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INTRODUCTION

Higher mathematics for non-mathematical specialties in higher education institutions
contains five mathematical components with different level of detail - linear algebra,
mathematical analysis, probability theory, functions of a complex variable and vector algebra.
But this is not enough for the effective learning of some special subjects in the field of
information technologies, and therefore the curricula of some of these specialties contain
other mathematical components, among which an important role is played by the
mathematical component called “Functional analysis” and which, in fact, is the “second floor”
over the “Mathematical Analysis” component.

It is known from mathematical analysis that a function is a law according to which one
numerical set corresponds to another numerical set.

Graphically, this can be displayed as shown in fig. B.1.

f

Figure B.1 — Graphical interpretation of the term function

Conventionally, the function is most often written as follows

y=f(x),xeX,er, (1)
or

yzy(x),xeX,er,, (2)

where € —is the symbol of the element belonging to the set.
If the function f assigns only one number ¥ € ¥ to each numberx € X, then, as is

known from mathematical analysis, such a function is called a single-valued, and if the
function assigns two or more numbers to each number, then such function is called a multi-
valued.

A function can be specified in the form of a table, a graph, or one or more formulas.

A function the graph of which has no discontinuities belongs to the continuous class,
and a continuous function the graph of which does not contain breaks and therefore has a
continuous first derivative belongs to the smooth class.

A continuous function whose graph has breaks, and therefore its derivative - the breaks
of the Ist type, belongs to the class of piecewise smooth.

From the same subject of ‘“Mathematical analysis” it is known that a functional is a law
according to which a set of functions is matched to a set of numbers.

Graphically, it looks as shown in fig. B.2.

J(¥)

Figure B.2 — Graphical interpretation of the concept of functional
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Conventionally, the functional is most often written as follows

Jy:.](y(x),x), xe X, y(x)eY(X), JyeJ. (3)
Examples of functional can be definite integrals:
b
J, = _[y(x) dx 4)
or
b
J;fzjlf(x,y)dx, (%)
or
b
5= [F(xy.y) (©6)

a

in which f (x, y) — is a mathematical expression that is a construction from an independent
variable X and its function y(x), and F (x, Y, y’) — 1s a mathematical expression that is a
construction from an independent variable X, its function y(x), and the first derivative
y'(x) of this function; at the same time, the segment [a, b] is the domain of the function

y(x), ie. x e [a, b].

So the function sets the law according to which each element from one numerical set is
matched with some element from another or the same numerical set, and the functional sets
the law according to which each element from the set of functions is matched with some
element from the set of numbers.

Then, there is a question: “Is it not possible to find a law according to which each
element from a set of functions is matched by some element from another or the same set of
functions?”

The answer to this question is positive, and the mathematical concept that characterizes
such a law is called an operator in mathematics.

For example, between a set of continuous functions on a segment [a, b] and a set of

derivatives of these functions f' (t), te [a, b] there is a one-to-one correspondence, which is

given by the differentiation operator D = di , for example, the function
t

y=r (7
corresponds to the derivative
dy
=21, 8
” )

which is also a function of the same independent variable.

Analyzing the program of the educational subject “Mathematical analysis”, it is easy to
realise that this mathematical discipline is dedicated to the study of the properties of functions
and operations with them, the main of which are differentiation and integration. And it does
not pay attention at all to the study of the properties of functional and operators as
independent mathematical objects. Therefore, a separate mathematical component called
“Functional analysis” is dedicated to the study of these mathematical objects, which is studied



by students of all mathematical specialties at universities and which is also included in the list
of mandatory mathematical disciplines for students and postgraduates of some IT specialties.

The mathematical discipline “Functional analysis”, which is studied by students of
mathematical specialties at universities, is a set of concepts and theorems that combine these
concepts into a single mathematical structure, and therefore it contains 90 percent of the
material dedicated to the formulation and proof of these theorems . At the same time, it is
more important for IT students to be able to use this material in practical applications. That is
why we built our study guide using material dedicated mainly to the presentation of the main
concepts and final results obtained in the theory of functional analysis and their application to
the solution of the applied problems that IT specialists face with. The program material of the
subject is presented in six chapters, the first of which is dedicated to sets, metric spaces and
their characteristics; the second — theories of measure and integrals of Riemann, Lebesgue and
Stieltjes; the third — to functional and methods of finding their unconditional extrema; the
fourth — methods of finding conditional extrema of functional; the fifth — theory and applied
aspects of the use of operators; the sixth — characteristics and recommendations for the
application of several special operators, such as direct and inverse Laplace operators and
autoregressive operators, which are widely used in system analysis and applied information
technologies.

In conclusion to this brief introduction to functional analysis it is necessary to note that
in the English-language version of the textbook the authors used all the references listed in the
bibliography, but without specification of the source, which is typical of monographs and
scientific papers. And the material which is taken from the Ukrainian-language manuals,
written by the authors themselves about the basics of functional analysis and some specific
subjects in which the concepts of functional analysis are used, which we use in this textbook
to demonstrate the solution of specific applied problems, we present without quotation marks
and references.

The differences between this textbook and other study guides on functional analysis is,
first of all, in a different structuring of the study material and its selection since this textbook
is focused on solving those applied problems, that a specialist in information technologies
confronts with. Moreover, each applied problem is accompanied by the developed computer
program for implementing its algorithms in the Python language.



Chapter 1. SETS AND METRIC SPACES, THEIR CLASSES
AND CHARACTERISTICS

1.1 Sets, subsets and their characteristics

The concept of a set in mathematics is understood as a collection of objects of a certain
nature, which are called its elements. A set is given if all its elements and the rule according
to which the elements belong to the set are known.

The elements of the set can be, for example, all the rivers flowing through Ukraine, or
all natural numbers on the number line, or all real numbers located on the segment [0,1] of the
number line, or all continuous functions whose arguments are given on this segment of the
number axis.

In mathematics, sets are denoted by uppercase letters of the Latin or Greek alphabets,
and their elements are denoted by lowercase letters from the same alphabets, for example,
A, B, X,Z,E, ®, Q, ¥V —aresets, and a, b, x, z, ¢, ¢, @, v — are elements. A symbolic
entry indicates x € X, that an element belongs to a set, and a symbolic entry indicates x ¢ X —
that it does not belong to a set. A set with a finite number of elements is called a finite set,
and a set with an infinite number of elements is called an infinite set. An example of a finite
set is the set of cars registered in Ukraine, and an example of an infinite set is the set of real
numbers on the segment [0,1] of the number axis. If the elements of the set 4 are a finite
numerical sequence with »n members, then symbolically it can be written as

A= {a[}, i=1, 2, .., n. If the elements of this set 4 are an infinite numerical sequence of

members, then it can be symbolically written in the form A4 = {ai}, i=1, 2, 3... . A Set that

does not contain any element, is called an empty set and is denoted by the symbol 0 or O,
which does not need to be equated with the number “zero”.

If the sets 4 and B consist of the same elements, then they are considered equal, as
evidenced by the record 4 = B . If not all the elements of the set A are included in the set B,
then the set A4 is called a subset of the set B, as evidenced by the record 4 B. For
example, on the number line, the set of rational numbers R, each of which is known to be the
ratio of two integers, is a subset of the set Z of real numbers. If we are not sure that the
subset of the set 4 contains fewer elements than the set B, then we write it like this: 4 < B.

When two sets 4 and B are combined, a new set M is formed, which is called their sum
and which contains all the elements of both of these sets, and each identical element of both
sets is included in their sum M as one element - symbolically, the sum is written as follows:

M=AUB (1.1)
For example, if 4 and B and are numerical sets, where
A=1{2,345}, B=1{4,5678}, (1.2)
then, according to (1.1), we will have
M=A40B={1,2,3,4,5}U{4,5,6,7,8} ={1,2,3,4,5,6,7,8} (1.3)

At the intersection of two sets 4 and B, a new set P is formed, which is called their
intersection and which contains only those elements of both sets that are the same, and each
of these identical elements of both sets is included in their intersection as one element - the
intersection is symbolically written as follows:

P=ANB (1.4)

For numerical sets (1.2) given in the conditions of the previous example, according to
(1.4), we have



P=AnB={,234,5/n{4,56,78}=1{45} (1.5)

For the sum and the intersection of sets 4, B, C the following properties are valid:

Asociality

(AUB)UC=4U(BULC), (1.6)
(ANnB)nC=4n(BNC), (1.7)

Commutativity
AUB=BUA, (1.8)
ANB=BnNA, (1.9)

Distributiveness
(AUB)NC=(AnC)U(BNC), (1.10)
(4nB)uC=(40uC)N(BUC) (1.11)

And for the sum and intersection of a set 4 with itself and with its subset B, the
relations are valid

AUA= 4, (1.12)
ANA= 4, (1.13)
AUB = 4, (1.14)
ANB=B (1.15)

The set O consisting of the elements of the set 4 that are not included in the set B is
called the difference of these sets and is denoted as A—B or A\ B , i.c.

Q=A4A-B=A\B (1.16)
It is quite obvious that in the general case
A-B#B-4 (1.17)
For example, for numerical sets (1.2)
A-B={,23}, (1.18)
B-4={6,7,8} (1.19)

If the set 4 is a subset of the set B, then the difference B — A is called the complement
of the set 4 to the set B and is symbolically denoted as C,4, i.e.

C,A=B-4 (1.20)

For example, the set R of irrational numbers on the number line is the complement of
the set R of rational numbers to the set Z of real numbers, i.e.

R=C,R=7Z-R (1.21)

If the sets 4,i=1, 2, ..., n are subsets of the set 4, then the relations are valid
C,A4UCA4,0..UCA=CA4NnA4Nn.NA), (1.22)
C,ANCA4N..NCA=C40d40U..U4,), (1.23)



the correctness of which is easy to verify graphically, for example, for n = 3, if the set A is
represented in the figure as a square with three circles inscribed in it, representing the subsets
of 4, 4,, 4,.

An important characteristic of sets is their equivalence, according to which sets 4,B are
considered as equivalent if, according to some rule, each element a € A is matched by one
unique element b € B, and each element b € B is matched by one unique element a € 4. For
example, a set 4 of privately owned passenger cars, each of which is registered to only one
owner in a certain settlement, and a set B of people who own these cars are equivalent. The
rule by which the equivalence of these sets is established is the entry of the owner's surname
in the vehicle passport.

And in order to compare non-equivalent sets, the concept of their power is introduced,

which for the set A is symbolically written as 4 and which is determined by something
common that occurs in all sets equivalent to the one under consideration. It is obvious that
finite sets of different natures have only the number of their elements in common, and
therefore, if a set 4 has n of elements, and a set B has m of elements and at the same time
n > m , then we state that the set 4 has a power greater than the set B.

But there arises a question: “And how to compare the power of infinite sets, each of
which has an infinite number of elements?”.

In mathematics, it is established that of all infinite sequences, the natural series N
approaches infinity the fastest since each of its subsequent numbers is equal to the previous
number increased by one, and at the same time, when forming this series, all real numbers
that are contained on the number axis in each such unit are omitted. And therefore the natural
series, which is an infinite series of numbers, is an infinite set of the lowest power,
symbolically denoted by a small Latin letter a, that is,

N=a, (1.24)

and all other infinite sets will be compared among themselves, based on how they are related
by power to the power of the natural series, determined by the relation (1.24). And all
infinite sets with the power of a natural series are called countable sets, since each of their
elements can be assigned an index equal to the corresponding number of the natural series,
due to which each of their elements can be counted.

And the first fact that was established in mathematics after the agreement regarding the
power of the natural series is that the power of the set Z of real numbers given on the
interval [0,1] is bigger than a.

The proof of this fact is simple - if you add a sequence of real numbers x,, x,, x;, ... on
the segment [0,1] of the numerical axis so that each subsequent number is three times smaller
than the previous one, and divide this segment [0,1] into three equal segments A, each with a
width of at least one a point x, will not enter from these segments. Let's divide the segment in
which the point x; did not enter, also into three equal segments of width A, each, and choose
the one from them in which the point x,. did not enter. According to this algorithm, we will
continue this process ad infinitum. As a result, on the segment [0,1] of the numerical axis, we
will receive a counted set A, A,, A;, ...,, the elements of which are smaller and smaller
segments of the segment, and next to which, on the same segment, there is a previously
calculated set of numbers x,, x,, x,, ...,,, none of which falls into any of these segments . And

this means that there are more real numbers on the segment [0,1] of the number axis than
there are numbers of the natural series on the entire number axis, which allows us to conclude
that the power of an infinite set of real numbers on the segment [0,1] is greater than the
power of the natural series, which is a countable set.
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In mathematics, the power of an infinite set of real numbers on the interval [0,1] is
called the power of a continuum denoted by a lowercase Latin letter ¢, therefore, the
inequality is valid

c>a. (1.25)

Moreover, it was established that for powers ¢, a the inequality (1.25), as well as the
equality
c=2" (1.26)

are real.

