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Mamepuanu 3a IX mesxcoynapoona nayuna npakmuuna KoHgepenyus

NMPUJTOXHATA MATEMATHUKA

Ivanov Y.Y.
Vinnytsia National Technical University, Ukraine

EXPANSION FOR THE MATHEMATICAL APPARATUS

OF THE ALGEBRA LOGARITHM OF THE LIKELIHOOD

FUNCTION FOR THE TURBO-CODES IN DISTRIBUTED

COMPUTER SYSTEMS OF DIFFERENT FUNCTIONAL
PURPOSES

Introduction. At the time of the latest technology the information became object of
the automated processing. The data transfer process in information systems is
susceptible to errors, because any error in material breach of the calculation. To combat
interferences in data transfer systems at all the stages is used the error-correction coding,
that provides reliability and credibility of information transmitted. The analysis of the
methods allowed us to determine, that the most prominent achievement in the theory of
error-correction coding in recent years is turbo-code. They are used to encode large
volume information messages at the high speed with high error-correcting [1]. Turbo-
codes are used in practice in the most important areas, such as space satellite
communications (standards DVB-S, DVB-RCS), digital television (ViaSat, HDTV),
mobile communication systems of the 3" generation [2]. The practical widespread have
decoding algorithms: SOVA (Soft-Output Viterbi Algorithm), MAP (decoding
algorithm for the Maximum A posteriori Probability) and modifications to decrease the
computational complexity (Log-MAP, Max-Log-MAP) [3].

A significant drawback of the turbo-codes is comparatively high decoding
complexity and high delay, which sometimes make them unattractive. But for using
in satellite channels this shortcoming is not essential, because the length of the
communication channel introduces a significant delay. Another drawback of the
turbo-codes (fig. 1) is a comparatively small code distance. This leads to the fact, that
even when a large input error probability, the turbo-code performance is high, but at
the low input error probability the turbo-code performance is limited [1].

An important advantage of the turbo-codes is the decoding complexity
independence from the length of the information block, which reduces the decoding
error probability by increasing its length [1].
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Brimonnenue cootHomeHus (21) o3nayaet, 4to npu GUKCUPOBAHHOM PACIIOJIO-
KEHUHU 3apsja HaJ IJIACTUHOW B OJIMKHEHW 30HE IPH BEIIMYMHE 3apsja HE MCHbBIICH
C rapaHTUPOBAHHO MPH B3PBIBE ATOTO 3apsjia, MOJYYHUM 30HY pa3pylICHUs IJIaCTH-
HbI 33JJaHHOW BEJIMYMHBI, TPUYEM BHUJ U PACIOJIOKEHUE 30HBI Pa3pyIllICHUs OIpeie-
JIseTCsl HepaBeHCTBOM (19).

Beraucienus npoBeaeHBI I pa3IdyHbIX MaTEepHalioB, pa3MEPOB IUIACTHH, pac-
MTOJIOKCHHMM 3apsjia HaJa TUIACTHHON B OnmkHEW 30He. B kauecTBe mpumepa 31ech
MIPUBENICHBI PE3YyJIbTaThl BHIYUCICHUN JJIS1 TUIACTUHBI KBaJAPATHOU (hOPMBI, U3TOTOB-
neHHou u3 ceporo yyryHa CU 12-28. PacueTsl BBIIOJTHEHBI 11 3HAYEHHUI NTapaMeT-
POB:

n=025, h=0.1M, puy=1.6, 8, =2.8x10"Ila, z: =025M, x» =0, y.=0 (B3pBIB Haj
EHTPOM CHMMETPHH ILUIACTHHBI), Kpx=1.7, E=12x10"Tla, p=7.1x10°kr/M’, a=1M,
b=1M, A,=400Mm/c (BB-TpOTHI, IIIOTHOCTH p, = 1620 KI/M’)
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Puc. 2. O6aacrs paspymennii. Yyryn CU 12-28,

wo =0.005 (1), h=0.05M, wy =0.003 (2)

1)z =025Mm, C=1.749x2, ry =0.0686.m

2)z=025Mm, C=1.0495ke, 1y =0.0537.m

Kpussie ¢ ykazareneMm 1, COOTBETCTBYIOT 3HAUEHUIO w, =0.005, a C yKa3zareliem
2 3HaueHU — w,=0.003. IIpm >TOM KpuBBIM | COOTBETCTByET Macca 3apsaa
C =1.749 kT, a KpuBbIM 2 — Macca C =1.0495 KT.

