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HOBMW NIIXIJI KOOMEPALII BEJTMKUX MOBHUX
MO/JIEJIEN TA TEXHIK KOHCTPYIOBAHHS MIJKA30K JIO
CHAT-GPT JJISI ABTOMATUYHOI'O PO3B’SI3AHHS
MPUPOJHOMOBHMX 3A/1AY 3 MATEMATUKU

BinHUIBbKMIA HaIOHATLHAN TEXHIYHUN YHIBEpCUTET

Anomauis

Jlocniooiceno npobaemy po3e’3aHHsa MAMeMamuynux 3a0a4, cHOoOPMyaIbo8aHUX NPUPOOHOIO MOBOI0, 3d OONOMO20I0
senukux mosHux moodeneti (LLM). Ilpoananizosano ma nopieHsaHo e@ekmugHicmuv ICHyrOuux nioxodie. Pospobneno
HOBUU niOXi0 015 onmumizayii niOKA30K HA OCHOBI HABYAHMS 3 NIOKPINAEHHAM, SAKUU GUKOPUCMOBYE OUHAMIUHY
no6y0o8y niokazox ma KOMOIHY8aHHs 6I0OMUX mexHIiK “prompt engineering”, 8 3anexcHocmi 6i0 kKameeopii 3a0aui.
Haseoeno npuknad, sikuii 006i6 epekmugricmos 3anponOHO8AH020 RIOXO0Y HA NPAKMUYI.

Koarouosi cioBa: Benki MOBHI MoJielli, Kooneparlisi MOJiesieii, KOHCTPYIOBaHHS MiZKa30K, 0OpOOIEHHs MPUPOIHOT
MOBH, MaTeMaTHYHi 3a/1a4i

Abstract

The issue of solving mathematical problems formulated in natural language using large language models (LLM)
was investigated. The efficiency of existing approaches was analyzed and compared. A new approach for optimizing
prompts based on reinforcement learning was developed, which uses dynamic construction of prompts and combines
known "prompt engineering" techniques, depending on the category of the problem. An example that proved the
effectiveness of the proposed approach in practice is provided.

Keywords: Large Language Models, models cooperation, prompt engineering, natural language processing,
mathematical problems

Beryn

CTpiMKHii pO3BHTOK iH(POPMAIIMHAX TEXHOJOTIH Ta IITYYHOTO IHTENEKTY 3a OCTaHHI POKH CYTTEBO
TpaHcpopmyBaB OaraTo cep JIOACHKOI TisSUIBHOCTI Ta BIAKPHUB HOBI TOPU30HTH JUIA PO3B’SI3aHHS CKIAJIHUX
3a/1a4, SIKi paHiIie BBAKAINCH HSTOCSHKHUMH IS aBTOMATH3AITi.

Benuki moBHi momeni (anri. Large Language Models - LLM) - MOBHI Mojefii 3 BEJIHMKOI KUIbKICTIO
MapaMmeTpiB, MO MepPeIHABYCHI Ha BETMKOMY 00CS31 TEKCTIB JJIsi MOJICTIOBAaHHS KOHTEKCTYaIbHOI CEMaHTHKH
Tekcty [1], JO3BOJSIOTH 3a JIOTIOMOTOK) 3amuTy, C(OPMYIBOBAHOTO TPUPOAHOI0 MOBOIO (Tak 3BaHa
“mimka3ka”’, Bi aHTI. “prompt”), BAKOHYBATH CKJIQIHI OIepallii Ta MmepeTBOpEeHHs TeKCTy. IIpoTre, BenmKi
MOBHI MoOJIe)li HE 1M030aBlicHI OOMEXKEHb 1 HEJOMIKIB, M0 YCKIAIHIOE 3aralbHUN MiAXiJ A0 PO3B’SI3aHHS
3a/la4 i CTBOPIOE MOTPeOy y po3poOJieHH] CremiadbHUX MiAXOJIB JJIsi MOKPAIICHHS SKOCTI 3reHepOBaHUX
MOJISJITI0  pe3ynbTatiB. lle cTocyeThbes, 30KkpeMa, po3B’si3aHHS MAaTeMAaTHYHUX 3a7ad, cHOpMyIbOBAHHX
MPUPOJAHOI0 MOBOIO, 3a jornoMororo LLM.