To prove the equality (1.26), we will use the method of mathematical induction
according to the algorithm: we will consider successively which powers 7, n,, n,, n,

will have sets generated by finite sets 4, ={0},4 ={a,},4, ={a,,a,},4,={a,,a,,a,}, if

all possible subsets generated by the elements of these finite sets are introduced as elements
into each of the generated sets. Bearing in mind that the number of combinations of elements
of C from the n of the elements on m, as is known from the high school mathematics, shall be
determined according to correlation

C'=—F""—, 1.27
" m! (n—m) (1.27)
we will find that:
0!
TR
| !
n1=C1°+C11=L+L=1+1:2:21,
o 10!
(1.28)
! ! !
n,=Cy+C,+C; = 2! + 2! + 2! =1+2+1=4=22,
o2 1 210!
! | ! !
n,=Cy +C,+C; +C; = 3 i3434128=20
o013t 1120 21t 310!

According to the ideology of the method of mathematical induction, it follows from
relations (1.28) that if a finite set 4 = {al, Ay, Ay, ey an} has n elements, then the power

n, of the set generated by it, which includes all possible subsets of this set, will be equal to
n,=2" (1.29)

And hence the conclusion that if the power of the counted set is @, equal to the
power of the infinite set of real numbers generated by it on the interval [0, 1], the
elements of which are all possible subsets of the elements of this set, will be equal to two
to the power of a, which proves the validity of the equality (1.26 ).

And now let's return to the expression (1.21), according to which the set Z of real
numbers on the segment [0, 1] of the numerical axis is the sum of the subset R of rational
numbers and the subset R of irrational numbers given on the same segment.

As is known, each rational number is the ratio of two integers, and if this rational
number is less than one, then its numerator is always an integer that is smaller than the
number in the denominator. Since the integers are elements of the natural series, which is a
countable power set, then these numbers can be counted both in the numerator and in the
denominator, and therefore the subset of rational numbers on the segment [0, 1] of the

11



number axis is also a countable set of power a. The above fact has two consequences, the
first of which proves that the subset of irrational numbers on the specified segment is an
infinite set of the power of the continuum c, because only due to this subset the set of real
numbers on the specified segment will have the power c that we have already shown above
with respect to the set of real numbers. And the second consequence is the statement that if
any counted subset is added to the power set of the continuum, the power of their sum
remains equal c.

And then we pay attention to the fact that all unit segments on the number axis, located
between adjacent natural numbers, can be counted by assigning to each of them an index
equal to the natural number placed on the right border of each such unit segment, so a subset
of unit segments, placed between natural numbers on the number axis, is a counted set of
power a,, which is a smaller power of the continuum of the unit segment [0, 1] of the number
axis. So, based on this statement, we can draw an important conclusion that the entire axis of
real numbers is a multiple of the power of the continuum c.

But, as we have already shown above, the set that is generated by the union of all
possible subsets of the generic set of a certain power has a power equal to two to the
power equal to the power of the generic set. And from this fact we draw the conclusion: the
power f of the set of all functions f(x) the argument x of which is set on the segment [0, 1]
(or on the entire numerical axis) of the power of the continuum c is equal to two in the
power of ¢, that is,

f=2 (1.30)

This is where we will finish the consideration of the material of the subsection
dedicated to sets, subsets and their characteristics, which we will need when explaining the
basics of functional analysis. Those who wish to learn more about this area of mathematics
are referred to textbooks on set theory or functional analysis, which are used by students of
mathematical specialties at universities.

1.2 Metric spaces and their classes and characteristics

Set
Q:{x,y,z,...,u,v,...} (1.31)
of the elements of some nature are called metric space if each ordered pair of elements
X, y €€ is in line with an integral number p(x, y) , which is called the metric of space

Q)| if this number satisfies three axioms of metrics:
1) axiom identity

p(x,»)=0 (1.32)
then and only then, when
X=y; (1.33)
2) axiom symmetry
p(x.y)=p(r.x); (1.34)
3) the triangle axiom
p(x,y)+p(y,z)2p(x,z). (1.35)

12



Considering these axioms we see that the metric p(x, y) of space () sets the

distance between the elements x, y of this space.
The elements of the metric space are called points.

Examples

1. For a three-dimensional Euclidean space £, the distance between points

x={x1,x2,x3} and y={y1,y2,y3} (x,yeE;) is determined by an

expression
[3
p(x,y) = Z(xi -V )2. (1.36)
i=1
2. For the set C [O,l] of continuous functions x(t), y(t), ..., given on the

segment ¢ € [0, 1], the distance between the elements x(t) and y (t) is given by
the expression

p(x,y)=max |x(1)- (7). (1.37)
If X — an arbitrary metric space then the sequence
{x,}cX (1.38)
coincides to a point x, € X, if when n — o
p(x,,x,)—>0, (1.39)
or, as written otherwise
limx, = x,. (1.40)
n—w

The sequence {xn }, that coincides to some point X, is limited.

If the set contains all its limit points, then it is closed.
Let the metric space X is given, and let there be a sequence of points {xn} in this space that

coincides to the point x, € X . Then, when n — 00 the expression (1.39) will be fair as well
as the expression

p(x,.,.%) >0, (1.41)

for and any p > 0. And the inequality of the triangle (1.35) using expressions (1.39) and
(1.41) takes a form of

Plxs 0 )+ (3,0, %0) 2 plx,. 0%, ). (1.42)

And from expressions (1.39), (1.41) and (1.42) due to the inequality of a triangle for
metrics, we will have an expression

p(x,.,.x,) 0. (1.43)
If a condition (1.43) is fulfilled for some sequence {xn} C X, then it is called a

fundamental sequence or sequence that coincides in itself or a sequence of Cauchy.

13



If in the metric space X, any sequence {xn} c X ,that coincides to itself, coincides to

some limiting point x, , which is an element of the same space, that is x, € X', then this

space X is called complete.
Metric space X is called linear if it defines the operations of addition and
multiplication by the scalar, which satisfy the following conditions:

1) x*+x**:x**+x*, ‘v’x*,x**eX; (1.44)
2) (x* +x**) +x =x 4 (x** + x***), Vx,x ,x eX; (1.45)
3) x+0=x, VxeX,0elX, (1.46)

where the element 0 is zero of the set X;

4)for Vx" € X thereis X € X such that
x +x =0, (1.47)

Kk *
where the element X is an element opposite to the element x ;

5) l-x=x, VxelX; (1.48)
6) a-(f-x)=(a-p)-x, VxeX and Va,B; (1.49)
7) (a+,b’)-x:a'x+ﬁ-x, VxeX andVa,f; (1.50)
8) a-(x*+x**):a-x*+a-x**, Vx,x eXadVa. (1.51)

A linear metric space X is called normalized if V x € X it can be matched by some

non-negative number ” x ||, which is called the norm and which satisfies the following

conditions:

1) | x|=0 ifandonlyif x=0; (1.52)
2) ||a-x||=|a|~||x , O isascalar; (1.53)
3) H x*+x**HSH x*H+H x|, Vx,x eX. (1.54)

It is quite obvious that the norm || X ” is the distance from the element x to the zero
element of the set X.

Examples of norms:

1) for space C[O, 1]

| x(1) ] = max x(t)| (1.55)

or

; (1.56)

[x(0)][= sup | x(2)
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2) for the Euclidean dimension £ of the space n

[x|= /Zn]:xf, (1.57)

where x={x1, Xyy vens xn}, xek, .

It is obvious that for any linear normalized space X the relation is valid

=p( x*,x**), (1.58)

* *k
| x —x
* sk
where x ,x € X.

A complete linear normalized space is called Banach (after the name of the
mathematician who studied this space) and is denoted as B-space.
It is clear that the spaces C[0, 1] and E, are Banach.

Note that the norm in B-space can be introduced in different ways, so long as it meets
the conditions (1.52), (1.53), (1.54).

For example, in the space of functions x(t) continuous on a segment f € [0, 1], the

norm can be introduced not only in the form (1.55), but also in the form
1
[ x| = [|e(e)] . (1.59)
0

Such a B-space is called a Lebesgue space which is denoted by L[O, 1], to
distinguish it from the space C[0, 1] of the same functions, but with norm (1.55).

For space E asanorm, you can use not only the ratio (1.72), but also a more general one

1
||x||=(;xf’]p, p>0. (1.60)

It is clear that (1.57) coincides to (1.60) for p =2.

A Banach space with a scalar product of elements is called a Hilbert space (after
the name of the mathematician who studied it) and is denoted as an H-space.

H-space can be finite-dimensional or infinite-dimensional.
The scalar product of the elements f, g € H is written in the form ( f, g) or < 1, g> .

The scalar product must be subject to the following conditions:

1) (f.g)=(g. 1) (1.61)
2) (a-f.g)=a(f.g). (1.62)
3) (fa-gy=a-(f,g), (1.63)

4) (fi+ 1 g)=(f1-8)+ (/2> Q) (1.64)
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>) (fra+g)=(fg)+(f &) (1.65)
6) <f,f>>0,;11<u10 f#0. (1.66)

It follows from the expression for the norm that for the H-space

| Al=Cr 7 (1.67)

H-space is often considered in two implementations.

1. Space /, of all counted ordered sequences x €/,

X={X), Xpy weey X,y o) (1.68)
such that have the property
fo <. (1.69)
i=1

* sk
For elements: x ,x €/,:

p( x*, x**):\/ i(xl* —x;*)z ; (1.70)

A (xf)z; (1.71)

"= p(x7x7); (1.72)
<x*,x**>=ixi*-xl.**; (L.73)
Hx*H = 1/<x*,x*> (1.74)

It follows from these relations that /,-space is a generalization of Euclidean E -space

when n — 0.
[, -space is sometimes called a coordinated Hilbert space.

2. The space L, [a, b] of functions f (t) with an integrated square, that is, for
which
b

[ 1 (e)dt <. (1.75)

a

The following relations are valid for f (t) , g (t ) el, [a, b] :

p(f.g) =\/ (£(1)-g(2)) dt: (1.76)

Q) >
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b

| A=/ [ (1) dr (1.77)

a

| f-2|=p(f.2); (1.78)

(f g>=if(f)'g(f)dt. (1.79)

Let's write two widely used inequalities separately:
the Cauchy—Minkowski inequality
| 7 +el<l 7+ <l (1.80)

the Buniakovsky—Schwartz inequality

(7)<l 7] &l (181)

to prove which it is enough to substitute expressions for all components in them.

1.3 Orthonormal subsets in Hilbert spaces

Consider a functional Hilbert space H[a, b] such that x(t), y(t) € H[a, b],
te [a, b].
Let the scalar product <x, y> of functions x(t) and y(t) equal to zero, that is,

<x, y>=j.x(t)-y(t) dt=0. (1.82)

If the condition (1.82) is satisfied for the functions x(t), y(t) eH [a, b], then they
are said to be orthogonal on [a, b] :

Let us have in the Hilbert space H [a, b] a finite-dimensional or infinite sequence of

functions {gok (t)} such that

{gok(t)} cHla,b], te[a,b]. (1.83)

If the condition is true for this sequence {q)k (l‘ )}

b

<€0k»(/>m>=I<0k(t)'§0m(t)dt=0, k#m, (1.84)

a

then this sequence is called orthogonal.
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If the condition is satisfied for an orthogonal sequence {(ok (t)} cH [a, b]

[oi (t)de=1, (1.85)

then this sequence is called orthonormal.
A sequence {gok (t )} cH [a, b] is called orthogonal with weight w(t), if there

exists a function w(t) eH [a, b] , that satisfies the condition

b

[0.(1)- 0, (1) w(t)di =0, k=m. (1.86)

It is clear that the sequence { W(t ) ‘O, (t )} cH [a, b] is simply orthogonal.

A subset of orthogonal functions {¢k (t )} cH [a, b] is complete in H-space if there
is no nonzero function in it that would be orthogonal to any of the functions of this sequence.

A sequence of functions {¢k (t)} cH [a, b] is called closed in H-space if for
v f (t) eH [a, b] and for V & > 0 it is possible to construct such a linear combination
of functions @, ( t) , taken with weight 1, , that the condition is fulfilled

” f(t)_/% '¢1(t)_/12 '¢2(t)_"'_ k '@k(t)_"' ||<‘9' (1.87)
This means that with an error that does not exceed &, the function f (t ) eH [a, b]

on the segment [a, b] can be presented in the form

AOEDIRAGE (1.88)

where NV can be either a finite integer or infinity.

