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Anomauisn

Baoicaugy ponv vy pozeumxy i 600CKOHANEHHI N102T4HO20 MUCTEHHs 8i0800AmMb 201080A0MKaM. L[i iepu eumacaromo
npossuUmMuU BUHAXIONUBICIb, KMIMAUGICING, 6MIHHS KPUMUYHO OYIHUMU YMOBU OO NOCMAHOBKY RUmManHs. 3 0asHix uacie
PO38 S3Y8AHHSL 20JI080JIOMOK NPU3BOOUTO 00 BUHUKHEHHS HOGUX i0ell ma MameMamuyHux nioxoodis. B damiti pobomi
PO32NAHYMO Pi3HI NIOX00U 00 PO36 A3Y8AHHA 2PU-C0N080IOMKU XAHOUCHKA 8excd, 30KpeMda PO32NAHYIMO MONCIUBICID
BUKOpUCMAHHA meopii epagie ma 08iliIko8oi cucmemu YUCIeHHSL.

KarouoBi cj1oBa: noriune Mucinenns, Xanolicbka Bexa, rpad, GppakTalbHUN TPUKYTHHK.

Abstract

Puzzles play an important role in the development and improvement of logical thinking. These games require ingenuity,
cleverness, the ability to critically evaluate the conditions or the formulation of the question. Since ancient times, solving
puzzles has led to new ideas and mathematical approaches. In this paper, various approaches to solving the puzzle game
Tower of Hanoi are considered, in particular, the possibility of using graph theory and the binary number system is
considered.
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Beryn

Po3ymM, cBiOMiCTh Ta MUCJICHHS BU3HAYAIOTh YHIKATBHICTH JTIOAMHH Ta CKJIAJAI0Th OCHOBH JIOTiKH. BMiHHS
JIOT1YHO MUCITUTH JIO3BOJISIE 3HAWTH HaWO1IBII MPOCTUH 1 6e3neunHunii BUXiA 3 mpoOieMHOT CUTyalil, YHUKaTH
MOMUJIOK (SIK Mpo(eciiiHuX, Tak 1 )KUTTEBUX), TPAMOTHO BHKJIAJaTH cBOi AyMKH i T. iH. Ilpu mpomy ciifg
3ayBa)KUTH, 1110 JIOT1YHE MUCIICHHS MOXE PO3BUHYTHU Ta BJOCKOHATIOBATH Oyl1b-XTO. BasknuBy poib y npomy
BJIOCKOHAJICHHI BiJIBOJISITH TOJIOBOJIOMKAM — irpaM, [0 BUMAaraloTh IMPOSBUTH BHHAXIJIUBICTh, KMITIHBICTD,
OpUTIHAIBHICTD MUCJICHHS T4 BMiHHS KPUTHYHO OLIIHUTH YMOBH a00O MOCTaHOBKY HHUTaHHA. [ 0noBOJIOMKH
BUKOPHCTOBYBaJIM III¢ 3 JaBHIX 4YaciB i, JOCHUTh YacTO, PO3B’SI3yBaHHS T'OJIOBOJOMOK MPU3BOIUIIO O
BUHUKHEHHS HOBHMX i€l a00 MareMaTHMYHHX IMiAxomaiB. JI0 TOJOBOJIOMOK «3 ICTODIEN» BIIHOCHTHCS
rOJIOBOJIOMKA XaHoichKa Bexa [1, 2].

TonoBonomky XaHolchka Bexka po3poduB (paHity3bkuil MaTeMaTHK Enyapn JItoka, ssikuii mpe3eHTyBaB ii
B 1883 porii [3]. AHoHCOBaHa JIereHIa TIPO BETUKHI XpaM BapHaci, e mia KyImojioM, 1o CMMBOITI3Y€E IIEHTP
CBITY, 3HaXOAUTHCS OPOH30BUI AMCK, a HA HBOMY 3aKpIIJICHI TPU ajJMa3HUX CTPHIKHI, 32 JTOMOMOIOI0 SIKHX
BiZOyBa€eThCs BiAJIK 4acy O KiHLS CBiTY, Oyna npuaymana Jroka 3 MeToro 3amikaBieHHs myOuiku. Sk Oyio
HaIMCaHO  HA  OpUTIHAJNBHIA  yMakoBIi, ToOJOBOJIOMKY  mpuBi3 3  TonkiHa  mpodecop
H. Knayc 3 Ciama, mangapun kosnemky Jli Cy LisiH. Aje 1 ue BUsSBUIIOCH TPOIO CIIiB, aHarpamolo 3i ciiB «JIlroka
3 [lam’eHa, 31 mkomu Can-Jlyi», 1€ BiH BUKIIaAaB.

