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Development of the mathematical model of light flux intensity sensor
based on the photodiode and operational amplifier

The article describes a method for interpolating the dependence of the photodiode relative spectral sensitivity
on the optical radiation wavelength using a special function that provides interpolation of the experimental
dependence with any asymmetry coefficient. A new version of the light flux intensity sensor mathematical
model based on a photodiode and an operational amplifier using the proposed interpolation technique has
been created. It was found that the interpolation error does not exceed 3—6 %, depending on the type of pho-
todiode and the shape of its experimentally obtained spectral characteristic. The processes occurring in the
equivalent circuit of the measuring channel based on the operational amplifier are analyzed. The created
mathematical model can be applied to optimize the processes in the measuring channel of the light flux inten-
sity. The research results presented in the article can be used in the design and mathematical modeling of light
flux intensity sensors for the needs of various fields of science, industry and medicine.
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Introduction

Sensors are an integral part of most measuring instruments. The requirements for their accuracy, sensi-
tivity, speed, and other parameters are constantly increasing. It is worth noting that the accuracy of many
measuring instruments is very often determined by the accuracy of the sensor, since modern secondary
measuring conversion means have a small error compared to sensors.

Optical photoelectric sensors are currently widely distributed and are used in various fields of science
and technology. For example, in dentistry, optical sensors are used for stomatoscopy and photoscopy [1-3].
Photoelectric sensors of angular position are used for measuring the rotational parameters of various objects
[4, 5]. In order to identify the water content in milk, enterprises use specialized cheking means based on pho-
toelectric sensors of the light flux intensity [6-8].

The principle of optical sensors operation is based on the dependence of the optical radiation parameters
on the value of the physical parameter that is being measured. The measured physical parameter can act di-
rectly on the radiation source, changing its intensity or affecting the parameters of the optical flux. Photoe-
lectric sensors convert the optical parameters of the light flux into an electrical signal.

The article aim is the further development of the theory and practice of the design, analysis and mathe-
matical modeling of the photoelectric sensors, which provide a light flux intensity measuring conversion to a
constant voltage.

Formulation of the problem

In accordance with [9-11], the nature of the photodiode spectral characteristic depends on a large num-
ber of factors, and its physical analysis is not possible. It is important to find a function suitable for its math-
ematical description. From an analysis of the technical documentation of optoelectronic components manu-
facturers [12—16], it follows that the spectral characteristic of the photodiode is bell-shaped, equal to zero at
certain wavelengths, can be symmetric and asymmetric, and the asymmetry coefficient can be less and more
than zero.

In [4, 7], mathematical models of a light flux intensity sensor based on a photodiode and an operational
amplifier are considered. In these mathematical models, the spectral characteristic of the photodiode — the
dependence of its integral current sensitivity on the optical radiation wavelength, is not taken into account.
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Therefore, the improvement of the existing mathematical model in this direction is an important task,
the solution of which will improve the adequacy of modeling and accuracy of calculation of photoelectric
sensors and measuring instruments based on them.

Research results

It is proposed to look for a function that interpolates the spectral characteristic of a photodiode in the

form [17]

g(x)=x"(1-x)"", ey
where a, b — numerical parameters of the function, the relationship between them depends on the asym-
metry of the function graph.

If a>b, the asymmetry coefficient is less than zero and the function maximum is shifted to the left, if
a<b, the asymmetry coefficient is greater than zero and the function maximum is shifted to the right. If
a=>b#1, then the function is symmetric, if a=1 and b=1, then the graph of the function is a direct line.
The value of function (1) is zero if x=0, or x=1. Then, the function (1) can be taken as the basis for find-
ing the interpolating function of the photodiode spectral characteristic.