63



Mamepuanu 3a IX mesxcoynapoona nayuna npaKkmuuna Kongepenyus

«Hoeunama 3a nanpeonanu nayka — 2013» » Tom 53. Mamemamuka

a(l + COSE](I + COSEJ + 5(1 + cosﬂj(l - coszﬂj +
a b a b
+a(l - cosz—mj(l + cosn—yj +cy (1 - cos—zmj(l - cos—2nyj
a b a b

YtoObl HAWTH 30HY pa3pylIeHUs IJIACTUHBI, a 3aTeM U maccy 3apsga BB, HeoO-
XOIMMYIO JUISl ATUX LIENEH, BOCIIOIB3YEMCSI KPUTEPUEM Pa3PYILCHHUS, IPEITOKEHHBIM
IL.I1. bBananauHbIM [2].

YuuTeIBas npu 3TOM IMHAMUYHOCTh PACCMATPUBAEMOIO MPOLECCA, a TAKKE BeE-
POSITHOCTH BO3MOYKHBIX OTKJIOHEHWW MPOYHOCTHBIX XAPAKTEPUCTUK Marepuala Iuia-
CTUHBI OT HOPMAaTHBHBIX, YKA3aHHBII KPUTEPHUN 3alIUIIEM B BUJE:

Wy (x,y):wo (16)
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)
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T., =— . ,G*:S* K *K
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8« -TIpeieNl MPOYHOCTH MaTepHala IIACTUHBI IPU U3THOE B CTATHUECKUX HCIIbI-
TaHUAX, H3-KOIPOUIMEHT TUHAMUYHOCTH, K j+-KOI(POUIMEHT OJAHOPOJHOCTU HA ra-
PaHTHPOBaHHOE paspylueHue, K ,-kodpourment Gpopmsi[3].

[ToncraBuB cooTHomeHus (18) U COOTBETCTBYIOIINE UM MPOU3BOIHBIE B KpUTE-
puit pazpywmenus (17), moayuum:

f(x,0)20, (19)

2, 2 2
(0% +0), —06,0, +31%,) Lk
2 _

1 (20)

rae f(x,y)= 5
O'x

Hepasenctso (19) onpenensier 30Hy pa3pylieHus, pa3Mepbl KOTOPOU 3a/1aeT mna-
paMeTp w .
Ecnu 3amate pa3Mepsl 30HbI pa3pyllIeHMs, BBOJS 3HAUYECHUE NapameTpa w,, TO

UCIIOb3Ys COOTHOIIECHUS (2)-(4),(6), MOKHO ONpeleuTh MUHUMAIbHYIO BEIUYUHY
(maccy) C 3apsga BB, HeoOXxoauMyto [ rapaHTUPOBAHHOTO pa3pyIleHUs TUIaCTH-
HBI C Hanepe ] 3aIaHHOM BEJIMYMHOW 30HBI pa3pyLICHHUS:
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Figure 1 — BER — Bit Error Rate (word length 27 bits and 37 bits)
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The main problems are the lack of freeware distribution and complexity of the
decoding algorithms.

The work purpose is to improve computing efficiency of the turbo-code
decoding procedure through improvement of the mathematical algorithms of their
work.