Different mathematics for basic functions
fi(t)=t", k=0,n (1.89)

obtained various systems of orthonormal polynomials for different weight functions and
orthogonalization intervals. Therefore, it is not necessary to build this sequence yourself every

time you need to approximate a function f (t) eH [a, b] using an orthonormal sequence

{@k (t)} cH [a, b] . It is enough to choose one of those built by others, using a reference

book on higher mathematics or a manual on the mathematical theory of processing the results
of experiments.

Here are examples of orthogonalization intervals, weighting functions, and
normalization factors of the most common systems of orthogonal polynomials (Table 1).
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Table 1 - Examples of orthogonalization intervals, weighting functions, and
normalization factors for the most common systems of orthogonal polynomials

| weighting
orthogor'lal orthqgonallzatl functions normalization factors
polynomials on intervals W ( t)
Legendre te[-1,1] { 1 10 20 2
P(¢) _Il( (1) 2k +1
Chebyshov 1 ] 2 ) —% z,k;tO
rel-L1] |(1-p)z | [(B() (1-¢) 2de=12
L.(2) -l 7, k=0
Chebyshov 17 |, (1_y ] . (U (AP(1—pVar
; 1-£2)2 (1)) (1-¢°)2dt =
U, (1) (1-) _jl( () (1-7) 2
bauerrs | refo) | J(L @) eta=1
Lk(t) 0
stached | t oo (kD)
| t [0, 0) £t f(Lk (t)) te’'dt = =
L(kl)(t) 0 :
Ermita < 2
m() | =) | e | [y =2 s

Thus, in order to approximate the function f (t) eH [a, b], te [a, b] using an
orthonormal system of polynomials {q)k (t)} cH [a, b] , 1t is necessary, based on the interval

of orthogonalization [a, b] and the convenience of the weight function w(t), to select one

or another orthonormal system of polynomials from the directory and find the ratio for the
general member of the selected system, revealing which one to obtain the number of its
members, which is sufficient to ensure the given accuracy of the approximation.
For example, we give an expression for a common member —
1 4" 2 qyn —

B,(t) = prleen -1 n=012,..,N (1.90)
and the first 7 members of the orthonormal sequence for Legendre polynomials, the weighting
function for which is the function w(¢) =1, the orthogonalization interval is the segment
[-1,1), the normalization factor has the form 2/(2n + 1). Therefore, according to expression
(1.90), we will have:
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( PO(t) = 11 W
P (t) =t
1

P,(t) = 5(3152 - 1),

P5(t) = 5 (53 - 30),
) Py(t) =3 (35t* — 30t% + 3), > (1.91)
P5(t) = (63t° — 70t3 + 151),
Ps(t) = = (231t° — 315¢* + 105t% — 5),

(P7 () = — (429t” — 693t° + 315¢* — 35¢))

As a second example, we give the formula for the general member —
T, (t) = zin((t +VEZ—1) 4+ (t—VEZ - 1)"), n=12..,N (1.92)

and the first 7 members of the orthonormal sequence for Chebyshov 1 polynomials, the

weighting function for which is the function w(t) = V1 — t2, the orthogonalization interval is
the segment [-1,1), the normalization factor has the form m for k=0 and n/2 for k£ #0.
Therefore, according to expression (1.92), we will have:

f TO(t) = 11 )
T () =t

T,(8) = 5 (262 = 1),
T3(6) = (4t° = 30),
\ T,(t) == (8t — 82 + 1), ( (1.93)
Ts(t) = = (16t° — 20£3 + 5¢),
Te(t) = - (32t° — 48t* +18t% — 1),
[T7 () = = (64t7 — 112t° + 56t° — 7t)

1.4 Approximation of continuous functions in Hilbert spaces

The approximation of continuous functions is understood as the process of
finding an analytical description of a function given by the elements of some set, which
may not be a subset of the selected space, in the selected space. For example, a polynomial
approximation of a function given in the form of a table.

Let {gok (t)} C H[a, b], te [a, b], be some complete sequence of orthonormal
functions that is closed in this space.
Let H[a, b] = L[a, b] is the H-space of functions f(t) € L[a, b] for which the
condition is satisfied
b

JI7 ()] dt <oo. (1.94)

a

20



and the metric p( fis /o ) is given by the ratio

p(fi £2)=[|() = £,(2)) dt. (1.95)

Suppose that the series
> 2 0(1), (1.96)
k

where A4, is some scalar unknown to us, which converges uniformly to some function
f(t)eL[a,b]. This means that for V & >0 exists such that m for Vte[a, b] and
¥ n 2> m the relation holds

b
Jlr( Z/lk o, (1)|dt <&, (1.97)
from which it 7 — o0 follows that
=> 29 (1). (1.98)
k=0

To determine the weighting coefficients A, , k = 0, co, multiply both parts of equation
(2.41) by ?, (t) and integrate the result in the range from « @ » to «b».. As a result, we get:

b

[FAGR% Zﬂ jgok o, (t)dt. (1.99)

a

Since {(Dk (t )} C L[a, b] it is an orthonormal sequence, relations (1.84) and (1.85)
hold for it. Taking this into account, from (1.99) we have

b

=[1()-p,(t)dt, j=0,1,2,.... (1.100)

The weighting coefficients /1]. are called Fourier coefficients, and their complete
sequence { ﬂj} is called the Fourier spectrum of the expansion of a function
f(t) € L[a, b] by an orthonormal system of functions {(pj (t)} c L[a, b] .

The requirement (1.97) of uniform convergence of the series (1.96) to the function
f (t) is the so-called “strong convergence requirement”.

But it turns out that in H-space the strong convergence is equivalent to “convergence
on the average”, which is a weaker requirement and can be written as

n—©

lim {f(t)—zn:ﬂk -(pk(t)} dt=0. (1.101)

We consider the process of approximating a function f (t)eLz[a,b]in H-space

L, [a, b] using an orthonormal sequence {gok (t)} cL, [a, b].
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In this case, the approximation problem can be reduced to such a selection of partial
sum coefficients C,,

S,(1)=2.C.-9(2) (1.102)
k=0

in the H-space L, [a, b] so that this sum approaches the function f (t) elL, [a, b] with an
error not exceeding the given one, i.e. so that

|7 (5)=5,(1)]= T[f(f)—Sn(f)T di —min. (1.103)

To find rréin of the expression (1.103), we compose and solve the system of equations
k

a—Ezo, k=0,n, (1.104)
oC,

where
b

E=[[/(1)-5,(1)] di=

a

(1.105)
b b b
=[f2(e)de=2-[f(2)-S,(c)de+[[S,(2)] .
As a result of solving the system of equations (1.104), we find that
C,.=4,. (1.106)

Therefore, in order for the partial sum S, () to approximate the function f'(¢) with the
specified accuracy, it is necessary to choose the Fourier coefficients 4, of the function f (t)

as coefficients C, .
Substituting (1.106) into (1.105), we will have:

b n
Ezjfz(t)dt—ZZZZO. (1.107)
" k=0
Because
lim £=0, (1.108)

then it follows from the expression (1.107) that
b 0
jfz(t)dt=23,,f. (1.109)
" k=0

The relation (1.109) is called Parseval's equality. The square root of both its parts
can be interpreted as the length of the vector f(r) in the H-space L,[a,b], expressed

through its projections on the orthogonal coordinate system {(Dk (t)} , which is a subset of the

same H-space L,[a, b].
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Concluding this subsection, we emphasize that in case of using the Legendre
orthonormal polynomial function (1.91) for approximation, the Fourier coefficients must be
calculated not by the expression (1.100), but by the expression

__2n+1
2

Hn f_llf(t)Pn(t)dt, n=012,..,N, (1.110)

and in the case of using Chebyshev 1 (1.93) to approximate the function f (t) of orthonormal

polynomials, the Fourier coefficients must be calculated not by the expression (1.100), but by
the expressions:

o =2 FOT@Q — )2 dt, n=0, (1.111)

o =2 FOT(OA - )72dt, n=12,.,N (1.112)

1.5 Programs for implementing operations in metric spaces in Python

A Python program for checking sets for equality, determining their power, and
checking for equivalence
(Program 1):

In[1]: A={1,2,3,4,5} Out[5]: False

In [2]: B={4,5,6,7,8} In [6]: len(LA)

In [3]: LA=list(A); LA Out[6]: 5

Out[3]: [1, 2, 3, 4, 5] In [7]: len(LB)

In [4]: LB=list(B); LB Out[7]: 5

Out[4]: [4, 5,6, 7, 8] In [8]: len(LA)==len(LB)
In [5]: LA==LB Out[8]: True

End of program 1

A Python program for finding the sum of sets and their union excluding
common elements, as well as for determining the difference and intersection of sets

(Program 2):
In[1]: dLA = {} Out[10]: {'e": 4,'n". 5,"'p" 6,'q" 7, 'r": 8}
In [2]: dLA['a']=1 In [11]: dLA.keys() | dLB.keys()
In [3]: ALA['D']=2 Out[11]: {'a','b','c', 'e', 'n", 'p', 'q’, 'r'}
In [4]: dLA['c']=3 In [12]: dLA keys() - dLB.keys()
In [5]: dLA['e']=4 Out[12]: {'a', 'b", 'c'}
In [6]: ALAT'N']=5 In [13]: dLB.keys() - dLA.keys()
In [7]: ALA Out[13]: {'p', 'q’, 'r'}
Out[7]: {'a"1,'0" 2,'c" 3,'e" 4, 'h" 5} In [14]: dLA.keys() & dLB.keys()
In [8]: dLB={} Out[14]: {'e', 'n'}
In [9]: dLB['e']=4;dLB['h']=5;dLB['p']=6;\ In [15]: dLA.keys() * dLB.keys()
dLB['q=7;dLB['r']=8 Out[15]: {'a','b', 'c', 'p', 'q’, 'r'}
In[10]: LB

End of program 2.
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A Python program for determining the norm and metric of Banach spaces

whose elements are numbers

(Program 3):
In [1]: import numpy as np
In [2]: a2=np.array([1,2])
In [3]: a3=np.array([1,2,3])
In [4]: ad=np.array([1,2,3,4])
In [5]: c2=np.array([2,1])
In [6]: c3=np.array([3,2,1])
In [7]: c4=np.array([4,3,2,1])
In [8]: e2=a2-c2;e2
Out[8]: array([-1, 1])
In [9]: e3=a3-c3;e3
Out[9]: array([-2, 0, 2])
In [10]: e4=a4-c4;e4
Out[10]: array([-3, -1, 1, 3])
In [11]: import scipy
In [12]: import scipy.linalg as la
In [13]: la.norm(a2)
Out[13]: 2.23606797749979

In [14]: la.norm(a3)

Out[14]: 3.7416573867739413
In [15]: la.norm(a4)

Out[15]: 5.477225575051661
In [16]: la.norm(c2)

Out[16]: 2.23606797749979

In [17]: la.norm(c3)

Out[17]: 3.7416573867739413
In [18]: la.norm(c4)

Out[18]: 5.477225575051661
In [19]: m2=la.norm(e2);m2
Out[19]: 1.4142135623730951
In [20]: m3=la.norm(e3);m3
Out[20]: 2.8284271247461903
In [21]: m4=la.norm(e4);m4
Out[21]: 4.47213595499958

End of program 3.

A Python program for determining the norms and metrics of Banach spaces

C|0,1] whose elements are functions
(Program 4):

In [1]: import numpy as np
In [2]: x=np.linspace(0,1,11)
In [3]: g1=lambda x: -1+3*x-x**2
In [4]: g1vec=np.vectorize(g1)
In [5]: g11=g1vec(x)
In [6]: g11
Out[6]: array([-1. ,-0.71,-0.44,-0.19, 0.04,
0.25,0.44, 0.61, 0.76, 0.89, 1.])
In [7]: g111=np.piecewise(g11,[g11<0,911>=0],\
[lambda g11:-g11,lambda g11: g11])
In[8]: g111
Out[8]: array([1. , 0.71,0.44,0.19, 0.04, 0.25,
0.44,0.61,0.76,0.89, 1. ])
In [9]: ng1=g111.max( );ng1
Out[9]: 1.0
In [10]: ig1=g111.argmax( );ig1
Out[10]: 0
In [11]: g2=lambda x: 5*x-6*x**2
In [12]: g2vec=np.vectorize(g2)
In [13]: g22=g2vec(x);g22
Out[13]: array([ 0. ,0.44,0.76,0.96,1.04,1. ,
0.84, 0.56, 0.16, -0.36,-1. ]
In [14]: g222=np.piecewise(g22,[g22<0,\
g22>=0], [lambda g22:-g22,\
lambda g22: g22])
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In [15]: g222

Out[15]: array([0. , 0.44,0.76, 0.96, 1.04,1. ,
0.84, 0.56, 0.16, 0.36, 1. )

In [16]: ng2=g222.max( ); ng2

Out[16]: 1.0399999999999998

In [17]: ig2=g222.argmax( ); ig2

Out[17]: 4

In [18]: g3=lambda x: -1-2*x+5*x**2

In [19]: g3vec=np.vectorize(g3)

In [20]: g33=g3vec(x);g33

Out[20]: array([-1. ,-1.15,-1.2 ,-1.15,-1. ,
-0.75,-0.4 ,0.05,0.6,1.25,2.])