Express the variable x as

wo )
7\’MAX
where A — is the wavelength of the optical radiation; A,,,, — the maximum wavelength of optical radia-

tion at which the value of the spectral sensitivity is zero.
The interpolating function of the photodiode spectral characteristic can be presented as

Sm(x)=KA[Lj (1— A ] , 3)

?\'MAX }\’MAX
where K, — is the coefficient of proportionality between function (1) and the value of the photodiode spec-

tral sensitivity.
In order to find the analytic formula of the spectral characteristic interpolating function, it is necessary
to find the coefficient K, and parameters ¢ and b. In order to find the value of A, at which function (3)

reaches its maximum. To do this, we should define the first derivative of function (3) and equate it to zero.

, ) ) ) }\' bh—1 L afz_ B _L b-2 7\/ a—1:
Si () =(a 1)(1 XW) (ij (b 1)(1 %MAXJ (kwj 0. (4)

As a result of solving equation (4), we obtain the wavelength of optical radiation at which the photodi-
ode spectral characteristic reaches a maximum

Ao = Musar . %)
b—-1
1+ —
a—1
From formula (5), after transformations, we obtain
b:(m—lJ(a—l)+l. (6)
A
Substituting (6) into (3), we obtain the maximum value of the photodiode spectral characteristic
}‘MAX_ a
So(he) =K, | o " (e (7)
10 0 A 7\,MAX XMAX N
From (7) we find the formula that determines the coefficient K,
My 1l(1-a
Ay (-a) A, [ o 1}(1 )
K, =5,(%) — 1- . ®)
A’MAX A'MAX

The experimental spectral characteristics of photodiodes, which are given in the technical documenta-
tion, are obtained in a certain range of optical radiation wavelengths from A,,, to A, [12-16]. At wave-
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length A, , the spectral characteristic value can be either zero or zero. The value of the interpolating func-
tion at wavelength A, is determined by the formula

(a-1) LT
S (n -K M 1— M [ b J 9
10y any . ©)

MAX }\' MAX

From the formula (9), that determines the coefficient K ,, we obtain

Y N
KA:Sm(?‘M/N){ MIN} (l_ﬂ] . (10)

}\' MAX }\' MAX

Equate the right parts of formula (8) and (10)

l-a l-a
Masax 1

M_l
7\/ 7\/ ) 7\, 7\, Ao
S,o(Ay) [ - j[l——o j =8,0A) ( M’”j[l— M’”J . (11)
"’ ’ 7\’MAX 7\’MAX " o 7\’ MAX XMAX

As a result of solving equation (11), we get a formula that determines the parameter a value
1
a=1- . (12)

)“MAX
log S10(h) }”XHN (}KMX _x}tmvj N
SroAyy) 0 MAX 0
The parameters A, , Ays Ags S;o(Ayy) - and S, (A,) are determined by the experimental spectral
characteristic of the photodiode. By substituting the parameter ¢ calculated by formula (12), to the formula
(6), the value of the parameter b is determined. Then, using (10) or (8), the value of K, is calculated.

The generalized formula for a function that interpolates the photodiode spectral characteristic is ob-
tained by substituting the formulas (12), (6), and (8) to (3).

AMAX
N 102 5,000) xm\(kmx*xm\'] o
MAX | SL0R200 R U Ay —ho
0

7\‘0 7\‘0 N S10(mIN)
SIOO\'):SIOOVO)X 1- X
7\‘MAX 7\‘MAX

A -1
MAX |
My [me My ] o

X _—
A’MAX

The interpolating function of the relative spectral photodiode sensitivity is defined as the ratio of the
function §,,(A) to its maximum value S,,(},), expressed as a percentage
S,
S 10 (7\’0 )

The typical experimental depedence of the relative spectral photodiode sensitivity on the optical radia-
tion wavelength, and the corresponding depedence of the interpolating function S, (A) are shown on the Fig-
ure 1.

The experimental dependence on the Figure 1 corresponds to the photodiode S1336—-18BQ manufac-
tured by Hamamatsu Photonics, whose spectral characteristics has a maximum at a wavelength of 960 nm
[15]. As a result of the conducted research, it is established that the interpolation error does not exceed 3—
6 % depending on the type of photodiode and form of its experimentally obtained spectral characteristic.

The above results were obtained using the Maple 9 mathematical software package [18].

