>6A1C?A≤ ;?=@6>B1C?A≤
6<6;CA?53≤4D>≤4

@?3>1>?=Q>1<L>1@?CD∞>QBCLL>?= 12?>?=Q>1<L>11;C≤3>1
@?CD∞>QBCLI>?= 3CQ>?=Q>1<L>≤:;?6EQGQ…>C@?CD∞>?BCQXdh>?=;
>?=Q>1<L>1>1@AD41N>?=;5
>15@6A6FQ5>≤:?@QA@?@?±5?3∞>Q:?BQx d*

;

>15@6A6FQ5>≤:?@QA@?@?@6A6H>Q:?BQx q*
;

@6A6FQ5>≤:?@QA@?@?±5?3∞>Q:?BQx d*
;

B≤>FA?>>≤:?@QA@?@?±5?3∞>Q:?BQx d*
;

B≤>FA?>>≤:?@QA@?@?@6A6H>Q:?BQx q*
;

?@QA±3?A?C>?R@?B<Q5?3>?BCQx
*2 ;

?@QAA?±BQ«31>>»?2=?C;≤BC1C?A1x
*

;

Q>5D;C≤3>≤:?@QA?2=?C;≤±2D5∞6>>»x f*
;

Q>5D;C≤3>≤:?@QA@?±5?3∞>L?R56=@E6A>?R?2=?C;≤x d*1 ;
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;?6EQGQ…>CQ3CA1>BE?A=1GQR5
5Q1@1±?>A64D<«31>>»>1@AD4≤ √?3≤±>1H1…>1@AD4D;?A?C;?4?
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;?>56>B1C?A>?«21C1A6…«A15B
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%≤=H1B?3Q;6AQ3>Q3;1±Q3;≤=QBC»CL±141<L>Q@?<?∞6>>»√?5?
3≤±>1H6>>»BCQ:;?BCQ@A≤@A?6;CD31>>QQ6;B@<D1C1GQR6>6A4?B≤BC6=
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1@?H1C;?3QD=?3≤Q±141<L>≤:@Q5FQ55??GQ>;≤BCQ:;?BCQQ=6C?5Q3RR

3≤±>1H6>>»5
23≤=?4≤»;≤=@?3≤>>Q3Q5@?3Q51C≤3Q5>?B>?BCQ:;Q6>6A4?B≤BC6=≤

RF?2…5>1>>»Q±?;A6=1?;A6=Q6<6;CA?@6A651HQQ3D±<≤>131>C1∞6>L
6C?«A?±A1FD>;Q3…4

1 3≤±>1H6>>»BCQ:;?BCQA6∞≤=Q3 √?@6A63QA»«CLB» Q±1@1BQ3
BCQ:;?BCQ3≤»3<6>>»F1A1;C6AD@6A6FQ5>≤F@A?G6BQ35

23≤2QAB@6GQ1<L>≤F±1F?5Q35<»@Q53≤√6>>»BCQ:;?BCQ6>6A4?B≤BC6=
6<6;CA?@6A651HQ3D±<Q3>131>C1∞6>>»5

3A?±A?2;1>?3≤F3≤=?45??B>?3>≤F6<6=6>CQ3Q6<6;CA??2<15>1>>»
6>6A4?B≤BC6= A6<6:>?4?±1F≤BCDQ@A≤BCA?R3B≤BC6=>?R13C?=1C≤;≤±
@?4<»5DBCQ:;?BCQ6>6A4?B≤BC6=

0 %AD5?=QBC;≤= A?±A1FD>;1= BCQ:;?BCQ @?3≤>>1 @6A65D31C≤
>12<≤∞6>1RR?GQ>;1>1?B>?3Q@A1;C≤H>≤F;A≤C6AQR3»;Q3≤±>1H1«CLB»±1
5?@?=?4?«>12<≤∞6>≤F=6C?5Q3Q5?±3?<»«CL?GQ>≤C≤BCQ:;QBCLQ±±1@1B?=
AD2≤=≤ @?;1±>≤;1=≤ =?∞DCL B<D∞≤C≤ ;DC≤ 6<6;CA?@6A651H 3
>?A=1<L>?=DQ@QB<»131AQ:>?=DA6∞≤=1F±1<≤I;?3Q>1@AD4≤>1I≤>1F
6<6;CA?BC1>GQ:@A≤;?A?C;≤F±1=≤;1>>»F>1<Q>Q»F√?3Q5F?5»CLQC@

©;√? >12<≤∞6>1 ?GQ>;1 @?;1±D… >1»3>QBCL ±1@1BD BCQ:;?BCQ
6>6A4?B≤BC6=≤12?RRH1BC≤>≤»;1±>1H>?@6A63≤√D…@?CAQ2>≤:C?>6=1…
>6?2FQ5>?BCQ3≤;?>D31C≤A?±A1FD>;≤BCQ:;?BCQC?H>QI≤=≤=6C?51=≤ A?C6
DC?H>6>>»A?±A1FD>;Q3>6?2FQ5>6»;√?…@Q5BC131331∞1C≤ √?2Q<LI
C?H>63≤±>1H6>>»BCQ:;?BCQ5?±3?<≤CL@?<Q@I≤C≤ C6F>Q;?-6;?>?=QH>Q
@?;1±>≤;≤?2…;C1

7 ?±A1FD31>>»BCQ:;?BCQ 3±1<6∞>?BCQ3Q5RF@A≤±>1H6>>»Q
5?BC?3QA>?BCQ@?H1C;?3≤F51>≤F3≤;?>D«CLB»3AQ±>?=D?2B»±QC1±AQ±>≤=
BCD@6>6=C?H>?BCQ

2 ?±A1FD>;≤BCQ:;?BCQ@?3≤>>Q3≤;?>D31C≤B»5<»C1;≤FA6∞≤=Q3
A?2?C≤4
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D=?31F6;B@6A≤=6>CD