In [21]: g333=np.piecewise(g33,[g33<0,\

g33>=0], [lambda g33:-g33,\
lambda g33: g33])

In [22]: g333

Out[22]: array([1. , 1.15,1.2,1.15,1. , 0.75,
04,0.05,06,1.252.])

In [23]: mg3=g333.max( );mg3

Out[23]: 2.0

In [24]: ig3=g333.argmax( );ig3

Out[24]: 10

End of program 4.



A Python program for determining the norms and metrics of Lebesgue spaces

L(0,1), whose elements are functions
(Program 5):

In [1]: import numpy as np
In [2]: x=np.linspace(0,1,11)
In [3]: g1=lambda x: -1+3*x-x**2
In [4]: g1vec=np.vectorize(g1)
In [5]: g11=g1vec(x)
In [6]: g11
Out[6]: array([-1. , -0.71,-0.44,-0.19, 0.04,
0.25,0.44,0.61, 0.76, 0.89, 1. ])
In [7]: g111=np.piecewise(g11,[g11<0,g11>=0],\
[lambda g11:-g11,lambda g11: g11])
In [8]: g111
Out[8]: array([1., 0.71, 0.44, 0.19, 0.04, 0.25,\
0.44,0.61,0.76,0.89, 1. ])
In[9]: ¢1=g111.sum()
In [10]: nLg1=0.1*c1;nLg1
Out[10]: 0.633
In [11]: g2=lambda x: 5*x-6*x**2
In [12]: g2vec=np.vectorize(g2)
In [13]: g22=g2vec(x)
In [14]: g22
Out[14]: array([ 0. , 0.44, 0.76, 0.96, 1.04,
1.,0.84, 0.56, 0.16, -0.36, -1. ])
In [15]: g222=np.piecewise(g22,[g22<0,\
g22>=0],[lambda g22:-g22,\
lambda g22: g22])

In [16]: g222
Out[16]: array([0. , 0.44,0.76, 0.96, 1.04, 1. ,
0.84,0.56, 0.16,0.36, 1. ])
In [17]: ¢2=9222.sum()
In [18]: nLg2=0.1*c2;nLg2
Out[18]: 0.712
In [19]: g3=lambda x: -1-2*x+5*x**2
In [20]: g3vec=np.vectorize(g3)
In [21]: g33=g3vec(x)
In [22]: ¢33
Out[22]: array([-1. ,-1.15,-1.2,-1.15, -1.,
-0.75,-04,0.05, 0.6, 1.25, 2. )
In [23]: g333=np.piecewise(g33,[g33<0,\
g33>=0], [lambda g33:-g33,\
lambda g33: g33])
In [24]: g333
Out[24]: array([1. , 1.15,1.2,1.15,1. , 0.75,
04,0.0506,1.252. 1))
In [25]: ¢3=g333.sum( )
In [26]: mLg3=0.1*c3;mLg3
Out[26]: 1.0550000000000002

End of program 5.

A Python program for determining the norm, metric, and scalar product in
Hilbert spaces whose elements are functions of a real variable

(Program 6):

In [1]: import sympy

In [2]: from sympy import *

In [3]: x,y,z=symbols('x y Z')

In [4]: f1=5"x**3-3*x**2+2*x-4

In [5]: f2=142*x+3*x**3

In [6]: f3=f1*f1;f3

Out[6]: (5*x**3 - 3*x**2 + 2*X - 4)**2

In [7]: f4=expand(f3);f4

Out[7]: 25*x**6 - 30*x**5 + 29*x**4\
- 52*x**3 + 28"x**2 - 16"x + 16

In [8]: a=symbols(‘a’)

In [9]: a=integrate(f4,(x,0,1))

In[10]: a

Out[10]: 914/105

In [11]: nf1=a**0.5;nf1

Out[11]: 2.9503833487806

In [12]: f5=f2**2;5

25

Out[12]: (3*x**3 + 2*x + 1)**2

In [13]: fo=expand(f5);f6

Out[13]: 9*x**6 + 12*x**4 + 6*x**3\
+ 452 + 4*x + 1

In [13]: b=symbols('b")

In [14]: b=integrate(f6,(x,0,1))

In[15]: b

Out[15]: 1999/210

In [16]: nf2=b**0.5;nf2

Out[16]: 3.08529538602832

In [17]: f7=f1*12;f7

Out[17]: (3*x**3 + 2*x + 1)*(5*x™*3 \

- 32 + 2°x - 4)

In [18]: f8=expand(f7);f8

Out[18]: 15" x**6 - 9*x**5 + 16*x**4 \
-13"**3 + X2 - 6"x - 4

In [19]: sd=integrate(f8,(x,0,1))



In [20]: sd

Out[20]: -2551/420

In [21]: f9=f1-2;f9

Out[21]: 2*x**3-3*x**2-5

In [22]: f10=f9**2;f10

Out[22]: (2*x**3 - 3*x**2 - 5)**2

In [23]: f11=expand(f10);f11

Out[23]: 4*x**6 - 12"x™*5 + 9*x**4\
- 20*x**3 + 30"x™*2 + 25

In [24]: d=symbols('d")

In [25]: d=integrate(f11,(x,0,1))
In [26]: d

Out[26]: 1063/35

In [27]: mf1f2=d**0.5;mf1f2
Out[27]: 5.51102790515785

End of program 6.

A Python program for approximating a function of a real variable given in the
Hilbert space by weighted sums of Legendre polynomials orthonormal to the line segment

(Program 7):

In [1]: import sympy

In [2]: from sympy import *

In [3]: x,t,P=symbols('x t P')

In [4]: fIx=x**3-3*x**2+2*x-4

In [5]: ft=27*t**3-27*t"*2+6"-4

In [6]: PO=1

In [7]: P1=t

In [8]: P2=(3*t**2-1)/2

In [9]: P3=(5*t**3-3"1)/2

In [10]: P4=(35*t**4-30*t**2+3)/8

In [11]: P5=(63*"t**5-70*t**3+15%)/8

In [12]: P6=(231*t**6-315*t**4\
+105*t**2-5)/16

In [13]: P7=(429*t**7-693*t**5+315"t**3\
-35*1)/16

In [14]: q0=f1t*P0*1/2

In [15]: g1=f1t*P1*3/2

In [16]: g2= f1t*P2*5/2

In [17]: g3=f1t*P3*7/2

In [18]: g4= f1t*P4*9/2

In [19]: g5= f1t*P5*11/2

In [20]: q6= f1t*P6*13/2

In [21]: q7= f1t*P7*15/2

In [22]: mju=symbols('mju’)

In [23]: mjuO=integrate(qO,(t,-1,1));:mju0

Out[23]: -13

In [24]: mju1=integrate(q1,(t,-1,1));mju1

Out[24]: 111/5

In [25]: mju2=integrate(q2,(t,-1,1));mju2

Out[25]: -18

In [26]: mju3=integrate(q3,(t,-1,1)):mju3

Out[26]: 54/5

In [27]: mjud=integrate(q4,(t,-1,1));:mju4

Out[27]: 0

In [28]: mjuS=integrate(qg5,(t,-1,1));mjud

Out[28]: 0

In [29]: mju6=integrate(q6,(t,-1,1));mju6
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Out[29]: 0

In [30]: mju7=integrate(q7,(t,-1,1));mju7

Out[30]: 0

In [31]: su=symbols('su’)

In [32]: su01=mju0*PO+mju1*P1

In [33]: f1t1=expand(su01);f1t1

Out[33]: 111*/5-13

In [34]: su02=su01+mju2*P2

In [35]: f1t2=expand(su02);f1t2

Out[35]: -27*t**2 + 111*/5 - 4

In [36]: su03=su02+mju3*P3

In [37]: f1t3=expand(su03);f1t3

Out[37]: 27*t**3 - 27***2 + 6*t - 4

In [38]: f1t12=f1t-f1t1

In [39]: su11=integrate(f1t12*f1t12,(t,-1,1))

Out[39]: 28512/175

In [40]: nf1t21=su11**0.5;nf1t21

Out[40]: 12.7642357501620

In [41]: f1t22=f1t-f12

In [42]: su12=integrate(f1t22*f1t22,(t,-1,1))

In [43]: su12

Out[43]: 5832/175

In [44]: nf1t22=su12**0.5;nf1t22

Out[44]: 5.77284282530837

In [45]: f1132=f1t-f113

In [46]: su13=integrate(f1t32*f1t32,(t,-1,1))

In [47]: su13

Out[47]: 0

In [48]: nf1t32=su13**0.5;nf1t32

Out[48]: 0

In [49]: import numpy as np

In [50]: import matplotlib as mpl

In [51]: import matplotlib.pyplot as plt

In [52]: mpl.rcParams['font.family']="fantasy’

In [53]: mpl.rcParams['font.fantasy'] \
='Arial', Times New Roman','Tahoma'’

In [54]: t=np.linspace(-1,1,100)



In [55]: f1t=27"t**3-27*t**2+6™-4 In [64]: plt.text(0.45,.95,r'Tpacbikn HabnvxeHb'\

In [56]: f1t1=111*/5 - 13 ' BO QOyHKUIT',

In [57]: f112=-27*t"*2 + 111*1/5- 4 horizontalalignment="center',\

In [58]: f113=27*t**3 - 27*t**2 + 6™ - 4 verticalalignment='center',\

In [59]: fig=plt.figure(facecolor="white") transform=ax.transAxes,fontsize=16)

In [60]: plt.plot(t,f1t,'k',t,f1t1,"-.g" .t f112,\ In [63]: plt.xlabel(u't-ick abeyumc' {'fontname":\
"¢t f13, '--r', linewidth=3) ‘Times New Roman'})

In [61]: plt.legend(fontsize=18) In [66]: plt.ylabel(r'$f(t)$-opanHaTa)

In [62]: ax=fig.gca() In [67]: plt.grid(True)

In [63]: plt.title(r'Anpokcumalis yHKuiT \
' noniHomamu JlexaHapa')

Note to program7: As shown in Figure 3, the graph of the function and its approximations
can only be obtained if the part of this program, starting with command 49, is typed not using
command lines, but in the form of a file like this shown in this figure. This is due to the fact
that the matplotlib graphic editor is adapted to work with files, and not with command lines,
when using which each subsequent command removes the result of the previous command
from the screen, preventing the simultaneous display of the coordinate grid and graphs on the
screen, and inscriptions

arch Source Run Debug Consoles Projects Tools View Help

BE Ff2 €9
B &% & x

untitied7.py® =
Anpoxcumauin chyHkuii noninomamm flexaxapa
Tpachikn HabnkeHb 0o YHKUIT g

Figure 3. Graph of the function and three approximations to it
by Legendre polynomials

End of program 7.

1.6 Tasks for self-testing
1. Define the concept of “set” and give examples of sets.

2. What are the sum, intersection and difference of sets?
3. What sets are equivalent?
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4. Define the concept of “power of a set”

5. What is the power of a natural series of numbers?
6. What is the power of the set of rational numbers?
7. What is the power of the set of real numbers?

8. What is the power of the set of irrational numbers?
9. Give the definition of a counted set

10.
11.
12.
13.
14.

15

21

22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
41.
42.
43.
44.

45.
46.
47.
48.
49.

50.

How is the power of the counted set related to the power of the continuum?
What is a metric space?

What is a space metric and what conditions should it satisfy? .

Which sets are complete and closed?

Give the definition of a fundamental sequence in a metric space.

. Which metric space is complete?
16.
17.
18.
19.
20.
. How are the metric and the norm, the norm and the scalar product related to each other

How is a linear metric space defined?

What is the norm of space? Give examples of norms.

Give the definition of Banach space.

Give the definition of Hilbert space. Give examples.

What conditions must be satisfied by a scalar product in Hilbert space?

hilbert space?

What is an orthonormal sequence of functions in Hilbert spacious?

Which orthogonal sequence in Hilbert space is complete? Which is closed?