Main Part. To achieve the purpose should be to build a model of error-
corection turbo-decoder, that uses the new mathematical principles of the algebra
logarithm of the likelihood function [4] for N statistically independent information
bits with the transition to trigonometric and hyperbolic functions without using
complex numbers.

p le- =+1
N N ® N )
S=>LLR(x;)=LLR > x, |=1In - =2. arth(ch[LLR(x’)D, (1)
o ° v A\ 2
" " p in =-1
3

where x; — statistically independent information bit, i = LN .

Equation (1) can be used to simplify calculations, when solving complex
problems, when given a lot of statistically independent information bits. For the given
formula is possible to perform a connection between trigonometric (L. Euler, F.
Viete, N. Copernicus, Arabic mathematics) and hyperbolic (A. de Moivre, V. Riccati,
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J.H. Lambert) functions without using complex numbers (C. Gudermann function) [5,
6] to simplify the calculation.
Therefore, it is necessary to find Gudermannian [5] from some argument ¢ .

L dt @ T
d =|—=2-qrcte| th— |=2-arctg ex -, 2
gd(p) gcht g( 2j g explo) = (2)
Now we use the transformation
T dt gd ((p)j
d(p)=|——=2-arctg| te =—2= | 3
gd(p) ich t g(g : 3)

Comparing formulas (2) and (3), we can obtain such Gudermannian property

@ _ . gd(p)
thz—tg S 4)

Applying this property to the expression (1), and using the Gudermannian form
(2), it is possible to obtain

S = %LLR(xi) =2- arth(lN_[tg gd (LL2R(xl.))j =
] i1

(5)
=2-arth (I_N[ g (arctgexp (LLR(x;))— %B

i=1

Now it 1s necessary to perform numeric calculations in the environment of the
mathematical modeling MathCad (fig. 2) to calculate the values sum of the logarithm
of the likelihood function for example in the case of 2 and 6 statistically independent
information bits.
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Cornacuo npuniumy Octporpaackoro-I'aMunbsToHa, Hanbonee OJIM3KON K JeHCT-
BUTEIILHOM OyzeT Ta opma yrmpyroi MoBepXHOCTH, ISl KOTOPOH ympyrasi SHEprus Jie-

dbopMupoBaHUS UMEET MUHUMAIILHOE 3HAYCHUE, YTO TIPUBOJIUT K CUCTEME YPAaBHEHUIA:

oL,

8cl-j

0, i,j=1,2 (13)
Cuctema ypaBHeHuit (13) moxxeT ObITh TpeoOpa3oBaHa K SKBUBAJICHTHOU el cH-

CTEME YPaBHECHUMU:

(201; = 05 )1y — 0yCy) +0gCyy = (204 — as)eyy
asCyp + (07 —203)cp) — 06 = (07 — 204 )y (14)

(0g —s)cpp +(0g —2007)Cy) + 2004y = 20,0y
BBoast 0003HaueHus

% T _% T _C¢ T _C» (15)

— A — A — A, — A
= 2= 1= ="
Ag Ag Ag Ag
200 =05 — 0 og 204 — O — 0Oy olg
A = (XS (X7 - 2(13 - (X6 , Al = (X.7 - 2(X.1 OL7 - 20(,3 - (X.6
G‘S — as 0L6 — 2&7 2(1/4 20(1 (1'6 — 2&7 2(1,4
20, —OLg 204 — O olg 20, —0Ls — 0Ly 204 — 0
Az == 0L5 OL7 - 2(11 - (X6 ; A3 = (X.5 (X7 - 2(13 (X7 - 2(11
Og — Ol 204 201 Og — Ol O — 207 204

Takum oOpazom, nmoixyyeHa Gopma yrnpyroi nmoBepxHOCTH, Hanboee OJIn3Kas K
IIEUCTBUTEIILHOM B BUJIE:
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£

=1 6
207 (6)

N3 cootHomienwii (4), (6) BUIHO, yTO Macca 3apsjaa gukcupoBanHoro BB, He-
obxoauMasi JJisi TapaHTUPOBAHHOTO Pa3pYIICHUS IJIACTUHBI, onpeaensercs hopmoit
e€ yInpyrou moBepXHOCTH w =w(x,y), NOJYUYCHHON MPHU JIEUCTBUU HA HEE B3PBIBHOM
HArpy3KH, a TaKKe PacroyiOKEHUEM 3apsi/ia OTHOCUTENHHO TUTACTUHBI, (PU3NYECKUMHU
Y TEOMETPUYECKUMU XAPAKTEPUCTUKAMU TIJIACTHUHBI.