'Q±≤H>1BDCL@A?2<6=≤5≤>1=QH>?RBCQ:;?BCQ6>6A4?B≤BC6=
DC?3QF1A1;C6A≤BC≤;≤@?CD∞>?BCQ@A≤AQ±>≤FB≤<L>≤F±2DA6>>»F

A6∞≤=D
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A13≤<?@<?√@A≤?GQ>GQ5≤>1=QH>?RBCQ:;?BCQ6>6A4?B≤BC6=
. A≤C≤H>≤:;DC>1;DC?3Q:F1A1;C6A≤BC≤GQ:?4?EQ±≤H>≤:±=QBCQ

=1C6=1C≤H>≤:?@≤B
/ @<≤3I3≤5;?BCQ3≤=;>6>>»131AQ:>?4?A6∞≤=D>1±26A6∞6>>»

BCQ:;?BCQB≤BC6=≤
0 A1>≤H>≤:;DC3≤=;>6>>»:?4?EQ±≤H>≤:±=QBCQ=1C6=1C≤H>≤:

?@≤B
1 6C?5@?B<Q5?3>≤FQ>C6A31<Q35<»@6A63QA;≤5≤>1=QH>?4?

@6A6F?5D
2 2H≤B<«31<L>≤:1<4?A≤C==6C?5D@?B<Q5?3>≤FQ>C6A31<Q3
3 B?2<≤3?BCQ1>1<Q±D5≤>1=QH>?RBCQ:;?BCQB≤BC6=≤±1>1»3>?BCQ
46>6A1C?AQ3

6C?5≤;15?B<Q5∞6>>»5≤>1=QH>?RBCQ:;?BCQ@A?BC?RB≤BC6=≤3
D=?31F6;B@6A≤=6>CD

(1A1;C6A≤BC≤;1@A?4A1=>?4?±126±@6H6>>»A?±A1FD31>>»
5≤>1=QH>?RBCQ:;?BCQ

DCL@A?2<6=≤A6±D<LCD«H?RBCQ:;?BCQ6>6A4?B≤BC6=≤
6?2FQ5>QQ5?BC1C>QD=?3≤A6B≤>FA?>Q±1GQR46>6A1C?A1@QB<»

@?ADI6>>»BCQ:;?BCQB≤BC6=≤
6C?5≤;15?B<Q5∞6>>»A6±D<LCD«H?RBCQ:;?BCQ@A?BC?RB≤BC6=3

D=?31F6;B@6A≤=6>CD
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?51C?;

Y
K

A?BC?«B≤BC6=?«@A≤5?B<Q5∞6>>Q@6A6FQ5>?4?@A?G6BD@A≤:>»C?
331∞1C≤B≤BC6=D±?5>≤= 46>6A1C?A?= >6B;Q>H6>>?R@?CD∞>?BCQ√?
@A1G«3133@6A65131AQ:>?=DA6∞≤=Q>11;C≤3>?-Q>5D;C≤3>6>131>C1∞6>>»
H6A6±6<6;CA?@6A651HD±1;C≤3>≤=QA61;C≤3>≤=?@?A?=

6A6FQ5>≤:@A?G6B@A≤CA≤E1±>?=D;?A?C;?=D±1=≤;1>>Q5<»E1±:
Q 3GL?=D3≤@15;D?@≤BD…CLB»C1;≤=≤5≤E6A6>GQ1<L>≤=≤AQ3>»>>»=≤

»;Q…=1C6=1C≤H>?«=?56<<«@A?G6BD√?5?B<Q5∞D…CLB»4

pi/3.),2.+alfa+tsin(omegaUm=
dt

dtokC

omega

Xk  
+RktokC

pi/3.);2.-alfa+tsin(omegaUm=
dt

dtokB

omega

Xk
+Rkid3

);alfa+tsin(omegaUm=
dt

Yid3

omega

Xk
+Rkid3







56 tokA, tokB, tokC @6A6FQ5>QBCAD=≤√?3≤±>1H1«CLB»5
Rk A6±D<LCD«H≤:1;C≤3>≤:?@QA±1BCD@>?RBF6=≤5
Xk A6±D<LCD«H≤:A61;C≤3>≤:?@QA±1BCD@>?RBF6=≤5
Um 1=@<QCD51>1@AD4E1± Q ±1BCD@>?RBF6=≤5
omega ;DC?31H1BC?C15
alfa E1±1D3Q=;>6>>»>1;?A?C;6±1=≤;1>>»5
t H1B5
dtokJ/dt @?FQ5>13Q5BCAD=D±1H1B?=C7:;<5
pi=3.14159.
1>6;?A?C;6±1=≤;1>>»=?∞6A?±3≤31C≤B»±1AQ±>≤F@?H1C;?3≤F

D=?3√?5?BCAD=D4
@?@6A65>Q:A6∞≤= F?<?BC≤:FQ5i75id3C7 5
@?@6A65>Q:A6∞≤= >131>C1∞6>>»i75id3C68

&B1=Q:±1BCD@>Q:BF6=Q=?∞DCL2DC≤AQ±>QB@Q33Q5>?I6>>»=Q∞K3Q
Q3 3Q5>?I6>>» Q3K37MV 3≤±>1H1…@?BCQ:>DH1BD;?A?C;?±1=;>DC?4?
;?<1

?=?=6>CDi7 @?H1C?;;?A?C;?4?±1=≤;1>>»@?<?∞6>>»Nb=?∞6
2DC≤AQ±>≤=>1;?=@<6;B>Q:@<?√≤>Q4>1@AD41=?∞6@A?F?5≤C≤H6A6±
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>D<L E1±1D3Q=;>6>>» Va[V7 12? E1±1D3Q=;>6>>» 3Q5=Q>>13Q5
>D<» Va[V68

B6 G6 BC3?A«… 36<≤;D =>?∞≤>D 31AQ1>CQ3 D=?3 @A?CQ;1>>»
131AQ:>?4?A6∞≤=DQ3≤=141…B6A:?±>?4?1>1<Q±D

<12?A1C?A>Q: A?2?CQBCD56>C ±5Q:B>«… @6AI6 5?B<Q5∞6>>»
@6A6FQ5>?4?@A?G6BD3@A?BCQ:B≤BC6=Q√?@?<»41…3A?±3»±D31>>Q
@A≤3656>?R 3≤√6 B≤BC6=≤ 5≤E6A6>GQ1<L>≤F AQ3>»>L ±1 >D<L?3≤F
@?H1C;?3≤FD=?3>1?B>?3Q@A?4A1=≤=B?NK@A≤C1;≤F±>1H6>>»F±=Q>>≤F4

Um=1.
alfa=0.
f=50.
omega=2.pif
Rk=0.2
Xk=1.