Define the function approximation process.

How to approximate a continuous function in space L [a, b]?

How to approximate a continuous function in space L; [a, b]?

What is Parseval's equality. Give its geometric interpretation.

What is the Fourier spectrum of a continuous function in Hilbert space?

What orthogonal sequences based on power functions do you know?

How to turn a set into a list?

How to determine the number of elements in the list?

Which operation checks the equality of sets?

Which operation checks the equivalence of sets?

How to set an empty dictionary?

How to fill an empty dictionary with elements with keys?

Why do you need the keys() method?

How to combine sets?

How to find the intersection of sets?

How to find the difference of sets?

How to find the union of sets without common elements?

How to display the obtained result on the screen?

What do the functions len(LA), dLA{} and dLA['a']=1 define?

What function is used to calculate the norm in the Banach number space?

What symbols in the program denote the metrics of the Banach number space
between given points?

Why do we need to use the lambda( ) function?

What role does the vectorize( ) function play?

What is the function piecewise( ) for?

Why do you need the expand( ) command?

How to bring the function defined on the segment [a,b] to the segment [-1,1], on which
defined Legendre polynomials in the approximation problem?

Show the command in the program that introduces the fifth Legendre polynomial
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Chapter 2. LEBEGUE'S MEASURE FOR SETS AND SPACES
AND THEIR INTEGRALS

2.1 Lebesgue measure for sets and spaces

On the entire numerical axis or on its segment [a, b], which is also the segment [0,1], on
which a certain set is specified, each element of this set is displayed by a point, which, as is
known, has zero length. In this connection, two interrelated questions arise: “What is the
length of a segment of the number axis with its own length » —a or a segment with unit
length occupied by the set on this segment? And how to measure the length of that part of the
segment occupied by the points of this set?”.

Mathematics gave comprehensive answers to these questions by introducing the concept
of Lebesgue's measure and extending it to functions defined on this segment, on this part of
the plane or on this volume. Let's reveal these answers in more detail.

As we have already noted in the previous subsections, the power of the set of real
numbers both on the entire numerical axis and on its segment [a, b], which can be considered
in the version of the segment [0, 1], is equal to the power of the continuum ¢, and therefore for
the convenience of expositions devoted to the theory of Lebesgue measure, we will consider
exactly the set E defined on the segment [0,1].

Let us recall once again that the measure of a segment [a, b], as well as of an interval

(a,b), the measure of the sum of intervals ¢,, that do not intersect, but each of which is a
subset of the segment [0, 1], will be the sum Zai of the lengths of these intervals.

Let the limited numerical set E be a subset of the unit segment [0, 1], of the numerical
axis, i.e., £ c[0,1]. We denote the subset that complements the set E to the unit segment of

the number axis by the symbol CE.
We specify the set E by specifying its structure in the form of a limited one

E={x,%,..x,} (2.1)
or counted
E={x,%.rX, ..} (2.2)
of numerical sequence.
Cover each point x; of sequences (2.1) or (2.2) with an interval «;, that does not intersect

with other intervals that cover other points of these sequences, and find the sum Zai of the

1

lengths of these intervals for each of these sequences, which will be equal to, respectively,

n
Za[:al+a2+...+a”, (2.3)
i=1

Zai =g ta,+..ta,+.. (2.4)
i=1

Since the points on the number axis have no length, the intervals they cover within a
unit segment of this axis can be very small, and therefore their sum will always have a lower
limit

m'E=inf ) a,. (2.5)

This lower bound, given by the expression (2.5) and denoted by the symbol m’E, is
called the external measure of the set E. It is obvious that the external measure m"CE of
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the set CE, which complements the set E to the segment [0,1] with unit length on which they
are both defined, can be determined in a similar way.

The difference between the length of a segment [0,1] and the external measure m"CE of
the set CE that complements the set E to this segment [0,1]

mE=1-m'CE, (2.6)

is called the internal measure of the set E and is denoted by the symbol m,E .

Definition: if the external measure m'E of the set E and its internal measure m,E
coincide and are equal to the same number mFE, that is, if

mE=mE =mE, (2.7)

then the set E is called Lebesgue measurable, and this number mE is called the
Lebesgue measure of the set E.

It is obvious that from this statement, as a consequence, it follows that the set CE,
which complements the set E to the unit segment on the number axis, is also measurable
according to Lebesgue, and the expression for its measure mCE is also valid

m"CE = m,CE =mCE , (2.8)

similar to (2.7).
For example, let's find Lebesgue measures for sets of real Z, rational R and irrational R
numbers given on the interval [0,1], which are related by the relation
Z=RUR (2.9)

The segment [0,1] of the numerical axis contains closely spaced points, which are the
projections of real numbers onto it, so the Lebesgue measure of the set Z, which has the
power of the continuum c, is its length on this segment, i.e.,

mZ =1. (2.10)

As we already know, the set R of rational numbers is a countable set, so it can be
written as an infinite sequence (2.2). Let's choose a quantity & > 0 and cover the numbers of
the counted sequence (2.2) with the counted sequence of intervals (2.4), choosing for the first

interval the quantity &, for the second %— the quantity that can be presented as % , for the

third %— the quantity that can be presented as % , for the nth — the quantity % In this

case, the expression (2.4) can be rewritten as follows:

ial-=€+§+2—i+.-~+2fl+~-~=€(1+%+%+-~-+%+m)=8 11 =2¢. (2.11)
1-=
2

We pay attention to the fact that in the brackets in the middle part of the expression
(2.11) we have the sum of the terms of the descending geometric progression, which, as we
know from the school mathematics course, is equal to its first term divided by one, minus the
denominator, that is, minus the number by which you need to multiply the previous term of
the geometric progression to get the next one.

Since, as we have already noted, the point on the numerical axis has no width, the value
can also be set in the vicinity of zero, and therefore, taking into account expressions (2.5) and
(2.11), we obtain

m'R = infiai = lim, (2£)=0 (2.12)

i=1
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The set R of irrational numbers given on the segment [0,1], which complements the set
R of rational numbers to the set Z of real numbers on this unit segment of the number axis, as
we already know from the previous subsections, like the set of real numbers, also has the
power of the continuum ¢, as a result of which is that the Lebesgue measure of the set R of
irrational numbers is also the length of the segment, that is,

mR =1 (2.13)

And on the basis of expressions (2.7) and (2.8) and expression (2.13), we have the right
to write that

mR=m'R=mR =1=m"CR (2.14)
Taking into account expression (2.14), we obtain from expression (2.6)
mR=1-m"CR=1-1=0. (2.15)

So it follows from expressions (2.7), (2.12) and (2.15) that the Lebesgue measure of the
set R of rational numbers on the segment [0,1] is zero, and in connection with the enumerated
set of such segments on the entire number axis, this set is zero-dimensional is also on the
entire numerical axis.

And as a consequence of the considerations given above, the following definition
follows: a set E is zero-dimensional according to Lebesgue, if for any7 > 0 it can be covered
by a finite or countable system of intervals with a total length less than 7.

It follows from this definition that any set whose elements are individual points,
regardless of whether their number is determined by a specific number or whether these
points are the same as the numbers of the natural series, belongs to the zero-dimensional
class, that is, to the dimensional class, but with a Lebesgue measure equal to zero. And this, in
turn, means that if any function given on a segment [a,b] has on this segment no more than a
countable set of points in which the function tolerates discontinuities of the 1st kind, then the
set of discontinuities of this function is zero-dimensional.

It follows from Lebesgue's definition of the concepts of set and measure that:

1) if the sets E,,E, are Lebesgue measurable, then the sets E, VE,, EENE,, E —E,
are also Lebesgue measurable;

2) if the sets E|, E, are Lebesgue measurable and have no common interior points, then

m(E, UE,)=mE, +mE,; (2.16)
3) if the sets E|, E, are Lebesgue measurable and £, © E,, then
m(E, —E,)=mE, —mE,; (2.17)

4) if the set £ is given in a limited region of the plane, which is a two-dimensional
space, then by placing each of its points x; in an open rectangle with the area ¢ and applying

the procedure described above for the set whose points are located on the segment of the
number axis, we will arrive at the numbers that will determine the external and the internal
Lebesgue measure of the set £ on the plane, which lead to the determination of the Lebesgue
measure of this set £ in two-dimensional space;

5) if the set £ is given in a limited area of three-dimensional space, then by placing each
of its points x; in an open cube of volume a; and applying the procedure described above for

the set whose points are located on the segment of the numerical axis, we will arrive at the
numbers that will determine the external and the internal measure of the Lebesgue set E in
three-dimensional space, which lead to the determination of the Lebesgue measure of this set
E in this space.
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An important note: after Lebesgue introduced his definition of the concept of
measure on a set or in space, in almost all mathematical studies related to the
application of the concept of measure, Lebesgue's measure is used, so mathematicians
agreed, when using the term “measure”, not to indicate every time that this is
Lebesgue's measure, and understanding that this is so and without mentioning this
surname next to this term.

Now let's extend the notion of measure to functions f(x) of a real variable defined on
the measurable sets of its argument x.

Definition: A function f(x) of a real variable x defined on the measurable set E
of values x of its argument belongs to the class of measurable functions, if for any
number A the subset E, c E for all elements x of which f (x) > A is measurable.

We draw attention to the fact that the dimensionality of a function is determined by the
dimensionality of the set of values of its argument. So, if even the set of all values of a
function's argument has measure zero, that function will belong to the dimension class. And
therefore, as a consequence of this definition of the dimensionality of the function, we have:

1) a function f(x) that is continuous on a closed bounded set E c(—o0,00) of its
argument X is measurable on this set;

2) the sum, difference, and product of two dimensional functions f (x), g(x) given on
the dimensional set £ of its argument x is a measurable function on this set, and the quotient
from the division of one dimensional function by another dimensional function is also a
measurable function, except for the case when the function that is the divisor is zero at any of

the points x € £ ;
3) lattice function f[kAx]=f ()] ,_ta» generated by a continuous function f(x) by

taking into account its values only on a discrete set £ = {kAx} of values of the argument x,
where Ax —the sampling interval a belongs k =0,1,2,...,n, to the class of dimensional
functions, since it is defined on a zero-dimensional set F ;

4) if two dimensional functions f(x),g(x), are given on a measurable set E, then the
subset E. c E ,with points x € E_ of f(x)> g(x) is also measurable;

5) a continuous measurable function f(x) defined on the measurable set E of its

argument x has the C-property on this set if for any number & > 0 there exists such a closed
subset /' c E, for which the inequality holds

m(E-F)<¢; (2.18)

6) if a function f (x) is defined on a measurable set £ with a measure less than infinity,

and at all points of the set £, with the possible exception of some zero-dimensional subset,
has values less than infinity, then for this function to be measurable, it is sufficient that it has
the C-property on this set.

2.2 Riemann and Stieltjes integrals

First, consider the Riemann integral. This integral is one of the main concepts of
mathematical analysis, which is studied in the course of higher mathematics according to the
curriculum of any specialty of non-mathematical specialization, therefore, in the textbook on
functional analysis, which is a superstructure on mathematical analysis, we will only recall it,
and then compare it with he further introduced the Stiltjes and Lebesgue integrals according
to the program of functional analysis.
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So, let a continuous and bounded function f(x) be given on the numerical axis on the
segment [a,b] of the argument x values. Let us divide this segment by points x,,x,,x,,...,X

n?’

and so that x, =a and x, =b, on n segments Ax,i=12,...,n, such that
Ax=x-x_, i=12,..,n (2.19)

Let us denote the internal point &, of the segment by A,x, that is, let &, € A,x . Since the
function f(x) is continuous and bounded, it will acquire a maximum M, and a minimum m,

numerical value on each segment A x at some of its internal points or on its boundaries, that
is, we will have

m < f(E)<M,, i=12,..n (2.20)

Multiply all terms of inequality (2.20) by A,x and sum these products, resulting in

Zn:miAix < Z fENx< Zn:Ml.Aix (2.21)
i=1 i=1 i=1
Sums
Zax = iM,-A,-x : (2.22)
i=1
Z:min = Zn:miAi'x (223)
i=1

are called, respectively, the upper and lower sums of Darba. It is quite obvious that when
reduced A.x to zero, the superscript n in the Darboux sums will approach infinity, and these

sums themselves will approach a common limit in the form of a number from above and
below

n—>0

J =y, lim, Zf(é:z )Ai'x’ (2.24)
i=1
which is called the Riemann integral and denoted
b
J = f(x)dx. (2.25)

Since the operation of finding the sum is linear, for which it is true that

0

Zf(é )Ai'x = if(é )Ai'x + if(%zz )Ai'x > (2.26)

i=l i=n+l

then the integration operation is also linear, for which it is true that

b

a, b
If(x)dx = _[f(x)a’x + If(x)dx , (2.27)
if a, €[a,b].