MeTor JaHOTO JOCHIHKEHHS € PO3pOOJICHHS MiAXOMy JUIs MOKpamleHHS €(pEeKTUBHOCTI BHKOPUCTAHHS
LLM st po3B’si3aHHsS] MaTEMaTHYHUX 3371249, CPOPMYITHOBAHUX MTPUPOTHOO MOBOIO.

PesyabTaTu gocaigxeHHs

Po3B’s3aHHs MaTeMaTH4yHUX 33724 3a goromMororo LLM e BaxIHMBOIO 337a4er0, OCKUTLKA MOXKE 3HAaYHO
CIPOCTHTH TIPOILIEC HAaBYaHHSI Ta HAYKOBHX JOCIIIKEHb, JOIMOMOITH B aBTOMATH3alii aHAII3y MaHUX,
MIIBUIIATH  €(PEKTUBHICTh BHUPIIICHHSA CKJIaJHUX Mpo0jieM, 3pOOMTH MaTeMaTHYHI 3HaHHSA OLUIBII
JOCTYITHUMHU JIJIsl IIUPOKOTO KOJIa JIFOJICH TOIIO.

AHaji3 cyJacHMX IMIXOMIB IO PO3B’SA3aHHA MAaTEeMAaTHYHUX 3amad 3a gomomororo LLM mokasye, 1o,
HE3BaKarouu Ha OOMEXEHHS MOJEINICH, TaKi K HETOYHOCTI y PO3YMIHHI KOHTEKCTY Ta OOMEXKCHICTh 3HAHb
TpeHYBaIbHUMHU JaHUMHU, ICHYIOTh T1IXO0/IH, SKI MOXYTh MIOKPAIUTH PE3yJIbTAaTHBHICTH ITUX MOJENei [2].



Cepen HUX MOXKHA BHIUTATH HACTYITHI MOMYJISIPHI TEXHIKH, sIKI MOJKHA BIHECTH JO KaTeropii TeXHIK
KOHCTPYIOBaHHS ITiIKA30K (aHTI. “prompt engineering”):

1. Chain-of-Thought (CoT) [2]: 32 wmi€ro TexHiKOIO MiAKa3Ka (HOPMYIIOETHCS TaKUM YHHOM, IIO
cnonykae LM He TinbKU A0 PO3B’si3aHHS OCHOBHOI 3a/adyi, ajié TAKOX N0 JCKOMITO3UII] ii Ha
mi3anadi i - Ha OKpeMe BHKOHAHHS KOXKHOI 3 IMi13a/1a4, YTBOPIOIOYH THM CaMHM ‘‘JIAHITIOT TYMOK
(TmocmimoBHICTE MmigKa3ok). YacTo mms mporo ciif Bkazath LLM mpukiaj mpaBMIBHOTO ‘JIaHITIOTA
OyMOK”, 00 MiHIMi3yBaTH JIOTi4HI IIOMHUJIKH Y PO3B’s3KY, TOAI TaKWi minxin HazuBaeThes few-shot
CoT. Skio npukiaay B MiaKa3Iii He HABEACHI, TO Miaxij Mae Ha3By zero-shot CoT.