±>1:?=≤C≤B»±@A?4A1=?«=B?NK3H1BC≤>Q@?2D5?3≤E1:<D
51>≤F:

program DIFUR
# Интегрирование системы дифферен°иальных 

уравнений,
#     разрешенных относительно производных, методом
#     Кутта  Мерсона

real instep
      read(5,5)x,instep,acc,neqs,(y(i),i=1,neqs)
  5   format(3f8.3,i3/10f8.3)

64
x -@?H1C;?36±>1H6>>»1A4D=6>C15
instep -;A?;±=Q>≤1A4D=6>C15
acc ->6?2FQ5>1C?H>QBCL5
negs -;Q<L;QBCL5≤E6A6>GQ1<L>≤FAQ3>»>L5
D-@?H1C;?3Q±>1H6>>»ED>;GQ:
±»C≤5?D314≤√?@A?4A1=1=B?NK@A≤±>1H6>15<»A?±3»±D31>>»

B≤BC6=≤5≤E6A6>GQ1<L>≤FAQ3>»>L»;Q@6A63≤AQI6>Q3Q5>?B>?@?FQ5>≤F
C?2C?4

dy
dx

=  f(x,  y) .

6;?=6>5D…CLB»A?±4<»>DC≤@A≤3656>≤:>≤∞H6E1:<51>≤F5<»
56»;?4?±1351>>»B≤BC6=≤CAL?F5≤E6A6>GQ1<L>≤FAQ3>»>L4

     0.      0.05     .001  3
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     0.      0.      0.
. Q54?CD31C≤>12<1>;D@A?4A1=D31>>»GQ51>Q3Q5@?3Q5>?5?

3Q5=QH6>≤F3@ E?A=1CQ3
/ 15?@?=?4?« C6;BC?3?4?A651;C?A1BC3?A≤C≤E1:<51>≤FQ

±26A64C≤:?4?±Q=»==B?NKYVi>1B3?R:5≤B;6CQ
0 >1:C≤35≤A6;C?AQR1I?R4AD@≤@A?4A1=D=B?NKZmZ>1@A13≤C≤

RR>13≤;?>1>>»
1 E?A=≤C≤±3QC±<12?A1C?A>?RA?2?C≤»;≤:3;<«H1…4

GQ<QQC6F>?<?4Q«3≤;?>1>>»<12?A1C?A>?RA?2?C≤5
@?2D5?3DCAL?F?BG≤<?4A1= @6A6FQ5>?4?BCAD=D;?A?C;?4?

±1=≤;1>>»5
3≤5Q<6>>»>1;?∞>Q:?BG≤<?4A1=Q1@6AQ?5≤H>?4?BCAD=D5
±>1F?5∞6>>»±>1H6>>»D51A>?4?BCAD=DQH1BD:?4?>1BC1>>»5
3≤±>1H6>>» ± ?BG≤<?4A1= @?BCQ:>?R H1BD ±41B1>>»

1@6AQ?5≤H>?4?BCAD=D5
<QBC≤>4A?±3»±;D5
1>1<Q±A6±D<LC1CQ3Q3≤B>?3;≤
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?51C?;

Y
K

?3>QI>…>1BC?A?>Q±=Q>>?4?BCAD=DCA≤E1±>6;?A?C;6±1=≤;1>>»
I6BC≤@D<LB?3?4? =?BC?3?4? >6;6A?31>?4? 3≤@A»=<»H1 5<» E1±≤ :
?@≤BD…CLB»C1;≤=5≤E6A6>GQ1<L>≤=AQ3>»>>»= »;6@?BDCQ…=1C6=1-
C≤H>?«=?56<<«@A?G6BD√?5?B<Q5∞D…CLB»4

),alfa+tomegasin(Um=
dt

dtok

omega

Xk
+Rktok 

56id3 @6A6FQ5>≤:BCAD=√?5?B<Q5∞D…CLB»5
Rk A6±D<LCD«H≤:1;C≤3>≤:?@QA±1BCD@>?RBF6=≤5
Xk A6±D<LCD«H≤:A61;C≤3>≤:?@QA±1BCD@>?RBF6=≤5
Um 1=@<QCD51E1±?3?R>1@AD4≤3±1BCD@>Q:BF6=Q5
omega ;DC?31H1BC?C15
alfa E1±1D3Q=;>6>>»>1;?A?C;6±1=≤;1>>»5
t H1B5
dtok/dt @?FQ5>13Q5BCAD=D±1H1B?=
1>6;?A?C;6±1=≤;1>>»=?∞6A?±3≤31C≤B»±1AQ±>≤F@?H1C;?3≤F

D=?33Q5>?B>?BCAD=D√?5?B<Q5∞D…CLB»4
@?@6A65>Q:A6∞≤= F?<?BC≤:FQ5i75id37 5
@?@6A65>Q:A6∞≤= >131>C1∞6>>»i75id368

B1=Q:±1BCD@>Q:BF6=Q=?∞DCL2DC≤AQ±>QB@Q33Q5>?I6>>»=Q∞K3Q
Q3 3Q5>?I6>>» Q3K37MV3≤±>1H1…@?BCQ:>DH1BD;?A?C;?±1=;>DC?4?
;?<1

?=?=6>CDi7 @?H1C?;;?A?C;?4?±1=≤;1>>»@?<?∞6>>»Nb=?∞6
2DC≤AQ±>≤=>1;?=@<6;B>Q:@<?√≤>Q4>1@AD41=?∞6@A?F?5≤C≤H6A6±
>D<L E1±1D3Q=;>6>>» Va[V7 12? E1±1D3Q=;>6>>» 3Q5=Q>>13Q5
>D<» Va[V68

B6 G6 BC3?A«… 36<≤;D ;Q<L;QBCL 31AQ1>CQ3 D=?3 @A?CQ;1>>»
131AQ:>?4?A6∞≤=DQ@?CA62D…B6A:?±>?4?1>1<Q±D

<12?A1C?A>Q:A?2?CQBCD56>C±1±1351>>»=3≤;<151H15?B<Q5∞D…4
3@<≤3@?BCQ:>?RH1BD±1BCD@>?RBF6=≤>1CA≤31<QBCL>6BC1<?4?