B xitacuuHil Bepcii rpa CKIIagaeThes 3 MiICTaBKH 3 TPhOMa CTPHIKHSAMHE, Ha KOXKEH 3 SIKMX HAaHU3aHO MEBHY
KUTBKICTh JMCKIB PI3HOTO PO3Mipy, Biji OUIBIIOrO 3HH3Y JI0 MEHIIOTro 3BepXy. I'pa momsrae B ToMy, 1100
NEPEMICTUTH JUCKH 3 OJHOTO CTPKHA Ha 1HIINH, HE MOPYILIYIOUYH TaKi MpaBuia:

- 32 OJIMH XiJ] MOXKHA MTEPEMICTUTH TIJIbKU OJIUH JTUCK;
- HE MOXHa TIepeMilllyBaTH AUCK Ha CYCiJHIi CTPHKEHb, SIKIIO Ha HBOMY € JMCK MEHIIOT0 pO3Mipy.

Komm muckiB mano, Tpa 3Ma€ThCS MPOCTOR. AJle i3 30iMBIIEHHSM KIJTBKOCTI THUCKIB 3POCTA€ 1 KiTbKICTh
KPOKIB [UIsl pO3B’sI3yBaHHs Ta YCKJIAIHIOETHCS cama Ipa.



Pe3y.m>TaTn JOCITiTKeHHSI

[locTae muTaHHS y CKIJIBKH KPOKIiB PO3B’SI3YETHCA TONOBOJIOMKA. [IpHiycTUMO, 110 B HAC Ha CTPUIKEHBb
HaHW3aHO TpU AUCKU. Toni
- IepeMilryeMo MaJIeHbKUN AUCK Ha cTprkeHb C (auB. puc. 1);
- JIpYTUM PYXOM IIEPEMIIIyeEMO CepeaHii AUCK Ha CTPKEHD B;
- TpeTiM pyXOM IepeMilllyeMO MaJICHbKUN TUCK Ha CTPIKEHb B;
- IepeMillyeMo BeJIHKHH TUCK Ha CTprkeHs C;
- IU'SATHM PyXOM MEepeMIIyeMO MalleHbKHI JUCK Ha CTPUIKEHD A;
- MepeMillyeMO cepelHii AUCK Ha cTprkeHsb C;
- CbOMHM PYXOM NEPEHOCHMO MaJEHBKUI JUCK Ha cTprxkeHb C.
TakuM YMHOM, pO3B’sI3yBaHHS CTAHOBHUTH CIM KPOKIB.

OueBUAHO, 110 TPOLIEC PO3B’I3yBAHHS JUINTHCS HAa TPH YacTHHU. CIIoYaTKy epeHOCUThCs OalnTa 3 1BOX
JUCKIB 31 cTprKHS A Ha cTprkeHb B. IloTiM nepeminryeMo BeTHKHHA TUCK 31 cTprxHS A Ha ctpmwkens C, 1
HacaMKiHel[b, TAKO)K HAMAaratouuch MaKCHMaJILHO CKOPOTHTH KiJIbKICTh KPOKIB, 31 cTprkHS B Ha cTpmkens C
MEPEHOCUTHCS OallTa 3 1BOX JAMCKIB.

AHaJIOTIYHUM YMHOM PO3B’A3YETbCsA 1 XaHOWChKa BeXa 3 YOTUPHOX OUCKiB. CHOYaTKy TpU BEpXHIX
NepeMillyoTh Ha CTpIKeHb B, a motim Benukuid — 3 A Ha C, B KiHLI TPH AMCKH, L0 3AJIMLIMIKCH,
nepemimryemo 3 B Ha C. Tyt notpidHO 7+1+7=15 KpokiB.
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Pucynoxk 1. Kpoku po3B’si3yBaHHS TOJI0OBOJIOMKH

Tabmuns 1 meMOHCTpye MiHIMaAbHY KIJIBKICTh KPOKIB, HEOOXIOHY JJIsi PO3B’SI3aHHS TOJIOBOJOMKH B
3QJICKHOCTI BiJ KIJTBKOCTI IUCKiB, IO IPHMMAIOTh yYacThb y Tpi.

Ta6muis 1. 3anexHicTh MiHIMAJIBHOI KiTBKOCTI KPOKIB BiJl KIJIBKOCTI TMCKIB

KinpKicTh IUCKIB MiHiMaIpHa KUTBKICTh KPOKIB
1 1=2' 1
2 1+1+1=2%-1
3 3+1+3=2%-1
4 7+1+7=2% -1
8 127 +1+127=28 -1
10 1023=21 1




64 18446744073709551615 = 2%4 —1

VY cBiTi irop-roaoBooMoK GaraTo 3amau GopmaiizyBatd y BUTIIAALI rpadis [4] Ta 3acTrocoByBaTH Is iX
PO3B’sI3yBaHHS BiloMi iHCTpyMeHTH 3 Teopii rpagis. 11lo6 mobyayBatu rpad mo rpu XaHoichbka Bexa,
MOTPIOHO CHIBBIJHOCUTH OJHY TOYKY 3 KOKHOI MOXIIMBOIO TMO3HIIIEI0. SIKIO XiI AO3BOJICHUN TpaBUIaMH
I'pH, Bl TOUKH 3’ €IHYIOThH CTPLIKOIO. SIKIIIO PyX HE3BOPOTHIM, TO CTpijika Oy/e CpsIMOBaHa B OJHY CTOPOHY,
SIKILIO 3BOPOTHIM (03BOJIEHHIA), TO CTpisika Oyae noagiiHo0. Kittod 1o po3raaku nossrae B ToMy, o0 3HaiTH
LUISIX BiJ IOYAaTKOBOI TOYKH 10 KiHIEBOI. SIKIO TaKOro HUIAXY HE iCHYE, TO TOJIOBOJIOMKA HE Ma€ PO3B’SI3KY
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Pucynox 2. 3aransHuii BUMIISA Tpady, KOJIM FOJIOBOJIOMKA: a) Mae po3B’sI30K; 0) HeMae po3B’sI3Ky