(13)

}"M/IX 77"0

Mgy !
[ Mgy 11 My [ Mygax =May | Po
7\, Ao %8 Si900) Ao Max —ho
S10(ApmIN) M
x| 1—- .

MAX

S, (\) = 100 % . (14)

52 BecTHuk KaparaHauHckoro yHvusepcuTeTa



Development of the mathematical model of light flux intensity sensor ...

Relative spectral
100+ photodiode sensitivity, %
75 4 I
50 + |
: [
] | '
/ _ _ __ Experimental | :
L dependence | i
25 .
Interpolating |
function S,(4) I
;10 ' Wavelength, nm
0 I i l | I >
200 400 600 800 1000 1200

Figure 1. The typical experimental depedence of the relative spectral photodiode sensitivity on the optical radiation
wavelength, and the corresponding depedence of the interpolating function

The electrical scheme of a light flux intensity sensor based on a photodiode and operational amplifier is
shown on the Figure 24, and is its equivalent scheme is shown on the Figure 25.

()
Rys —
AAY Rs

DA

—> lv[) .lND CVD RVD Er\kj
VD + U F T RTN INACD
| Up

a b

I'?'s

v

Figure 2. Light flux intensity sensor based on the photodiode and operational amplifier

The dependence of the current flowing through the photodiode on the radiation flux is described by the
formula [19]

I, =M-1S(exp(w—mj-lj, (15)
J1+(Qr,,) kT
where 7, — photodiode current; F° — radiation flux; 7/, — dark current of the photodiode; U,,, — volt-
age drop on the photodiode; T — absolute temperature; k& — Boltzmann's constant; ¢ — charge of electron;
£ — flux radiation modulation cyclic frequency; 7,, — the photodiode time constant, which depends on
the values of the photodiode internal resistance R;,, and the photodiode parasitic capacitance C,,, .

When using a light source with a condenser lens, it is possible to obtain a flat-parallel radiation flux that
is the same throughout the whole plane. In this case, the radiation flux and the area of the photodiode photo-
sensitive layer which is radiated, are related by the ratio [20]

®=1I())-S, (16)
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where 7(A) — the intensity of the radiation flux which, when using any light source, is a function of the

wavelength A; S — the area of the photodiode photosensitive layer which is radiated.

The output voltage of the flow flux sensor based on the photodiode and the operational amplifier, taking
into account the zero offset, the difference of the input currents, and the noise voltage, is described by the
formula [19]

1, R
U, = 'D” FB +AIR,, +U,. +U, , (17)
R, 1
1+ B 4
KORIN KO

where K, — operational amplifier gain without feedback; R, — input resistance of operational amplifier;
U, — operational amplifier zero offset voltage; 4/ — the difference of the operational amplifier input

currents; R,, — resistance in the operational amplifier feedback loop; U, — noise voltage at the operation-

al amplifier output.
The noise current density of the feedback resistance [19] is determined by the formula

’4kTA
INR= R—f, (18)
FB

where Af — effective bandwidth of the operational amplifier.
The noise current density of a photodiode operating in a photovoltaic mode [19] is determined by the

formula
f4kTA
IND = R—f . (19)
VD

The noise output voltage module is determined by the formula [19]
Uy =\E + (I + 12 + DRy (20)
where [,, — operational amplifier noise current; £, , — operational amplifier noise voltage.

Substituting (13), (15), (16), (18), (19), (20) into (17), after transformations, we obtain a formula that
determines the dependence of the output voltage of the photoelectric light flux intensity sensor, from the
wavelength of the optical radiation.