3. Pemenue 3agaun. BapyanumoHHbiii MeTOX

Hcnonw3yem npsimoil BapuanmoHubiii Mmero Putna. CoriiacHo METoly anmpok-
cumanuu byOHOBa-I'anepkuHa, cucTeMy KOOPAMHATHBIX (DYHKITMH BBIOEPUM Tak,
YTOOBI BBHITIOJHSJINCH TPAHUYHBIC YCJIOBHS 3aKpeIUICHUs IUIaCTUHBI. B paccmarpu-
BAEMOM CJIy4dae KECTKOU 3aJIeJIKH TJIACTUHBI 10 BCEMY KOHTYPY MOXKHO MPEJIOXKUTh
CUCTEMY KOOPAMHATHBIX (QYHKIIMHN BUJIA:

w;;(x,¥) =[1+(—1)Frl cosiﬂ}{l+(—l)j+l cosj%} (7)

a

®opMy yrpyroi NOBEpXHOCTH aIPOKCUMHUPYEM (QyHKIIHEH

n

w, (x,y) = o 53 CijWij €]

n

> e i,j=1

iajzl

Bo3bMeM n =2 ¥ 0003HAUNM:

cq (1 + cosﬂj(l + cosn—yj +cpp (1 + COSEJ(I - coszﬂ) +
_ W a b a b
S

Mb(xny)_
2nx Ty 2nx 2ny
+cy1| I =cos—— || 1+ cos— |+ ¢y, | 1 =cos— || 1 —cos——
a b a b

THE S =cjy +¢pp + €y +Cpp 5 ¢;;~HEM3BECTHBIE BAPUAIIMOHHBIE KOOI PULIMEHTBI,

)

W, -TIapameTp, ONPEIESIOMNNA 30HY pa3pyLICHUs IIACTHUHBI.

Cucrema (7) KOOpIAMHATHBIX (PYHKUUN YJOBIETBOPSET FPAHUYHBIM YCIOBHIM
YKECTKOM 3aJI€JIKH IUIACTUHBI 110 BCEMY KOHTYPY ONUPAHUSA:

~ 8wl~j _ 6wl-j

=ta ay

0 (10)

y=tb

Wij

| =
x=%a Yly=+b Ox
X

[ToncTaBuB BeIpaxkenue (9) s mpeamnoiaraeMoi GyHKIIMU PorudoB B (HyHK-
uuonan (4), momyunm QyHKUUIO I, (¢ 1,¢15,¢51,¢,) B BUAE:
2 4
L — Dwyrt 2 2 2 2 (11)
27562 Q€1 T 0pCp + 036y + 0yCon + 0lsCCpp + Ol Cop + 0L7C 1C1 + g€ aCon
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(1Y N T ool sl LR _ 7Y
LR x=| ) S(LLR ) =2 - atanhy | | | tan atanie "TT))| S(LLR_x) = 0.999893299
4 1.= - -
(1]
10 s .
Il Il | LLE =x rly
100 5 =2- | tanl atanle =) _ T 1} = 043369957
LIR x = S(LLE_x) = 2 - atanh H | tan) atanle '-3)) S(LLR. x) = —0.43369957
-1 i=1
-10
\ 100

Figure 2 — Calculations (N, =2, N, =6 bits)

Conclusion. So, has been derived a new formula for calculating the LLR sum §
for many bits. It can be used in computing devices, for optimizing the approximation
in distributed computer systems of different functional purposes.
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