2. Program-Aided Language (PAL) Models [3]: B upomy miaxoai LLM renepye He BiANoBigs Ha cam
3amuT, a - Iporpamy (dacrime, MoBoro Python), sika Bupimrye mocraBneHy 3amady. Lle mosBomse
VHUKHYTH TIOMWJIOK B OOYHCIEHHSX ab0 CKIaAHUX (QOpManbHUX MpPOLEAypax, sKi MpocTimie
BHKOHYIOTBhCSI Oe3rmocepeiHbo Komi'torepoM, Hixk LLM. B moemnanni 3 Ttexnikoro Chain-of-
Thought, PAL no3Bosisie reHepyBaTH MNpPOTPaMHUI KOA /s OKpeMHUX TMia3ajgad, Ha ski Oyna
JEKOMII030BaHa OCHOBHA 3a/1a4a.

[IponioHy€eThCS 3aradbHAN MiAXiM, po3poOJICHUI Ha OCHOBI i7Iell MAIIMHHOTO HaBYAHHS B ITOETHAHHI 3
TEeXHIKaMHU KOHCTPYIOBAaHHS Mi/IKa30K, CYTh AKOTO TMOJISATA€E B TOMY, II00 HABYUTH MTPOCTY MO/IETh HABYAHHS 3
MiAKpIIUIEHHSIM Tiaoupatu edekTHBHI migkasku Ta BukopuctoByBatd CoT abo PAL, B 3amexxHocTi Bif
KaTeropii, 10 sIKO1 MOJXKHA BITHECTH 3amady. lIporiec HaBYaHHS Takoi MOJENl BHKOPHCTOBYE KOOIIEPAIliio
BEITMKMX MOBHHX MOJeNed [UIsi BUAUICHHS O3HaK Ta TEPeBIpKM MPaBWIBHOCTI 3T€HEpPOBaHOI Ha
TpeHyBaJIbHOMY AartaceTi BimmoBimi. Ha pucynky 1 300paxkeHa cmpormieHa cxema poOOTH po3poOJIEHOTO
i TXOTY.
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ETan ouiHtoBaHHA

Pucynoxk 1 — Po3po0enuii miaxiz it po3B’si3aHHs MaTeMaTHYHUX 3a71a4

Ha puc. 1 BukopucTaHO Taki MO3HAYCHHS: Xj — TEKCTOBE ()OPMYJIIOBAHHS YSProBOi 3a/1adyi 3 JaTaceTy;
Cy — Kareropis, 0 sIKOi MOKHa BiHECTH 3aaady k (Hampukiaz, “miHiAHI piBHSAHHSA, “Teopis iMOBipHOCTI”
tomo); P; — i-i mabmoH migkasku Uil MOAENi; S - KUIBKICTh MOBTOPIB OMEpalii po3B’si3aHHS HA OJIHY
3ama4y (J03BOJISE 30UIBLIIMTH KOHCHCTEHTHICTh I€HEPYBaHHsS NPAaBHJIBHHX PO3B’SI3KIB); ai; — PO3B 30K
3agaui k, srenepoBanmii LLM 3a migkaskoro i; Answer(Xy) — mpaBWiIbHUE poO3B’s30K 3amaui k 3
TpPEeHyBaJIbHOTO Aartacery; Qpc — TaOnuyHa QyHKIIsI, 3HAUESHHAM SIKOi € KUTbKICTh MPaBUIBHUX PO3B’S3KiB,
3TeHEepOBaHUX 3a Migkazkor P mis karteropii 3amau C; P*=argmaxp(Qpc) — migkaska, 1o Mae HaWOIbITy
KUTBKICTh TPAaBWJIBHUX PO3B’s3KiB s KaTteropii 3amau C; F(ay, ..., ag) — ¢dyHKIisT BHOOPY OCTATOYHOTO
PO3B’s3KY 3 HA0OPY PO3B’SI3KiB ay,..., as, 3ATEHEPOBAHMX MOJCIUTIO AJIs 3a4adi k 3a miakaskoro P* (manpukian,
Moa); Y, — OCTaTOYHMI PO3B’sA30K 3a1adi K.