A6∞≤=D5
3@<≤3@?BCQ:>?RH1BD>136<≤H≤>D1=@<QCD5≤@6A6FQ5>?4?

BCAD=D5
3@<≤3E1±≤D3Q=;>6>>»Va[V>136<≤H≤>DD51A>?4?BCAD=D5
3@<≤3@?@6A65>L?4?>131>C1∞6>>»>136<≤H≤>D1=@<QCD5≤

@6A6FQ5>?4?BCAD=D5
@?…5>1>>» H≤>>≤;Q3 √? ±D=?3<««CL >1:31∞HQ>1B<Q5;≤

131AQ:>?4?A6∞≤=D5
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@?…5>1>>» H≤>>≤;Q3 √? ±D=?3<««CL >1:<64I≤: ±1
>1B<Q5;1=≤131AQ:>≤:A6∞≤=5

3@<≤3H1BC?C≤∞≤3≤<L>?R>1@AD4≤>1H1B>1BC1>>»D51A>?4?
BCAD=D

)QC1Q>IQ5?B<Q5>≤GL;Q@≤C1>>»=?∞DCL2DC≤±»B?31>Q3A6±D<LC1CQ
2141C?;A1C>?4? A?±3»±D31>>» 5≤E6A6>GQ1<L>?4? AQ3>»>>» @A≤ ±=Q>Q
3FQ5>≤F@1A1=6CAQ3Q12?@?H1C;?3≤FD=?3

n n

?±A?2≤C≤ >121±Q@?@6A65>QF±>1>L@6A6FQ5>≤FA6∞≤=Q3@<1>
@A?3656>>»H≤B<?3≤F6;B@6A≤=6>CQ3

±>1:?=≤C≤B»±?@≤B?=@Q5@A?4A1=KD 12?KD @1;6C1LLI>1
?B>?3QE1:<D\SSPLIB\ssp_doc.

±>1:?=≤C≤B»±@?2D5?3?« 4?<?3>?4?=?5D<»√?3Q5?2A1∞1…
A?±3»±D31>>»56»;?4?C6BC?3?4?5≤E6A6>GQ1<L>?4?AQ3>»>>»>1?B>?3Q
@Q5@A?4A1==≤KD

'     Эксперимент с программой (-*ur.*or
external f

      dimension vec(11)
      call rk2(f,0.1,0.,0.,1,11,vec)
      write(*,5) (vec(i),i=1,11)
 5    format (10x,f10.4)
      stop
      end
      function f(x,y)
      f=sin(x*x+sqrt(y))**2

return
      end

. ≤2A1C≤>6?2FQ5>D@Q5@A?4A1=DQ@Q54?CD31C≤4?<?3>≤:=?5D<L
5<»B3?RF@?CA62

/ A≤…5>1C≤5?4?<?3>?4?=?5D<»3≤2A1>D@Q5@A?4A1=DQBC3?A≤C≤
?2…5>1>≤:@?H1C;?3≤:=?5D<L

0 Q54?CD31C≤3≤;?>D31>D@A?4A1=D ZmZ-E1:<Q>1@A13≤C≤RR>1
3≤;?>1>>»

1 61<Q±D31C≤@D>;C 51>?4?1<4?A≤C=D
2 E?A=≤C≤±3QC±<12?A1C?A>?RA?2?C≤»;≤:3;<«H1…4

;A≤C≤H>≤:1>1<Q±@A≤:>»C?R=1C6=1C≤H>?R=?56<Q5
@A?4A1=DH≤B<?3≤F5?B<Q5∞6>L5<»Q>5≤3Q5D1<L>?4?±1351>>»5
C6;BC@?H1C;?3?4?=?5D<»Q<QBC≤>4CA1>B<»GQR5
>6?2FQ5>Q<QBC≤>4≤A?±3»±;Q3.
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?51C?;

M
N

<»±151>?R6>6A4?B≤BC6=≤3≤;?>1C≤A?±A1FD>;≤131AQ:>≤FA6∞≤=Q3
BCAD=≤33QC;1FQ>1@AD4≤D3D±<1F @A≤;?A?C;≤F±1=≤;1>>»F±
3≤;?A≤BC1>>»=@A?4A1=≤MDS

?>EQ4DA1GQ« B;<15 DBC1C;D31>>» Q@1A1=6CA≤ 6>6A4?B≤BC6=≤
3≤2A1C≤±;>≤4≤4 ≤>?B<13B;≤: ≤5A 6A6F?5>K6@A?G6BBK 3
B≤BC6=1FM<6;CA?B>12∞6>≤»4≤63 ≤√1I;?<1 323B10@A≤;<151/
A≤B1-18- C12<1

?±A1FD>;?3QC?H;≤Q3≤5≤@?I;?5∞6>L3≤2≤A1«CLB»±131AQ1>C1=≤
C12<

%12<≤G» z ?±A1FD>;?3QC?H;≤Q3≤5≤@?I;?5∞6>L5<»3≤;?>1>>»
<12?A1C?A>?RA?2?C≤
1AQ1>C (1A1;C6A≤BC≤;1C?H;≤@?I;?5∞6>>» ≤5;±

1 I≤>≤ /; @Q5BC1>GQR
2 I≤>≤ /; @Q5BC1>GQR
3 I≤>≤ /; @Q5BC1>GQR
4 I≤>≤ /; @Q5BC1>GQR
5 I≤>≤ /; 6<6;CA?BC1>GQR%
6 I≤>≤ /; 6<6;CA?BC1>GQR
7 I≤>≤ /; @Q5BC1>GQR
8 I≤>≤ /; @Q5BC1>GQR
9 3≤3?5≤ /; 46>6A1C?A1 BC1>GQR

10 3≤3?5≤ /; 46>6A1C?A1 BC1>GQR%
11 @6AI1B6;GQ»I≤> /; @Q5BC1>GQR
12 B6A65≤>1 √?B@?<DH1… Q

≤3H≤C≤6>6A46C≤H>DBDCL±1351>>»Q=6C?53D±<?3≤F>1@AD4√?
A61<Q±?3D…CLB»3@A?4A1=QMKZ.