1
AMax

log My [ Magax —May | 2o
Musax ~1 Sr0k0) Ao\ Max—ho

A S10(Amin)
UF(X)Z 10(hg) X ( 4l J(l_ il J X

A’MAX

Aagax 7 Mgy Y7
| My [ Mvsax =Ry | o 1 | Myiax _ Mvan [ apax =Py | *o ]
7\’ log Sro(ko) "y N Yy A 1) log Sro(t0) "y N Yy
> Sroaan) 0 MAX 0 x| 1= 0 sroCan) 0 MAX 0 %
7\’MAX 7\'MAX (20)
eU
RS IR, (exp(lf}l]
FB
X I(M)- +AIR,, +U,, +

RFB 1 2 1+Ri+i
[1+K+j./1+(§2«:m) KR, K

ORIN 0 0

+\/Ei1 +[1§A + 41;TAf + 4kTAijFB.

VD RFB

Denote by A, and A, , the lower and upper boundary wavelengths of the spectral characteristics of the

optical radiation source. Then the output voltage of the light intensity sensor based on the photodiode and the
operational amplifier, subject to a constant value of the spectral density of the light source, is determined by
the formula
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Formula (21) is a mathematical model of the light flux intensity sensor based on a photodiode and an
operational amplifier, which takes into account the dependence of the photodiode spectral sensitivity on the
wavelength of the optical radiation.

Conclusions

As a result of the conducted researches the universal method of interpolation of the photodiode spectral
sensitivity dependence on the optical radiation wavelength is proposed. By using the obtained interpolating
function, the known mathematical model of the light flux intensity sensor based on the photodiode and the
operational amplifier is improved. On the basis of the conducted research, it is established that the interpola-
tion error does not exceed 3—6 % depending on the type of photodiode and form of its experimentally ob-
tained spectral characteristic. Thus, the advanced mathematical model allows to increase the adequacy of
modeling and the accuracy of photoelectric sensors calculation as well as measuring devices based on them.
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B. Kyuepyx, I1. Kynakos, 1. MockBuuoBa, I'. I'amkyna,
I1. KucabekoBa, A. Kynakosa, [/[. KapabekoBa, A. XaceHoB

DOoTOAHO/ KIHE ONEePANMSIIIBIK KYIIEHTKIIITIH Heri3iHae :KapbIK aFbIHbIHBIH,
KAPKbIHABLIBIK JaTYUTIHIH MATEMATUKAJIBIK MO/IeJIiH d3ipiey

Makanazna GpOoTOIHOATHIH CAIBICTBIPMAIIBI CIIEKTPIIIK CE31IMTAJBIFBIHBIH ONTHKAJIBIK COYJICICHYAIH TOJKBIH
Y3BIHIBIFBIHA TOYCSIAUIMIH OIKCIEPUMEHTTIK TOYSNIUIKTI Ke3-KeJreH acuMMeTpusi Kod(hduimeHTiMeH
MHTEPIOAIMATIANTEIH apHalibl QYHKIMAHB! KOJIJAHY apKblJIbl MHTEPIIOALMSA 9/iCi YCHIHBUIFaH. ¥ ChIHBIIFAH
HHTEPIOJISAMS  OMiCiIMEH (OTOAMON TE€H IKYMBIC KYIICHTKINIIHE HETi3IENITCH JKApPBhIK aFbIHBIHBIH
KapKBIHIBUTBIFBI CCHCOPBIHBIH MAaTEMAaTHKAJIBIK MOJICTIHIH jKaHa HYCKACHI )KacalFaH. IHTepHosnus KaTemiri
(OTOMMOATEIH TYpiHE JKOHE OHBIH OKCHCPHUMEHTAIIBI TYplEe albIHFaH CIIEKTPJIIK CHIATTaMachlHA
OaimaHbICTEl 3—6 %-aH acmalThIHBI AHBIKTAJABL JKYMBIC KYIICHTKINII HETI3iHAE OJIIey apHACHIHBIH
JKBUBAIEHTTI Ti30erinje OoyaThlH MpolecTep TajjanraH. JKacalFaH MaTeMaTHKAJbIK MOJICIb JKapbIK
aFbIHBIHBIH KapKBIHBUIBIFBIH OJIIICY KaHAJIBIHIAFBl TPOLECTEPIl OHTAMIaHABIPY YIIiH KOJNAaHyFa 0oJajbl.
Makanaza KenTipiireH 3epTTey HOTHIKeNepl FhUIBIMHBIH, ©OHEPKSCINTIH JKOHE MEIUUUHAHBIH SPTYpII
cajaJapblHblH KAXETTUTIKTepl VIIIH JKapblK arbIHBIHBIH KapKBIHABUIBIFB JaTYMKTEPiH jkobamay MeH
MaTeMaTUKaJbIK MOJIENIbICY 1€ KONJaHbIIa alajbl.