s nepeBipkd eEeKTUBHOCTI 3alpOIIOHOBAHOIO MiAX0Ay Oyiio BuKopucTaHo natacer MATH [4], 3
saKoro 0yio oOpaHO BMUIaJKOBUM YMHOM 1O 4 3amadi 3 kateropiii "prealgebra”, algebra", "number theory",
“counting_and probability", “intermediate algebra", "precalculus" s HaBuanHs i1 mo 20 3amau IA
oriHtoBaHHA. Ha puc. 2 HaBesieHO MpHUKIIaan yCIinTHoro (puc. 2a) Ta HeycHimuoro (puc. 20) nepeadadeHHs
PO3B’sA3Ky MaTeMaTHIHOI 3a7adi.
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1/120. Suppose that we have an 8-sided die with 4 red 45/120. How many perfect squares are factors of 180?

faces, 3 yellow faces, and a blue face. What is the
probability of rolling a yellow face?

GPT SOLUTION: 18

CORRECT SOLUTION:The prime factorization of
180 s 2% - 3% . 5. An integer is a divisor of 180 if and
only if each exponent in its prime factorization is less
than or equal to the corresponding exponent in the
prime factorization of 180. An integer is a perfect
square if and only if every exponent in its prime
factorization is even. Therefore, to form the prime
factorization of a perfect square divisor of 180, we
may take either 0 or 2 as the exponent of 2 and we

GPT SOLUTION: The probability of rolling a yellow
face can be calculated by dividing the number of
yellow faces by the total number of faces on the die.
Number of yellow faces = 3 Total number of faces =8
Probability of rolling a yellow face = Number of yellow
faces / Total number of faces Probability of rolling a
yellow face = 3/ 8 Probability of rolling a yellow face =
0.375 or 37.5%

CORRECT SOLUTION:There are 3 yellow faces may take either 0 or 2 as the exponent of 3.
and 8 faces total, so the probability of rolling a yellow Therefore, there are perfect square divisors of
_ 180:2° . 39,29.32,22. 3, and 22 - 32,
faceis|— |
8
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Pucynoxk 2 — [Ipukiaan po3B’si3aHHs MaTEeMaTHYHUX 3aJiay: a) YCHIIHUA; 0) HeyCITiHN]

IIpoBeneno 120 Takux OIiHIOBaHb, 3a pe3yidbTaTaMH SKHUX BHU3HAYCHO KUIBKICTh TPABUILHUX
nepeadadeHb K OLiHKa eEeKTHBHOCTI 3alPOIIOHOBAHOTO MiAX0oAy (Tadmumi 1).

Tabmwms 1. YacTka mpaBWIBHUX BIAMIOBIEH HAa 0OpaHy IiAMHOXKHHY 3a1a4 3 natacera [4] 3
BHUKOPUCTAaHHIM Pi3HHUX MiIXOiB

Be3 BuKopucTaHHS TEXHIK zero-shot CoT PAL Po3po06ennii minxin
“prompt engineering”

43% 41% 45% 55%

BucHoBku
[TokazaHO akTyadbHICTH MPOOJIEMH PO3B’sI3aHHS MAaTEMaTHYHUX 3a7ad, CHOPMYIHOBAHUX HPUPOIHOIO
MOBOIO, 3a JIOTIOMOTOK) BEIIMKMX MOBHUX Mojenied. [IpoBeneHo MocCiimKeHHS €QEKTUBHOCTI iCHYHOUUX
miaXxomiB mokpaieHHs edexktuBHOCcTI LLM s po3B’si3aHHS TakMX 3ajad. 3ampONOHOBAHO IiAXiA Ist
JMUHAMIYHOI MOOYA0BH IiKA30K Ta aBTOMAaTHYHOI'0 KOMOIHYBaHHS 1CHYIOUHX IiAX0/IiB prompt engineering B
3aJIe)KHOCTI BiJ] THUIy KOHKPETHOI 3a/adi, IO JO3BOJIIE JOCSTTH Kpamioi TOYHOCTI PO3B’S3aHHS
MaTeMaTHYHUX 3a]1ad.
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