±>1:?=≤C≤B»±@A?4A1=?«MDS3H1BC≤>Q33656>>»±?3>QI>L?R
Q>E?A=1GQR4

        dimension mat(100,3),x(100),numusl(100),uusl(100),
        *nuvar(100),tokwet(100),uvar(100),tvar(100)
        common mat,x,numusl,uusl,nuvar,tokwet,uvar,tvar,
        *kolwet,kolusl,kolvar,eps,isign,ier
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        read kolwet,kolusl,kolvar
        read ((mat(i,j),j=1,3),i=1,kolwet)
        read (x(i),i=1,kolwet)
        read (numusl(i),i=1,kolusl)
        read (uusl(i),i=1,kolusl)
        read (nuvar(i),i=1,kolvar)

read epps
        read tokbas

56;dalZi ;Q<L;QBCL3QC?;±1BCD@>?RBF6=≤;?=@<6;B>?RBF6=≤5
kolusl ;Q<L;QBCL3D±<Q3±1BCD@>?RBF6=≤5
;dakVg ;Q<L;QBCL3D±<Q3>1@AD4≤3»;≤F2D5DCLDC?H>«31C≤BL±1

QC6A1GQ»=≤5
mat =1CA≤G»±…5>1>LBF6=≤±1=Q√6>>»3≤=QA>QBC« 3dalZi

;?∞6>A»5?;»;?R@?;1±D…±3»±?;>1BCD@>?R3QC;≤±53?=13D±<1=≤5
x =1B≤33≤=QA>QBC«3dalZi3Q5>?B>≤F21±≤B>≤F?@?AQ36<6=6>CQ3

±1BCD@>?RBF6=≤5
numusl =1B≤33≤=QA>QBC«3dajha>?=6AQ33D±<Q3±1BCD@>?RBF6=≤5
uusl =1B≤33≤=QA>QBC«3dajha>1@AD4 3D±<Q3±1BCD@>?RBF6=≤

3Q5@?3Q5>≤:cjbjha5
nuvar =1B≤33≤=QA>QBC« 3dakVg>?=6AQ33D±<Q3>1@AD4≤3»;≤F

2D5DCLDC?H>«31C≤BL±1QC6A1GQ»=≤5
eps C?H>QBCLA?±A1FD>;D√?±151…CLB»;?A≤BCD31H6=5
]VCd3WVh 21±≤B>≤:BCAD=>1BCD@6>Q, 56±>1F?5≤CLB»±151>1C?H;1

@?I;?5∞6>>»;
?±A?2≤C≤±1BCD@>DBF6=D ;?=@<6;B>DBF6=D 26±3A1FD31>>»

1;C≤3>≤F?@?AQ3Q@A65BC13≤C≤RRC1; √?2;?∞>13QC;14A1E12D<1
@A≤…5>1>1=Q∞53?=13D±<1=≤1=Q∞3D±<1=≤Q>G≤56>C>≤=≤5D±Q4A1E1
2D<12CQ<L;≤?5>13QC;1C?2C?±QBF6=≤3≤<DH1«CLB»@1A1<6<L>Q3QC;≤

. A?>D=6AD31C≤@?H≤>1«H≤±?5≤>≤GQ3BQ3QC;≤±1BCD@>?RBF6=≤
@A≤H?=D>?=6A≤±1:=1C≤@Q5A»5

/ A?>D=6AD31C≤3D±<≤±1BCD@>?RBF6=≤@?H≤>1«H≤±3D±<Q3C≤F
√? =QBC»CL C?2C? 3D±<Q3 »;Q3Q5>?B»CLB»5? @?H1C;Q3 3QC?;
46>6A1C?AQ3B≤BC6=>131>C1∞6>L±1:=1«H≤>?=6A≤@Q5A»5

0 151C≤>1@A»=≤BCAD=Q3√?@6A6521H1«CLB»D3QC;1F@A≤GL?=DD
3QC;1F26±@?B6A65>L?@A≤…5>1>≤F5?C?H;≤@?I;?5∞6>>»BCAD=≤@?3≤>>Q
2DC≤>1@A13<6>Q5?3D±<1;?A?C;?4?±1=≤;1>>»

1 C3?A≤C≤C12<≤G« »;13Q5?2A1∞1…4A1E±1BCD@>?RBF6=≤ ?∞6>
A»5?;C12<≤GQ@?3≤>6>=QBC≤C≤CA≤H≤B<1 >?=6A3QC;≤ >?=6A3D±<1
@?H1C;D3QC;≤>?=6A3D±<1;Q>G»3QC;≤ 331∞1C≤√?BCAD=≤:5DCL3Q5
@?H1C;D3QC;≤5?RR;Q>G»
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2 A≤:>»C≤21±≤B>QD=?3≤QA?±A1FD31C≤3Q5>?B>Q21±≤B>Q?@?A≤Q
±1BCD@>?RBF6=≤
3 ?±A1FD31C≤21±≤B>≤:BCAD=>1BCD@6>QC?H;≤@?I;?5∞6>>»

151C≤5?3Q<L>?@?H1C;?36>12<≤∞6>>»3Q5>?B>≤F>1@AD4C≤F
3D±<Q3»;Q>6…3D±<1=≤± 12?3D±<?=@?I;?5∞6>>»