Proceeding from the fact that each component M Ax, mAx in the Darboux sums

(2.22), (2.23) determines the area of a rectangle with base A.x and height M, and m,,

respectively, the Riemann integral, which is a definite integral belonging to the class of
functionals, can be geometrically interpreted as an expression which is used to determine the
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area of a flat figure bounded from the bottom by the segment [a,b] of the number axis, and
from the top by the graph of the function f(x) in the range from f(a) to f(b).

And now let's move on to the consideration of the Stiltjes integral.

From the above, it is easy to see that we constructed the Riemann integral (2.25), which
is one of the basic concepts of mathematical analysis, not using the measure theory in an
explicit form, but using the upper (2.22) and lower (2.23) Darboux sums, to which we applied
boundary transition.

It turns out that in the same way it is possible to construct another class of integrals that
entered mathematics under the name of the Dutch mathematician Stiltjes, who created their
theory in response to a request from the theory of probabilities.

The main difference between the Stiltjes integral and the Riemann integral is that in the
Riemann integral, the integration over a segment [a,b] of a function f(x) is carried out using
the increments of its argument dx on the same segment of the numerical axis, and in the
Stiltjes integral, the integration over a segment [a,b] of the function f(x) is carried out using
the increments dg(x) of another function g(x) specified on the same segment of the number
axis, and the integrated function f(x) itself is called integrated over the function g(x) on the
segment [a,b] of the number axis.

Symbolically, Stiltjes' integral is written as follows:

b

S = j £ (x)dg(x). (2.28)

a

The algorithm for constructing the integral (2.28), proposed by Stiltjes, differs from the
algorithm for constructing the Riemann integral only in details, because first, as in the
Riemann algorithm, it is proposed to set a continuous and bounded function f (x) on the

numerical axis on the segment [a,b] of the argument x values and to divide this segment
into points x,,X,,X,,...,X, so that x, =a and x, =b on n segments Ax,i=12,.,n, each of
which is determined by expression (2.19).

If we mark the internal point of the segment A,x with the symbol & since function f{x)

is continuous and limited, on each segment x... in some of its internal points or on its bounds
it equired maximum M and minimal m of the digital values, and the expression (2.20 ) will be
valid for it.

Then we consider the bounded function g(x) given on the same [a,b] segment, on

which we do not impose the continuity condition and for which on each segment given by the
expression (2.19), we find the increases

Aig = g(xl.)— g(xl._l), i= 1,2,...,11 . (2-29)

Multiplying all terms of inequality (2.20) by A.g and summing up these products, we

receive
ZmiAig < Zf(fi)Aig < ZMI.Al.g . (2.30)
i=1 i=1 i=1
Sums

2 =zMiAig=ZMi(g(xi)_g(xi—l))’ (2.31)

i=l1 i=1
DI ZmiAig = Zmi (g(xi)_ g(xifl )) (2.32)

i=1 i=1
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are called, respectively, the upper and lower Darboux-Stiltjes sums. It is quite obvious that
when decreasing A.x to zero, the superscript n in the Darboux-Stiltjes sums will approach

infinity, and these sums themselves, due to the limitation of increments (2.29), will approach
a common limit from above and below in the form of a number

n—»0

A Sax lim, Zf(éi)(g(xi)_g(xi—l ))’ (2.33)

which is called the Stiltjes integral and is written in the form (2.28).
It follows from the very definition of the Stiltjes integral that:

D [l 5(0)- (o) 2.34)
2) [i (M) =] (o). =cons. 239)
5 [ i) ] (o) ] el v, ) 236)
) [0 £ M) ] o) ] 1), 237
5) J e 52 2,050 = My )2 | 0 o) 2.39)

2.3 The Lebesgue integral

When mathematicians saw that there are functions that do not integrate after Riemann,
they began to search for such a generalization of the concept of the definite integral, with the
help of which these functions could also be integrated. And such a generalization was
achieved by Lebesgue, who proposed that the increment of the coordinate, by which the
integration of the function y = f(x) given on the segment [a,b] is carried out, be determined
not along the axis of the argument x, but along the functional axis y, because in this case, even
when the coordinate x is set on a zero-dimensional set £ of a finite or countable quantity
points on the x axis, the coordinate y will be an element of the set of real numbers on the
segment [m,M] of the y axis, the measure of which is its length, and the left border of which
is the real number m , which is the minimum value of this function on the segment [a,b] , and
the right border is the real number M, which is the maximum value of this function on the
same segment [a,b].

Lebesgue constructed his integral by putting forward the condition that the measurable
and limited by the lower m and upper M values function y= f(x), given on the segment

[a,b] of the axis x, was defined on the set E with measure
mE(m<y<M). (2.39)
He suggested to devide the segment [m, M] of the axis y into points
M= Y0, V15 Vasees Viets Visers Vo = M (2.40)

into n segments [yH ,y[], i =1,2,...,n, marking the maximal of them
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a=max[y, ], (2.41)

and making up the sum
Y= ilyilmEi(yl.1 <y<y), (2.42)
using the fact that, according to property (2.16), measures
mE(mSy<M):Zn:mEi(yl.f1 Sy<yl.). (2.43)
i

The limit of the sum (2.42) when even the maximum of the segments defined by the
expression (2.41) approaches zero

L=,limX=, mozn:yi—lmEi(yifl sy< y;)’ (2.44)
=1

which has all the properties of an integral, Lebesgue introduced into mathematics as a
new interpretation of the definite integral, which other mathematicians named after him
the Lebesgue integral, and the sum (2.42) was called the Lebesgue integral sum on the
set £ with the measure determined by the expression (2.39).

If, using the property of monotonicity of the measure, write mE, (yl._l <y< yl.) for the i-
th segment in the form

mEi(yi—l <y <yi):mEi(yi > y)—l_mEi(yZyifl):mEi(yi >y)_mEi(yi—l Zy)a (2.45)

and substituting expression (2.45) into expression (2.44), we obtain the Lebesgue integral in
the form

L=,1im >y, mE(y_ <y<y)=. im > y_imE(y,>y)-mE(y_ >y). (2.46)
i=1 i=1

Since the measure mE, is a monotone function, we denote it by the symbol g,-coordinate
¥, then we can write that

mE (v, > y)=g(»,)
mkE; (yi—l = y) = g(yi—1)> (2.47)
Ag=g(v)-gbv.)
Substituting expressions (2.47) into (2.46), we get
L=, lim, Yy {g(n)-e. ) =, hmozy, g (2.48)
i=1
Analyzing the right-hand side of the expression (2.48), we see that it is the Stieltjes

integral of the function y by function g(y) on the segment [m,M], which is the measure of
the function y, and therefore the expression (2.48) can be written as follows:

L= [ ydg(y)- (2.49)

By reducing the Lebesgue integral (2.44) to the Stieltjes integral (2.49), we actually
proved that the limit of the Lebesgue integral sum (2.42) exists, so the expression (2.44) really
satisfies the requirements that the definite integral must satisfy.
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We draw attention to the fact that if the function of the measure by the coordinate y on
the segment [m, M] in the projection onto the segment [a,b] of the axis x is not only

monotonic, but also linear, that is, if

g(y)z X, (2.50)
then the expression (2.49) turns into the expression
M b

L= [ ydg(y)=[ f(x)dx. (2.51)

That is, in this case, the Lebesgue integration on the axis y segment [m, M] and the
Riemann integration on the axis x segment [a,b] give the same result, which also connects the

Riemann integral with the measure theory, since the Riemann integration over x is an
integration over the measure of the segment [a,b ].

2.4 Programs for implementing integrals in the Python language

The program for calculating the Riemann integral in case when the limits of
integration are real numbers, for example, the limits of the range [0,1], when the body of
the function is specified directly, when it is specified parametrically, and also in the case
of using a lambda function with specified numerical values of parameters.

(Program 8):
In [1]: import scipy In [6]: def f(x,a3,a2,a1,a0):
In [2]: from scipy.integrate import quad return a3*x**3+a2*x**2+a1*x+al
In [3]: import numpy as np In [7]: 92=quad(f,0,1,args=(4,3,2,1));q2
In [4]: def f(x): Out[7]: (4.0, 4.440892098500626¢-14)
return np.exp(-x)**2*np.cos(x)**3 In [8]: g3=quad(lambda x: f(x,4,3,2,1),0,1);93
In [5]: q1=quad(f,0,1);q1 Out[8]: (4.0, 4.440892098500626e-14)

Out[5]: (0.3398620054810545, 3.773226e-15)
End of program 8.

Python program for -calculating the Steeltjes integral from the function
fix) = x3 + 3x% — 2x — 4 by the function g(x)=2exp(x)-3x of the real variable x specified on
the interval [0,2 | discretely through the interval A;x = x; — x;_=0.1; i =1,2,...,20

(Program 9):
In [1]: import numpy as np In [8]: g1=gvec(x);g1
In [2]: x=np.linspace(0,2,21) Out[8]:
In [3]: def f(x): array([2. , 1.91034184, 1.84280552,
return x**3+3*x**2-2*x-4 1.79971762, 1.7836494 , 1.79744254,

In [4]: fvec=np.vectorize(f) 1.8442376 , 192750541, 2.05108186,
In [5]: f1=fvec(x);f1 2.21920622, 2.43656366, 2.70833205,
Out[5]: 3.04023385, 3.43859334, 3.91039993,
array([-4. ,-4.169,-4.272, -4.303, -4.256, 4.46337814, 5.10606485, 5.84789478,

-4.125, -3.904, -3.587, -3.168, -2.641, 6.69929493, 7.67178888, 8.7781122))

-2.,-1.239,-0.352, 0.667, 1.824, 3.125, In [9]: g11=np.diff(g1);g11

4.576,6.183, 7.952, 9.889, 12.]) Out[9]
In [6]: g=lambda x: 2*np.exp(x)-3*x array([-0.08965816, -0.06753632,
In [7]: gvec=np.vectorize(g) -0.0430879, -0.01606822, 0.01379315,
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0.04679506, 0.08326781, 0.12357644,
0.16812437, 0.21735743, 0.27176839,
0.3319018 , 0.39835949, 0.4718066 ,
0.55297821, 0.64268671, 0.74182993,
0.85140015,0.97249396,1.10632331])

In [10]: f11=F[:-1]:f11

Out[10]:

array([-4. -4.169,-4.272, -4.303, -4.256, -4.125,
-3.904,-3.587,-3.168,-2.641,-2. , -1.239,
-0.352, 0.667,1.824,3.125, 4.576, 6.183,
7.952, 9.889))

In [11]: s1=f11*g11;s1

Out[11]:

array([ 0.35863266, 0.28155892, 0.18407151,
0.06914155,-0.05870363,-0.19302962,
-0.32507755, -0.4432687, -0.53261799,
-0.57404098,-0.54353678, -0.41122633,
-0.14022254, 0.314695, 1.00863225,
2.00839596, 3.39461378 5.2642071,
7.73327194, 10.94043125])

In [12]: S=s1.sum( );S

Out[12]: 28.33592779370339

End of program 9

A Python program for calculating the Lebesgue integral from the function
fix) = e *sin2x of the real variable x given on the segment [0,3] discretely at points

through the interval A;x = x; — x;_1= 0.15;

(Program 10):
In [1]: import numpy as np
In [2]: x=np.linspace(0,3,21)
In [3]: def f(x):
return np.exp(-x)*np.sin(3*x)
In [4]: fvec=np.vectorize(f)
In [5]: f1=fvec(x);1
Out[5]:
array([ 0. , 0.3743783, 0.58030285,
0.62214868,0.53445891,0.36753575,
0.17375969,-0.00294201,-0.1332846,
-0.20441749,-0.21811645,-0.1866539,
-0.12773711,-0.05972154,0.00205897,
0.0474343,0.07199992,0.07646286,
0.06518194,0.0443898,0.02051817])
In [6]: M=max(f1);M
Out[6]: 0.6221486811452028
In [7]: m=min(f1);m
Out[7]: -0.21811645170452654
In [8]: mEf=M-m;mEf
Out[8]: 0.840265132849729%4
In [9]: f11=np.sort(f1);f11
Out[9]:
array([-0.21811645, -0.20441749, -0.1866539 ,
-0.1332846,-0.12773711,-0.05972154,
-0.00294201, 0. , 0.00205897,
0.02051817,0.0443898,0.0474343,
0.06518194,0.07199992,0.07646286,
0.17375969,0.36753575,0.3743783 ,
0.53445891,0.58030285,0.62214868])
In [10]: g=np.diff(f11);g

1=
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1,2,...,20

Out[10]:

array([0.01369896, 0.0177636 , 0.0533693 ,
0.00554749, 0.06801557, 0.05677952,
0.00294201, 0.00205897, 0.0184592 ,
0.02387163, 0.0030445 , 0.01774765,
0.00681798, 0.00446294, 0.09729683,
0.19377606, 0.00684255, 0.16008061,
0.04584394, 0.04184583])

In [11]: f111=F11[:-1];f111

Out[11]:

array([-0.21811645, -0.20441749, -0.1866539 ,
-0.1332846 ,-0.12773711,-0.05972154,
-0.00294201, 0. , 0.00205897,
0.02051817, 0.0443898 , 0.0474343,
0.06518194,0.07199992,0.07646286,
0.17375969, 0.36753575, 0.3743783,
0.53445891, 0.58030285))

In [12]: 1=f111*g;11

Out[12]:

array([-2.9879683e-03,-3.6311899e-03,
-9.96158766e-03, -7.39394368e-04,
-8.68811299¢-03, -3.39096030e-03,
-8.65544179¢-06, 0.00000000e+00,
3.80069447e-05, 4.89802141e-04,
1.35144637e-04, 8.41847084e-04,
4.44409318e-04, 3.21331035e-04,
7.43959408e-03, 3.36704688e-02,
2.51488210e-03, 5.99307062e-02,
2.45017000e-02, 2.42832565¢-02])

In [13]: L=np.sum(l1);L

Out[13]: 0.1252032798312037

End of program 10



2.5 Self -Testing Task

. Give a definition of the concept of “measure”.