Kinm C63()€p.' CEHCOp, q)OTOIII/IOII, JKapblK arbIHBIHBIH ~ KAapPKbIHABUIBIFBI, CICKTpaJAbl CHUIlaTTaMa,
MaTE€MaTHUKaJIbIK MOJICIIb.

B. Kyuepyx, I1. Kynakos, FO. Mocksuuoga, I'. I'amxymna,
I1. KucabekoBa, A. Kynakosa, [[. KapabekoBa, A. XaceHoB

Pa3paboTka MmaTeMaTH4ecKOi MOIe/IH JATYUKA HHTEHCUBHOCTH CBETOBOI0 MOTOKA
Ha ocHOBe (0TOANO/IA M ONIEPANUOHHOTO YCHUIUTEIS

B crarbe npeoxkeHa METOAMKA HHTEPIIOALMH 3aBUCHMOCTH OTHOCUTENBHOM CIIEKTPAIbHON UyBCTBHTEIb-
HOCTH (pOTOIHOMa OT JJIMHBI BOJTHBI OITHYECKOTO M3ITyUCHHUS C OMOIINBIO CIIEIHAIbHON (DyHKIMH, KOTOpast
obecreyrBaeT NMHTEPIONALNIO SKCIEPUMEHTAIBHOW 3aBUCUMOCTH C JIFOOBIM KO3()(GUIIMCHTOM acCHMMETPHH.
Co3naH HOBBIl BapHAHT MaTEeMaTHYECKOH MOJENH CEHCOpa MHTEHCHBHOCTH CBETOBOTO IIOTOKA Ha OCHOBE
(boToIMOa M ONIEPALMOHHOTO YCHIIUTENS C HCIIOIb30BAaHUEM IIPEIOKEHHON METOANKHM HHTEPIONIALNH. Y C-
TaHOBJIEHO, YTO OLIMOKA MHTEPIOJSILUY He MpeBbIIaeT 3—6 %, B 3aBUCUMOCTH OT THMA (GOTOANOAA U (HOPMBI
€ro HKCIICPHMCHTAIBHO MOJTYyYSHHOH CHEKTPAIBHOW XapaKTepUCTUKH. IIpoaHanu3upoBaHbl MPOIECCHI, IPO-
TEKAIOIUe B SKBUBAJICHTHOH CXeMe M3MEpHUTEIbHOrO KaHalla Ha OCHOBE ONepanuoHHOro ycwmmrend. Cos-
JaHHAs MaTeMaTHYecKasi MOJIENb MOXKET OBITh NPHMEHEHA IS ONTHMH3AIMU IIPOLECCOB B H3MEPHUTEIHLHOM
KaHaJIe HHTEHCUBHOCTH CBETOBOTO ITOTOKA. Pe3ynbraThl HccienoBanus, MpUBEIEHHEIE B CTaThe, MOTYT OBITh
HCTIONIB30BAHBI IIPU NPOEKTHPOBAHMN U MaTeMaTHYECKOM MOJEIMPOBAHUYN CEHCOPOB HHTEHCHBHOCTH CBETO-
BOT'O MOTOKA IS HYX[ Pa3JIMYHbIX 00sacTeil HayKH, IPOMBIIUIEHHOCTH U MEUIMHBL.

Knioueswvie cnosa: CEHcop, (l)OTOL[PIOL[, UHTEHCUBHOCTb CBETOBOI'O IIOTOKA, CHEKTPaJIbHAasA XapaKTEPUCTHKA,
MaT€MaTH4YCCKasA MOICIb.
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