A≤:>»C≤AQI6>>»@A?C?H>QBCLA?±A1FD>;D >12<≤∞6>>»5?
>D<»

Q54?CD31C≤ >1 2<1>;D @A?4A1=D31>>» E1:< 51>≤F D
3Q5@?3Q5>?BCQ±@D>;C?= @A≤GL?=D21∞1>??±>1:?=≤C≤B»±:?4?
@?2D5?3?«5<»56»;?4?C6BC?3?4?±1351>>»

   7 8 3
   1 11 15 2 12 17 3 13 15 4 14 18 5 15 16 6 17 16 7 16 18
   0.2 1.31 1.17 3.33 0.51 0.59 1.43
   11 12 13 14 15 16 17 18
   1.08 0.93 0.8 0.9 0.9 0.8 0.85 0.
   15 16 17
   0.001
   9.2

Q54?CD31C≤±3≤;?A≤BC1>>»=2D5L-»;?4?A651;C?A1Q±1@≤B1C≤D
E1:<A6±D<LC1C≤A?2?C≤±1@D>;C?=

. 1@DBC≤C≤>13≤;?>1>>»@A?4A1=DMDS3A1FD31C≤√?35Q1<?±Q
>6?2FQ5>?3;1±1C≤@A?4A1=QI<»F5?E1:<D51>≤F±1@ QI<»F5?>?3?4?
E1:<D562D5DCL±26A6∞6>QA6±D<LC1C≤A?2?C≤

/ E?A=≤C≤±3QC@A?3≤;?>1>>»±1351>>»»;≤:@?3≤>6>=QBC≤C≤
C6;BC±1351>>»@Q54?C?3HDA?2?CD±1@D>;C1=≤ 3≤FQ5>≤:<QBC≤>4Q
3≤B>?3;≤
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≤;?A≤BC?3D«H≤@1;6C@A≤;<15>≤F@A?4A1= MNK;H >NK>D:
@A?36BC≤ 1>1<Q± =?∞<≤3?BCQ3≤>≤;>6>>» B1=?±2D5∞6>>» 3 @A?BCQ:
6>6A4?B≤BC6=QC?2C?@?ADI6>>»RRBC1C≤H>?RBCQ:;?BCQ

≤BC6=1 B;<151…CLB» ± >6>1B≤H6>?R»3>?@?<«B>?RB≤>FA?>>?R
=1I≤>≤26± ±@?BCQ:>≤=±2D5∞6>>»=QI3≤5;QBC«?26AC1>>»)6:
46>6A1C?A@A1G«…>1I≤>≤>6±=Q>>?R>1@AD4≤H6A6±;?=@6>B?31>D<Q>Q«
6<6;CA?@6A651HQQ±±?3>QI>Q=Q>5D;C≤3>≤= 1;C≤3>≤=Q;?=@6>BD31<L>≤=
@?±5?3∞>Q=…=>QB>≤=?@?A?=

(1A1;C6A≤BC≤H>6AQ3>»>>»√?3Q5?2A1∞1…6<6;CA?=14>QC>≤:@6A6-
FQ5>≤:@A?G6B3GQ:B≤BC6=Q=1…@»C≤:BCD@Q>L√?5??@6A1C?A1
?6EQGQ…>C≤F1A1;C6A≤BC≤H>?4?AQ3>»>>»ED>;GQ?>1<L>?3≤A1∞1«CLB»
H6A6±@1A1=6CA≤B≤BC6=≤)Q±3»±;≤=?∞>13±»C≤D3≤;<151H112?±5?51C;D

BC?A /0 ;>≤4≤4 6C?5≤;1 A1BH6C?3 DBC?:H≤3?BC≤
13C?=1C≤±≤A?31>>KFM<6;CA≤H6B;≤FB≤BC6= @?5A65 6>≤;?31
KBI1»I;?<1 1966.

1A1=6CA≤B≤>FA?>>?4?46>6A1C?A1356»;Q:B≤BC6=Q3Q5>?B>≤F
?5≤>≤GLC1;Q4

@?±5?3∞>Q:B≤>FA?>>≤:?@QA 5
@?@6A6H>≤:B≤>FA?>>≤:?@QA 19;
@?±5?3∞>Q:@6A6FQ5>≤:?@QA /25
@?BCQ:>1H1BD?2=?C;≤±2D5∞6>>»@A≤A?±Q=;>6>?=D
BC1C?AQ /1A15
1A1=6CA≤<Q>QR6<6;CA?@6A651HQ3CQ:∞6B≤BC6=Q3Q5>?B>≤F?5≤>≤GL

3≤±>1H1«CLB»±131AQ1>C1=≤C12<%

%12<≤G»% z 1A1=6CA≤<Q>Q:5<»3≤;?>1>>»<12?A1C?A>?RA?2?C≤
1AQ1>C≤@?A≤<Q>Q:

6<6;CA?@6A651H 1 2 3 4 5 6 7 8 9
Q>5D;C≤3>≤:
1;C≤3>≤:
@?±5?3∞>L?-…=>QB>≤:

0.1
0.02
0.80

0.11
0.03
0.90

0.12
0.04
0.95

0.13
0.05
0.71

0.14
0.06
0.62

0.15
0.07
0.55

0.16
0.08
0.44

0.17
0.09
0.55

0.18
0.10
0.54

B=≤B<≤C≤6>6A46C≤H>DBDCL±1351>>»3Q5>?B>?D=?3B1=?-
±2D5∞6>>»B≤BC6=≤±;?=@6>B?31>?«6<6;CA?@6A651H6«

1@≤B1C≤;1>?>QH>DE?A=DF1A1;C6A≤BC≤H>?4?AQ3>»>>»@»C?4?
BCD@6>»
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3 2H≤B<≤C≤±>1H6>>»;?6EQGQ…>CQ3F1A1;C6A≤BC≤H>?4?AQ3>»>>»5<»
B3?4?31AQ1>C1