. How to determine the measure of Lebesgue and what are its properties?

. What is a zero-dimensional set?

. Define a measuring function.

. Write down the expressions for the lower and upper Sumy Darb.

. Give a definition of Riman's integral.

. Write down the expressions for the lower and upper Sumy Darb-Siltyes.

. Give a definition of the Stiltjes ' integral.

. Under what condition can Riman integral be obtained from the integral integral?
10. Give a definition of the integral.

11. What is the connection between the integals of Lebeg and the Stiltjes ?

12. Under what conditions are Riman and Lebeg integrated to give the same result?
13.What feature in the program is performed by the command fvec=np.vectorize(f)
14.What is the program g=lambda x: 2*np.exp(x)-3*x?

15.What does the program g11=np.diff(g1)?

16.What we reach the command f11=f1[:-1]?

17.What is the implementation of the team f11=f1[:-1]?

18.Toe command in the program that calculates the integral of the Stiltjes

19.The in the results of the program both vectorized functions

20. Say in the results of the program the numerical value

21.What does the program require f11=np.sort(f1)?

22 .What we reach the command f111=f11[:-1]?

23.What gives us the implementation of the [1=f111*g?

24. Show in the results of the program the numerical value of the Lebesgue integral.

O 00 1IN DN K W~
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Chapter 3. FUNCTIONALS AND METHODS OF SEARCHING FOR THEIR
UNCONDITIONAL EXTREMUMS

3.1 Functionalities used in applied IT tasks

As we have already defined in the introduction, a functional is a law according to which
a set of functions is matched to a set of numbers.

We will also recall that the final stage of the system analysis of a complex object is its
optimization, which consists in finding such parameters of this object, according to which its
initial coordinate or its spatial structure are characterized in the best way according to the
indicators chosen as a measure of this “bestness”. It is these indicators, the internal
components of which are functions that characterize the spatial structures of complex objects
or processes in them, and the external components are numbers that characterize the “best” of
these spatial structures or processes, as a rule, are functionals, among which in general of
functional analysis methodologies in its application in the form of calculus of variations, the
most common are:

1) functional

b ;

Jy =J, Flx,yy) dx, 3.1)

where F (x, ¥, y') is a mathematical expression, which is a construction of an independent
variable x, its function y(x) and the first derivative y'(x) of this function; at the same time,

the segment [a, b] is the domain of setting the function y(x), ie, x € [a, b] ;
2) functional

J:_liF(x,y,y',y",...,y("))dx, (3.2)

which connects not only the function y(x) and its derivative y’(x), as in the case of (3.1),

but also older derivatives )" (x), oo y(n) (x);

3) functional
b

J=J.F(x,yl,yz,...,yn;y{,y;,...,y;)dx, (3.3)

which connects the set of functions {yl(x), Y, (x),..., yn(x)}, defining a surface in

n-dimensional space and the set of first derivatives { Y1 (%), 05 (%), 0 ( x)} of these

functions in the same space.

The study of the conditions under which these functionals acquire extreme values is
carried out within the framework of functional analysis, which is called calculus of variations,
and the functions on which these functionals acquire extreme values are called extremals.

3.2 Classical problem of calculus of variations, necessary and sufficient conditions
for the existence of an unconditional extremum of the functional

The set of methods for finding extrema of functionals of various types, from the
number we have given in the first subsection of this section, constitutes the essence of
calculus of variations, to understand the basics of which we will conduct research on the
extremum of the functional (3.1).
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But, before determining the conditions under which the functional (3.1) will acquire an
extreme value, let us clarify what we mean by the concepts of absolute and relative extrema of
the functional, and what we mean by the concept of a weak relative extremum of the
functional.

By analogy with how global and local extrema are determined for a function, absolute
and relative extrema are determined for a functional, the first of which specifies the largest (or
smallest) value of the functional on the entire set of functions on which this functional is
specified, and the second specifies the largest (or the smallest) value of a functional on a
subset of close functions that are only a part of the entire set of functions on which this
functional is defined.

In turn, strong and weak are distinguished among relative extremes.

To unify the approaches, it was agreed to consider that a strong relative minimum of the
functional is reached at the extremal f,(x), if its value on this curve in the given range

[a, b] of values of the argument x is smaller than on all other curves f(x), i=1,...,n of'the
given class of functions, the zero-order distance

Jo() = fi(x)

to which is small. It is obvious that a strong relative maximum of the functional will be
reached at the extremal of the same class of curves, if its value is the largest in the given range
of values of the argument.

If the relative minimum (or maximum) of the functional is reached at the extremal, the
distance is of the first order

A, =max , i=1,...,n (3.4)

A, =max , i=1...,n, (3.5

J.) = f(%)

from which to all other curves of this class of functions is small, then a weak relative
minimum (or maximum) occurs at this extreme.
Note that in expression (3.5), the symbols denote the first derivatives f)(x), f/(x) of
the functions £, (x), f,(x).
It is clear that the absolute extremum is at the same time relative, and the strong
relative extremum is at the same time weak.
And therefore, if some condition must be fulfilled with respect to a weak relative
extremum, then it must be true for both a strong relative extremum and an absolute one.
Having dealt with the above concepts, we will determine what conditions the function
y= y(x) , must satisfy in order for it to have a weak relative minimum of the functional (3.1).

To find these conditions, we assume that this weak relative minimum of the functional
(3.1) on the function y = y(x) is reached.

This assumption gives us the right to assume that the value of the functional (3.1) on
any other function, for example, y, (x) =y(x ) +a- 77(x) , where & is a number and n(x) is
an arbitrary smooth function for which

n(a)=n(b)=0, (3.6)
will not be less than = y(x), i.e.,

b

b
AT = I(x,y+ an,y' +an') dx—jF(x,y,y') dx=J! (a)-J. >0 (3.7)

Since the definite integral after integration and substitution of boundaries is converted
into a number, the value of the increment of the functional, which is given by the difference
(3.7) of the definite integrals, will depend only on the value of the parameter ¢ , that is, this
increment becomes a continuous function, in which the independent variable is &
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AT =N (a)=J] (a)-J; . (3.8)

As you know from the course of mathematical analysis, a continuous function around
any value of its argument, in particular zero, can be expanded into a Taylor series. For the

function (3.8) around the point & = 0, this series will have the form:

CL]F 2 d2JF 3 d3JF
Mf(a):a.ﬂJr“_.ﬁJr“_.ﬂJw._ (3.9)
da 2! da 3! da

F 5 2 yF
The first and second members of the series (3.9), i.e. ¢ .W;—@ and % . d.;y—ga),
o o

are called, respectively, the first and second variations of the functional J yF and are denoted
by 6J; and &°J; .
Since the independent variable & enters the second variation §2.J f in the square, then

at values close to zero, the second variation becomes much smaller than the first variation
oJ f , which is included « in the first degree. And this, in turn, gives us the right to assume

that the point is around a =0

A (a)=6J) . (3.10)
It follows from the expressions (3.7)-(3.10) that
F
o -M >0. (3.11)

do

It is clear that for arbitrary values a (both bigger and less than zero), the expression
(3.11) in the vicinity of the point & = 0 is fulfilled only in one case, when

F
(@), (3.12)
da
or
d b
%UF(x,y+m],y’+a77’) dx]zO- (3.13)

Since the operations of differentiation and integration are linear, they can be
interchanged, i.e. (3.13) can be rewritten as follows:

b
IiF(x,y+a77,y’+a77') dx=0. (3.14)
" da

Taking the derivative of in « the integrand expression (3.14), by the rule of
differentiation of a complex function we will have

b ' i
IG_F.Mﬁ_F.M dx—0. (3.15)
°\ 0y da oy’ da
or
b
f(a—F-ma—}i'ﬂ’jdx:O- (3.16)
AN oy



The expression (4.31) is inconvenient for analysis, since its first component includes the
function n(x) itself, and its derivative 77'(x) is included in the second. You can get rid of

the derivative n'(x) by taking the integral of the second component of the expression by
parts. To simplify notation, we will denote partial derivatives as follows:

" )
2 g 2 g 2 (317)
o°F F o°F F o°F F
ayrax yx? ayray yy? ayréyr vy’
Taking the integral in the second component of equation (3.16), that is, the integral
b b
oF
' dx= .n' 3.18
;[ay' n' dx :[Fy, n' dx (3.18)
using the method of integration by parts, we will have
b b d
' dx=—|—F,. . 3.19
;[Fy, n' dx !dxFy' n dx (3.19)
Considering (3.19), equation (3.16) can be rewritten as follows:
” d
!(Fy -2, -njdx:O, (3:20)
Or
f d
L . =0. 3.21
j(Fy dxFy,j ndx=0 (3.21)

a

Analyzing the obtained integral equation (3.21), we see that for an arbitrary smooth
function n(x) it is necessary that it be performed

d
F,=—F,=0. (3.22)

This is Euler's well-known equation, which he derived in 1744 by transforming the
functional into a function of many variables followed by its minimization.

Summarizing all of the above, it can be asserted that in order for the function y(x) to
deliver a weak relative minimum of the functional (3.1), it must be a solution of the Euler
equation (3.22). In this case, the function y(x) is called the extremal of the functional.

Calculus of variations is actually based on the use of Euler's equation in different
interpretations.

The existence of a solution of the Euler equation for an extremal is a necessary
condition for the minimum or maximum of the functional (3.1) to be reached on it. But,

as in the case of the extremum of a function y (x) , the necessary conditions for the extremum

of a functional must necessarily be supplemented with sufficient conditions, with the help of
which one can recognize both those functions on which the maximum or minimum of the
functional is reached, and those on which, despite the fulfillment of the necessary conditions,
the functional does not reach the extremum.
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To determine the sufficient conditions for the extremum of the functional (3.1), let us
return again to the Taylor series expansion (3.9) of the increment of the functional AJ f (a) .

As already indicated above, in the vicinity of the point « =0 due to the fulfillment of
the condition (3.12), the first variation & J f (a) approaches zero, therefore the increase of

the functional is determined by the second variation §2.J f (a), since the other terms of the

Taylor series approach zero faster than the second variation due to higher, but close to zero,
degrees « .
It is clear that in the case of a minimum of the functional, both the increase of the

functional AJ f (o) around the point @ =0, and its second variation 5°J; (&), will not be

less than zero, because at the point o =0 of the minimum, the value of this functional is the
smallest and any displacement from this point will either not lead to a change in the value of
the functional, or lead to the growth of its value.

So, heuristically, the minimum of the functional (3.1) is reached at the extremal y(x), for
which the expression

5°J, (a)=0, (3.23)
where,( we remind)
2 dZJF
5°J) ()= (3.24)
2 dd’

By analogy, we conclude that the maximum of the functional (3.1) is reached at the
extremal y(x ) , for which the expression

5°J, (a)<0. (3.25)

Since expressions (3.23), (3.25) are included in the square according to expression
(3.24), the signs of these inequalities are determined exclusively by the signs & of the second
derivative of the functional increment, which can be written as follows:

2 7F
d Jy _ d?
da® da?

