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Abstract

Mathematical models of diseases caused by immune disorders allow to solve specific questions
related to the disease immune dynamics and choice of relevant treatment. Here we consider the model of
rheumatoid arthritis and discuss the evaluation of the coefficients of the model of their influence on the
solution.

AHoTanuA

Mamemamuueckue moodenu, onucvisaroujue OONE3HU BbI3GAHHBIC UMMYHHbIM HAPYWEHUAMU,
NO360AIOM  peuiamb  KOHKPEmHble GONPCHl, CEA3AHHbIE ¢ OUHAMUKOU 0OOnesHvl U  8bl60pa
coomeemcmeyowezo JeueHus. 30ect Mbl paccmampueaem Mooelb PeeMAmouoOH020 apmpuma u
obcyscoaem 80npocyl OYeHKU KOIDDUuyUeHmos Mooenu ux IsHUSL HA peuleHue.

Introduction

The model based investigation of diseases is a complex and evolving field. We have
introduced new mathematical model of immune mediated disorders [4]. The model describes
progression of rheumatoid arthritis and the effect of treatment.

Rheumatoid arthritis is a systematic autoimmune disease characterized by inflammation
of the joints, bone loss and cracking cartilage tissue [1, 2]. The disease is caused by violation of
balance between B, regulatory T and helper T lymphocytes that are subset of blood cells. In
rheumatoid arthritis B lymphocytes goes beyond the norm and along with T helper cells
produces antibodies to the cell of the cartilage resulting in its structural destruction [3].
Regulatory T cells due to their reduced quantities fail to suppress B cells. The immune system
fails to properly distinguish between “self” and “non-self” and attacks part of the body inducing
strong inflammatory response against self-substances.

Mathematical model

Now we improve the model by adding treatment component. We concede “Tocilizumab”
as drug for treatment. Mathematical model of rheumatoid arthritis with drug therapy is given
below:
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J(t) denotes cartilage cell population at time t moment, B(t) — B cell population at time t,
T (t) and T,..g(t) — helper and regulatory T cells population, accordingly. Equations (1) and

(2) are the same as for model without drug therapy. In equation (3) and (4) drug component is
added. Equation (5) determines amount of the drug in the blood at time t. Drug action is the
following: drug affects helper T and regulatory T cells. It kills part of helper T cells and turns

other part of helper T cells into regulatory T cells. As a result, population of helper T cells is
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decreased and population of regulatory T cells is increased. After a certain period B

lymphocytes should start to decrease. The next assumptions are made about the drug:

1. The drug is completely eliminated (metabolism and excretion) from the blood.

2. The drug is directly administrated by an intravenous injection and is immediately completely
distributed into the blood stream.

3. Amount of the drug in the blood after injection is given by exponential reduce model pattern:
equation (5).

4. Fractional cells kill for an amount of drug u is given by exponential model
Fu) = k(1 —e™™)

Coefficients of the model
The model contains several coefficients and their value may vary for different patients.
So, it is important to choose correct values of these coefficients. Coefficient @; determines the

rate of cartilage destruction. For healthy patient B(t) = B,,.,m and @; may be ignored. 1 and
1> are cell amount rate and lfbl and lf p. are cells carrying capacity. s2 denotes constant

source of regulatory T cells and ¢ is death rate of regulatory T cells. ¢; and ¢, are rates of
which B cells are stimulated to be produced by helper T cells and suppressed by regulatory T
cells, accordingly [4]. These coefficients may be estimated if we have at least two clinical
analysis of patient blood, taken in some time intervals. These analyzes should measure B
lymphocytes, helper and regulatory T cell amounts, and estimate also cartilage size. We
normalize size of the cartilage and normal size is assumed to be 10000 units. These values
maybe measured at different time points. Figure 1 represents behavior of these 4 cells in case
when at 100th day B lymphocytes value is 450-10%, at 160th day helper T cells value is 9-108,
regulatory T cells value is 3.5-10° at 50th day, and cartilage value is 7500 at 140th day. The
next figure represents behavior of model functions (J,B,Th,Treg) under the conditions

described above.
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From these graphs, the condition of the cartilage may be presumed in 200 days. It is
assumed that at initial time (t=0) all indicators were normal. Note that this figure is obtained
from model that doesn’t include treatment component. All coefficients of the model are
calculated automatically based on the results of clinical analyzes.