. ≤3H≤C≤=?∞<≤3?BCQ±?2A?2;≤F1A1;C6A≤BC≤H>?4?=>?4?H<6>1±
;?=@<6;B>≤=≤±=Q>>≤=≤5≤3E1:<edancdbZ3V

/ A65BC13≤C≤?56A∞1>D=1C6=1C≤H>D=?56<L3@?CAQ2>Q: 5<»
@1;6C1@A≤;<15>≤F@A?4A1=E?A=Q

0 C3?A≤C≤D3Q;>Q>=BMB3?…±1351>>»±>6?2FQ5>≤=≤;?=6>C1A»=≤
1 @A»=D31C≤ ±1351>>»>13≤;?>1>>»Q@A?BC6∞≤C≤ ±1:?4?

@A?F?5∞6>>»=3B≤BC6=Q
2 6A64<»>DC≤A6±D<LC1C≤Q?56A∞1C≤5?;D=6>CD3Q;>QK>IHKMC1

±1@≤B1C≤DE1:<
3 E?A=≤C≤±3QC@A?3≤;?>1>>»±1351>>»»;≤:@?3≤>6>=QBC≤C≤4

C6;BC±1351>>»5
@Q54?C?3HDA?2?CD±1@D>;C1=≤ /5
3≤FQ5>≤:<QBC≤>45
6>6A46C≤H>DQ>C6A@A6C1GQ«A6±D<LC1CQ3Q3≤B>?3;≤
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3≤;?A≤BC1>>»=@A?4A1=≤LM:MB<@A?36BC≤1>1<Q±=?∞<≤3?BCQ
3≤>≤;>6>>»B1=?±2D5∞6>>»3@A?BCQ:6>6A4?B≤BC6=QC?2C?@?ADI6>>»RR
BC1C≤H>?RBCQ:;?BCQ>1?B>?3Q1<462A1RH>≤F;A≤C6AQR3

?H1C;?3DQ>E?A=1GQ« D3≤4<»5QF1A1;C6A≤BC≤H>?4?=>?4?H<6>1
@»C?4?@?A»5;DBCD56>C@?3≤>6>D±»C≤±QB3?4?±3QCD±A1>QI63≤;?>1>?R
<12?A1C?A>?RA?2?C≤ A≤>6?2FQ5>?BCQ±36A>DC≤B»5?RR=6C?5≤H>?4?
?@≤BD5?51C?;%

B=≤B<≤C≤6>6A46C≤H>DBDCL±1351>>»3Q5>?B>?D=?3B1=?-
±2D5∞6>>»B≤BC6=≤±;?=@6>B?31>?«6<6;CA?@6A651H6«

1@≤B1C≤;1>?>QH>DE?A=DF1A1;C6A≤BC≤H>?4?AQ3>»>>»@»C?4?
BCD@6>»

≤3H≤C≤±3≤;?A≤BC1>>»=<QC6A1CDA≤1<462A1RH>Q;A≤C6AQRBCQ:;?BCQ
DA3≤G»QL…>1A1-+≤@1A1
. ?2D5D31C≤5<»B3?4?F1A1;C6A≤BC≤H>?4?AQ3>»>>»=1CA≤G«

DA3≤G»
/ ±>1:?=≤C≤B»±@A?4A1=?«LM:MB<3H1BC≤>Q33656>>»@?H1C;?3?R

Q>E?A=1GQR4

*     program static
*   Aнализ устойчивости системы на основе матри°ы Гурви°а
*  размерностью не более 10 характеристического уравнения

   real koeff
   dimension gurv(10,10),koeff(11)
   read(5,10) m

 10  format(i5)
    i1=m+1
    read(5,15)(koeff(i),i=1,i1)

15   format(8f10.5)

GL?=DEA14=6>CQ@A?4A1=≤4
M @?A»5?;=1CA≤GQDA3≤G»5
koeff 36;C?A-A»5?;;?6EQGQ…>CQ3F1A1;C6A≤BC≤H>?4?AQ3>»>>»
0 Q54?CD31C≤E1:<51>≤F>1?B>?3Q@/Q±1@≤B1C≤:?4?>1B3?«

5≤B;6CD±Q=»=hiVi1XYVi
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1 A1@A13≤C≤>13≤;?>1>>»E1:<hiVi1XZmZ √?±>1F?5≤CLB»3
5≤A6;C?AQR1I?R4AD@≤Q@A?BC6∞≤C≤±1@A?F?5∞6>>»=±1351>>»3B≤BC6=Q

2 6A64<»>DC≤E1:<A6±D<LC1CQ3hiVi1Ximi√?±>1F?5≤CLB»>1 1IQ:
5≤B;6CQ

3 E?A=≤C≤±3QC±1±1351>>»=»;≤:@?3≤>6>=QBC≤C≤4
C6;BC±1351>>»5
@Q54?C?3HDA?2?CD±1@D>;C1=≤ ... 6;
3≤FQ5>≤:<QBC≤>45
@?AQ3>»<L>D ?GQ>;D A6±D<LC1CQ3 ?56A∞1>≤F 3 53?F
<12?A1C?A>≤F A?2?C1F ± 5?B<Q5∞6>>» BCQ:;?BCQ ±
3≤;?A≤BC1>>»=AQ±>?4?=1C6=1C≤H>?4?1@1A1C15
6>6A46C≤H>DQ>C6A@A6C1GQ«A6±D<LC1CQ3Q3≤B>?3;≤
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% 1/.-21 ?A?C;≤6±1=K;1>≤»3M<6;CA?DBC1>?3;1F
6C?5KA1BH6C13M<6;CA?DBC1>?3;1F @6A6=6>>?4? C?;1 >1@A»∞6>≤6=
B3KI6 ; 4±51C6<LBC3?BC1>51AC?3 322.B

% / 1-3 ?A?C;≤6±1=K;1>≤»3M<6;CA?DBC1>?3;1F
6C?5KA1BH6C13M<6;CA?DBC1>?3;1F@6A6=6>>?4?C?;1>1@A»∞6>≤6=5?
; 4?BBC1>51AC?BB≤≤ 33 0B

B>?3>K6@?<?∞6>≤»≤3A6=6>>K6AD;?3?5»√≤6D;1±1>≤»@?
?@A656<6>≤«DBC?:H≤3?BC≤M>6A4?B≤BC6= 4.>6A4≤» 30.