—

VY Bunanky i3 XaHOHCHKOIO BE)KEIO MOKHA TIOMITHTH, 1110 KOJKHA KOHDIryparlis npueaHye a0 cede okpim
TOYKY III¢ ¥ BIOPSIKOBAHY IMOCTIAOBHICTh YHCEN, KUTBKICTh SKUX JOPIBHIOE KITBKOCTI MUCKiB. PearmizyBatu
e MoxkHa Tak. CrodaTKy 3aHyMepoByeMO CTpIKHi Bif 1 mo 3. Hanpuknaz, miBuil CTprKeHb OTPUMY€E HOMED
1, cepenniii — 2, npaBuii — 3. [ToTiM 10 KOKHOT KOHMIryparii J0ay4aEMO PsII YUCEN: MIEPIIC YUCI0 — HOMEP
CTPIKHS, Ha KM HAaHU3YIOTh MWl ANCK; APYTre — HOMEp CTPHKHS, Ha SIKMH HAaHW3aHO JUCK HACTYITHOTO
po3mipy i T.a. Tak, Hanmpukian, nocainoBHicTs (1, 2, 3, 2) 3agae Taky KOH}ITrypaliro YOTUPHOX TUCKIB: Ha
MEPUIOMY CTPHXHI HAWMEHILINH AUCK, HA PYTrOMY CTPHIKHI JUCK HAWOUIBIINI Ta HACTYIHUI 32 PO3MipOM BiJ
HaMEHIIOTO0, Ha TPETHOMY CTPIIKHI TPETiH 32 PO3MIPOM BiJl HAWMEHIIIOTO JIUCK.

Jist XaHOHCBHKOT BEXi 3 IBOX IUCKIB € €B’SITh MOXKIMBHUX KOHQirypauiit (puc. 3a), Ans TpbOX IUCKiB
icHye 27 koHpirypauii (qus. puc. 36)
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Pucynok 3. I'pad, moGynoBanuii 1ist rOJIOBOJIOMKH XaHONChKA BeXa: a) IUIsl JBOX JAMCKIB, 0) AJI TPhOX JUCKIB.

3o00paxyroun pedpa rpady XaHOHCHKOI BEXi MOKHA MOMITHTH, 10 BOHU HAraayrTh (ppakTanbHUN
TPUKYTHUK — YTBOPEHHS TPUKYTHUKIB MEHIIIOIO PO3MIPY BCepeauHi Oiabioro (puc. 4)
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Pucynok 4. ®paxranbHuil TPUKYTHUK

[ocninoBHo Hymepyrouu 1, 2, 3, 4 1 T. 1. BiJ MEHIIIOTO A0 OLNBIIOT0, KOXKEH KPOK B TPi MOKHA MOXKHA
MOJIaTH OJTHUM HOMEPOM — HOMED JUCKY, 0 3apa3 B Ipi. TakuM YMHOM, CIM KPOKIB 3a TpH TPhOMa JAUCKAMH
MOJKHA TIOJaTH 5K IOCTIOBHICTh TakuxX HOMepiB: 1,2, 1, 3, 1, 2, 1. 3anuiueMo MOKJIMBI HOMEPH Y JIBIHKOBIMH
CUCTEMI YHCJICHHS Y 3pOCTAI0YOMY HOPSIAKY. MOXKHA MTOMITHTH, 10 MK ABIIKOBUM YHCIIOM Ta HACTYITHUM 32
HUM 3aBXIH € 11e oHe yrcio Big 0 10 1 B TOBUIBHIMN 3 TPHOX MO3MIIIH (JUB. Ta0OM. 2)

Tabmums 2 3acTocyBaHHS ABIHKOBOI CHCTEMH YHCIIEHHS JI0 UTtocTpamnii po3B’si3Ky XaHOIChKOi Bexi

Yuciao B 1ecATKOBIl cucTemi Yucio B ABiliKoBil cucremi Ilo3uuis, axy 3aiimae uncao Bix 0 g0 1
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[IpaBuii cToBMUMK TabMIIi € TOCTIJOBHICTIO XOIiB B Ipi. Llei 3B’430K 3 IBIHKOBOIO CHCTEMOIO MPALIOE
HE 3aJISKHO BiJ] KUTBKOCTI TUCKIB Y TPi.
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