Introduction of the drug component added another four coefficients (k;,kz, m,,m;) to

the model. Correct selection of them is also very important. k; and k. denote fractional rate of

killed and transformed by drug (Tocilizumab) helper T lymphocytes. The next figure shows
effect of these coefficients on the progress of treatment. Dashed lines are values before drug
treatment is started (60 days). Three different cases are considered: graph 1 represents case
ky = 0.005k,=0.025, for graph 2 k; =0.005k;=0.03 and for graph 3 -
ky =0.007,k;=0.025 Herem; =1m, =1
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Coefficients m, and m: can be regarded as a scaling factor, and they can be included in
the function w. Therefore, their values often are taken as 1. Figures below show effect of m, and
m,. For graph 1 my =1,m;=1, for graph 2 — my =2,m;=1, for graph 3 -
m; = 1, m, = 2, Here k; = 0.005, k, = 0.025,
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Another coefficient is introduced in equation (5). Coefficient d3 can be calculated from
half-life period (T ) of the drug: dz = —In(0.5) /t. The above results were obtained on

condition that the drug disintegration time was 13 days, and the treatment of the disease started
on the 60th day

Acknowledgments
| thank professor of Thilisi State Medical University Nona Janikashvili as inspirer of
these study and for helping me to understand the bioligical mechanisms of immune diseases.

References:

1. Bellucci E, Terenzi R, La Paglia GM, Gentileschi S, Tripoli A, Tani C, Alunno A.
One year in review 2016: pathogenesis of rheumatoid arthritis. // Clin. Exp. Rheumatol., Sep-
Oct, 2016, Vol. 34(5), pp.793-801.

2. Ferro F, Elefante E, Luciano N, Talarico R, Todoerti M. One year in review 2017:
novelties in the treatment of rheumatoid arthritis. // Clin. Exp. Rheumatol. 2017 Sep-Oct;
Vol.35(5), pp.721-734.

3. Edwards JC, Cambridge G. B-cell targeting in rheumatoid
arthritis and other autoimmune diseases. // Nat. Rev. Immunol., May, 2006, Vol.6(5), pp.394-
403.

4. K.Odisharia, V.Odisharia, P.Tsereteli, N.Janikashvili Implementation of the
Mathematical Model of Rhematoid Arthritis // Reports of Enlarged Seminars of I.Vekua
Institute of Applied Mathematics, Vol.31, 2017, pp.107-110

105


https://www-ncbi-nlm-nih-gov.gate2.inist.fr/pubmed/27716458
https://www-ncbi-nlm-nih-gov.gate2.inist.fr/pubmed/28956527
https://www-ncbi-nlm-nih-gov.gate2.inist.fr/pubmed/28956527
https://www-ncbi-nlm-nih-gov.gate2.inist.fr/pubmed/16622478
https://www-ncbi-nlm-nih-gov.gate2.inist.fr/pubmed/16622478


 
 
    
   HistoryItem_V1
   PageTools
        
     Action: Move pages
     Range: From page 338 to page 338
     Where: after page 27
      

        
     D:20180516123416
      

        
     MovePages
     0
     2
     1
     1
     1
     27
     AfterNum
     All
     1268
     263
     qi3alphabase[QI 3.0/QHI 3.0 alpha]
     R270
     -2.0000
            
                
         Both
         338
         SubDoc
         338
              

       CurrentAVDoc
          

      

        
     QITE_QuiteImposingPlus4
     Quite Imposing Plus 4.0c
     Quite Imposing Plus 4
     1
      

   1
  

    
   HistoryItem_V1
   InsertBlanks
        
     Where: after page 29
     Number of pages: 1
     Page size: same as page 7
      

        
     D:20180516124133
      

        
     Blanks
     Always
     1
     1
     29
     1267
     189
    
     0
     1
     qi3alphabase[QI 3.0/QHI 3.0 alpha]
     7
            
       CurrentAVDoc
          

     SameAsPage
     AfterNum
      

        
     QITE_QuiteImposingPlus4
     Quite Imposing Plus 4.0c
     Quite Imposing Plus 4
     1
      

        
     29
     1
      

   1
  

 HistoryList_V1
 qi2base