. 6C?5≤H6B;≤6 D;1±1>≤» @? ?@A656<6>≤« DBC?:H≤3?BC≤
M>6A4?B≤BC6=H ?«±C6FM>6A4? 4313 2.B

/ &<L»>?3 .<6;CA?=14>≤C>K6 @6A6F?5>K6 @A?G6BBK 3
M<6;CA≤H6B;≤FB≤BC6=1F 4.>6A4≤» 31

0&<L»>?3 ?A?C;≤6±1=K;1>≤»3M<6;CA≤H6B;≤FB≤BC6=1F 4
?BM>6A4?≤±51C 3/
1 6>≤;?3 6A6F?5>K6M<6;CA?=6F1>≤H6B;≤6@A?G6BBK 3

M<6;CA≤H6B;≤FB≤BC6=1F 4KBI1»I;?<1 31 .1B
2 1A;?3≤H 6∞≤=KM>6A46C≤H6B;≤FB≤BC6= 4.>6A4≤»

1969.
3 626563 51>?3 &BC?:H≤3?BCL@1A1<<6<L>?:A12?CK

M<6;CA≤H6B;≤FB≤BC6= 4.>6A4?≤±51C 3. 21B
•D;≤> K;?3 /' A≤=6>6>≤6 .) 5<»

@A?6;C≤A?31>≤»B≤BC6=M<6;CA?B>12∞6>≤» 4.>6A4≤» 31 B
(AD√?31 A≤=6>6>≤6G≤EA?3KF3KH≤B<≤C6<L>KF=1I≤>

5<»A1BH6C?3C?;?3;?A?C;?4?±1=K;1>≤» ;> ?@A?BK@A≤=6>6>≤»
3KH≤B<≤C6<L>?:C6F>≤;≤3M>6A46C≤H6B;≤FB≤BC6=1F ±5-3? &
≤63 30 B13  88.

DB<?31 %D41:/ 1=;?31 1BH6CC?;?3;?A?C;?4?
±1=K;1>≤»3M<6;CA≤H6B;≤FB6C»F>1@A»∞6>≤6=0 ; >1 -.
;>.<6;CA≤H6B;≤6B6C≤≤B≤BC6=K3K@ 2 ±5 L3?3B;?4?D>≤36AB≤C6C1
L3?3 32 B  123.

%6F>?A12?H≤: @A?6;C & ≤>>≤G;?: M>6A4?B≤BC6=K
?5B≤BC6=1?@6A1C≤3>?-5≤B@6AB>?4?D@A13<6>≤» 151H1 A1BH6CC?;?3
;?A?C;?4?±1=K;1>≤» ≤>>≤G1 32.

. 11C≤% 1C6=1C≤H6B;≤6=?56<≤;?>E<≤;C>KFB≤CD1G≤: 4
?3A15≤? 311 B

/ 1>C?A?3≤H ?ABC;? @C≤=1<L>K6A6I6>≤» 3
M;?>?=≤;6 41D;1 31 B

0 6A5≤ ∞ ?56<≤ @?@D<»G≤: ;>4 1C6=1C≤H6B;?6
=?56<≤A?31>≤6 4 ≤A 313B 3  127.

1 D2≤>≤> 6>6C≤;1≤H6<?36; 4A?B36√6>≤6 312 ..B



240

2 6=≤5?3≤H 6;G≤≤@?=1C6=1C≤H6B;?:C6?A≤≤DBC?:H≤3?BC≤
41D;1 301.1B
3 D;?3?5»√≤6D;1±1>≤»@?A1BH6CDC?;?3;?A?C;?4?±1=K;1>≤»≤

3K2?AD?2?AD5?31>≤» 4. . /B
2 ≤>?B<13B;≤: ≤3>»; 6B6> ≤21<;? ©

A?;?@6>;? 6A6F?5>K6@A?G6BBK3B≤BC6=1FM<6;CA?B>12∞6>≤» 4
K√1I;?<1 323. B

6A6FQ5>Q@A?G6B≤3B≤BC6=1F6<6;CA?@?BC1H1>>» Q5A65
*6A6=QBQ>1 ≤5-3?'1;C /

%6A6I;63≤H 6=?3 31>;?3 <6;CA?=14>QC>Q
@6A6FQ5>Q@A?G6B≤3B≤BC6=1F6<6;CA?B@?∞≤31>>» Q>>≤G» %& 1
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?<?5≤=≤A A≤4?A?3≤H 331;D=?3
6?>Q5 ?A≤B?3≤H%6A6I;63≤H

13H1<L>≤:@?BQ2>≤;

A≤4Q>1<-=1;6C@Q54?C?3<6>?%6A6I;63≤H6=

651;C?A
?A6;C?A

1D;?3?-=6C?5≤H>≤:3Q55Q< %&
3Q5?GC3? 6A∞;?=Q>E?A=D&;A1R>≤
B6AQ» T1.03Q5/

= Q>>≤G»(=6<L>≤GL;6I?B63/ %&

Q5@≤B1>?5?5AD;D 1A>QCDA1M1bZhGZlKdbVc
'?A=1C31.1/4 1@QA?EB6C>≤:
AD;AQ±?4A1EQH>≤: &=5AD;1A;
%≤A1∞ @A≤=
1=T

Q55AD;?31>?3;?=@«C6A>?=DQ>E?A=1GQ:>?-3≤513>≤H?=DG6>CAQ
Q>>≤GL;?4?>1GQ?>1<L>?4?C6F>QH>?4?D>Q36AB≤C6CD

3Q5?GC3? 6A∞;?=Q>E?A=D&;A1R>≤
B6AQ» T1.03Q5/

% % t t