(IF(x,y +an,y' +an') dx} =
b

2
:Idsz

a

ji( Fo*+(F f+Fyry)'7777'+Fyy(f7')2)dx.

(3.26)

(x,y+an,y' +an')dx=

In order to obtain the square of the function 77, in the middle term on the right-hand

side of expression (3.26), which will facilitate the analysis of expression (3.26) as a whole,
let's take the integral of this middle term by parts. After substituting the value obtained by
integration by parts of the integral into expression (3.26), we obtain

d*J (a) ¢ d ,
dyag ):J.((Fyy_aFyy'jnz"'Fy’y'(n )2jdx' (3-27)

a

We remind that that the auxiliary function n(x) is arbitrary, and therefore it can be
taken as shown in Fig.4.
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[ 1(x)

1+

Figure 4 — Graph of the auxiliary function 77 (x) for the expression (3.27)

With such a choice, we will have numerically close to zero values ( 77)2 and hundreds of

times larger values (77')2. Therefore, the sign of expression (3.27) will be completely
determined by the sign of the coefficient at (77')2, that is, the sign at I W

Based on the expressions (3.23), (3.25) and all of the above, it can be asserted that the

minimum of the functional (3.1) is reached at the extremal y(x) within the limits x € [a, b] ,
if for all x €[a,b] we have

Fy,y, >0, (3.28)
and maximum if —
F. <0.

o (3.29)

Conditions (3.28), (3.29) are sufficient conditions for reaching the extremal y(x)
within the extremum of the functional (3.1).

These conditions are often called Legendre's conditions, after the mathematician
who derived them.
3.3 Euler's equation and its analysis
Let's write Euler's equation (3.22), using the formula of the complete derivative of the

function of three variables when differentiating the component — F,. We will get

dx

:Oa
oy dx 0oy dx
or

(3.30)
F,~F, ~F, -y ~F,-y"=0. (3.31)

From the expression (3.31), it is clear that the Euler equation is a nonlinear differential
equation of the second order, for which there is no single method of solution.

An important case is when the function F (o) in the functional (3.1) clearly does not
depend on x, that is, when
F(x,y,y")=F(».)')- (3.32)
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In this case, instead of equation (3.31), we will have the equation
Fy=Fy Y = Fyy"=0, (3.33)

which is easily transformed into an equation by multiplying by ' —

d
F—v.F.)=0. (3.34)
(F-y-F,)
In turn, it follows from equation (3.34) that
F-y"“F,=C, (3.35)

where C is a constant.

The expression (3.35) obtained in this way is called the first integral of Euler's
equation. It is a first-order differential equation that clearly does not depend on , and
therefore can always be solved.

In some optimization problems, the Euler equation, which is a nonlinear differential
equation of the second order, is convenient to present as a system of two differential equations
of the first order, to obtain which a new variable is introduced

p=F,. (3.36)
Substituting (3.36) into (3.22), we get
Fodp (3.37)
Yodx

Let's introduce the function H, which specifies the first integral of the Euler equation,
that is, the function

H=F-y"-F,. (3.38)
Substituting (3.36) into (3.38), we get

H=F—-y'p. (3.39)
Differentiating the function // for y and for p, we get

OH

—=F,
ay (3.40)
oH__,
op 7
Given that ' = %, and equality (3.37), the system of equations (3.40) can be rewritten
x
as follows:
OH dp
oy dx’
g (3.41)
OH _ dy
op dx’

The system of equations (3.41) is another form of representation of the Euler
equation (3.22), which is called canonical.
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It will not be superfluous to remind that the problem of finding the extremal y(x),

which delivers the extremum of the functional (3.1) and is a curve pinched at the ends, is
usually called the simplest in the classical calculus of variations.

To continue the analysis of sufficient conditions for reaching an extremal y(x ) within
xXe [a, b] the extremum of the functional (3.1), let us return to the expanded notation of the
Euler equation (3.31). This expression can be rewritten like this —
_ F-F—Fyy ,

F

vy

"

y (3.42)

It follows from the expression (3.42) that a function y(x) in order x € [a, b] to claim
the role of an extremal must have a second derivative y” in the domain, and its first
derivative " must satisfy additional conditions in some cases.

It is clear from (3.42) that at
F,.>0 (3.43)

for the minimum of the functional (3.1) and at

Fyy <0 (3.44)

for its maximum, no other conditions need to be imposed on the first derivative )’ in the
domain x e [a, b] except that it must exist in this domain.

But if in certain points of the region x [a, b]
F,, =0, (3.45)
then it is necessary that at these same points the first derivative )’ numerically coincides

with the value of the expression M, that is, that the equality is fulfilled at these points
F,

yy
yB b (3.46)
F
Vy
which follows from the necessity to have, in order to ensure the existence in the domain
X€E [a , b] of the second derivative )", in addition to the fulfillment of the condition (3.45),

also the fulfillment of the condition
Fy —Fy,x - Fy,y -y'=0. (3.47)

It is clear that if equality (3.45) holds for all points of the region xe[a, b], then

equality (3.47) must also hold for all points of this region.
It should be noted that if equality (3.47) holds for all points of the region x e [a, b] ,

then this means that the integrand function F'(x,y,)") in the functional (3.1) depends on the
first derivative linearly, i.e. that this functional has the form

b
Jf =j(M(x,y)+N(x,y)-y') dx - (3.48)
Functionals of this type are called degenerate.
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For them, the Euler equation is not differential since
d oM ,ON d
Fy —d—Fy' :a—-i-y a——d—(N(x,y))z
X ¥ Yy ax (3.49)
oM N |, N dy oV dx oM _aN
o oy 0 oy dx ox dx oy ox
It follows from the expression (3.49) that the Euler equation for degenerate functionals
does not contain derivatives of the extremal y(x) .

Opening the outer brackets in the functional (3.47), it can be written in the form
b
J) =M dx+N dy (3.50)

that is, it turns into an integral of a complete differential.
And, as is known from the course of mathematical analysis, the value of such an

integral does not depend on the path of integration, that is, its value on all functions y(x ) .on

which the functional (3.50) is defined is the same, which in our case, in turn, means that the
extremum of such the functional is reached on any function from its domain.

If the functional (3.1) is not degenerate, that is, it cannot be represented in the form
(3.50), and the condition (3.47) is fulfilled, then this means that the extremum of the
functional cannot be reached in the class of smooth functions. In this case, it should be looked
for in the class of piecewise-smooth functions whose graphs have breaks.

3.4 Finding extremums of functionals depending on several functions and
their first derivatives

Let’s consider the problem of finding the extremum of the functional (3.3), which
connects a set of functions

01 ()2 ()53, (2} (3.51)

which defines the surface in 7 -dimensional space, and the set { yl’(x), y;(x),..., v (x)}

first derivatives of these functions in the same space.

It is clear that if the extremum of the functional (3.3) exists, then its extremals are in the
set (3.51).

We construct the method for finding extremals of the functional (3.3) in the following

way: we set the variation of only the function y, (x), and we fix all other functions from
yz(x) to y, (x) inclusive and their derivatives by converting them into constants in this

way, forming a set in this way
Vs (x) =C,, ), (x) =Cy,
¥, (x)=C,, yi(x)=Cy, (3.52)

yn (x): Cn’ y’;(x):Cnn.

In this case, the functional (3.3) will have the form

* ~nn

b
I} = [F(%,31,C0,Csr..0,C,3 1,Cry, O, G, ) (3.53)
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which formally does not differ from the functional (3.1).
The minimum of such a functional, as we have already established earlier, is reached at

the extremal yl* (x), which is a solution of the Euler equation

OF _doF _ (3.54)
v dx Oy
or (using previously introduced notations)
d
F, —EFM, =0. (3.55)

And then we set the variation of only the function ), (X ), and fix all the other

functions ¥, (x),»5(x),»,(x),....»,(x) of the set (3.51) and their derivatives, turning them
into constants in this way and forming a set

yl(x)zcl’ y{(x)zclla
y3(x):C3, y;(x):C33,
vi(x)=C,, ¥i(x)=C,, (3.56)
y”(x):Cn’ y;(x):Cnn'

In this case, the functional (3.3) will have the form

b
I} = [F(%,C.3,,C0,Cpr s Gy C1s 5, C, Cayoo. ., )l (3.57)

which also formally does not differ from the functional (3.1).
The minimum of such a functional, by analogy with the previous case, is reached at the

extremal y; (x) , which is a solution of the Euler equation

d
F, ——-Fy=0. (3.58)

We will continue this process until we get an extremal y: (x), which is a solution to
the Euler equation

d

F, —aFy; =0. (3.59)
And now let's reduce all Euler's equations, from (3.55) to (3.59), into one system
d
Fy1 B EFM' =0,
d
F, _EF% =0, (3.60)
F —iF =
dx
It is clear that the set of functions
{yf(x),y;(x),...,y:(x)}, (3.61)
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which is a compatible solution of the system of Euler equations (3.60), and will be the set of
extrema of the functional (3.3), at which it reaches an extremum.

As in the case of the functional (3.1), the fact that the set of functions (3.61) is a
solution of the system (3.60) provides only a necessary condition for the existence of the
extremum of the functional (3.3).

To check the sufficient conditions for the existence of the extremum of the functional
(3.3) on the set of extremals (3.61), it is necessary, as in the case of the functional (3.1), to
make sure that the Legendre conditions are fulfilled, which for one extremal had the form
(3.28) for the minimum and (3.29) for maximum, and for the system of extremals (3.61) will
have the form (for the minimum) —

I
FJ’lJ’l - 0’
i F v
F.,. | 0
T o
........................ (3.62)
i Fy{yé "'Fy{y,’,
myT s V2V >0
F o F Yuyy e r Yun

Sufficient conditions for the existence of the maximum of the functional (3.3) on the set
of extremals (3.61) according to Legendre will have a form similar to (3.62), but the signs of
the inequalities in them will be opposite.

3.5 Finding extremums of functionals depending on one function and
its older derivatives

Consider the functional (3.2), which connects not only the function y(x) and its

derivative y’(x) , as in the case of (3.1), but also higher derivatives )" (x),..., ) (x).
Back in the first half of the eighteenth century, Euler proved that a function y(x) will
be an extremal of the functional (3.2) if it is a solution of the equation

2 n
F —iF,+d—F”—~-~+(—1)”- d F,=0. (3.63)
dx"

y dx y dx2 y
Euler obtained this equation by the method of mathematical induction.
He first considered the problem of finding a function y(x) at which the functional

(3.1) reaches a minimum. We have described this process in detail in the previous sections.
Euler then considered the functional

b

J=IF(x,y,y',y") dx (3.64)

for which, following the same path with the selection of the first variation, equating it to zero
and taking the second part of the integral by parts, we obtained the condition that the function
y(x) is extremal if it is a solution of the equation

d d’

Fy —EFJ/ +WFyn = 0 . (365)
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After that, Euler concluded that the functional (3.2) will reach an extremum on
functions that are solutions of equation (3.63). After considering several examples with
derivatives with an order higher than the second, he was convinced that this was the case. And

the strict proof that the extremal of the functional (3.2) is a function y(x) satisfying equation

(3.63) was carried out by Poisson - that is why this equation entered the calculus of variations
with a double name - the Euler-Poisson equation.
For the functional (3.64), equation (3.63), which reduces to (3.65), is a fourth-order

differential equation. Its solution will be the function y(x, ¢, G, G, C4), which contains
four arbitrary constants C,, C,, C,, C,, for the definition of which you need to have four
equations. Such equations will be the boundary conditions

y(a, C,C,, G, C4)=A1,
y'(a, C.,C,,C,, C4)=A2,
y(b,C,,C,,C;,C,)=B,
v'(b,C,,C,, G, Cy)=B,.

(3.66)

It is clear that the necessary condition for the extremum of the functional (3.2), in which
the highest derivative of the unknown function y(x) is the derivative " (x) of the third

order, will be the condition that this function satisfies the equation (3.63), which in this case
will have the sixth order. Six arbitrary constants of this extremal will need to be found from
the boundary conditions of the type (3.66), with the difference that there will already be six
equations and they will set at the boundaries not only the values of the extremal itself and its
first derivative, as in the case of minimizing the functional (3.65), but also of its second
derivative, that is, the system of equations (3.66) will be supplemented with more equations

{y"(a, C,C,,C,,C,,Cs,Cy)= 4,
J’"(b’ G.G,. G, C,, G, CG) = B;.

(3.67)

And, of course, in all equations (3.66) for this case, arbitrary constants C; and C, shall

be added.
Legendre's conditions, which distinguish the minimum of the functional (3.2) at the

extremal Y (x) from the maximum, turned out to be very simple for this problem.
Studies have shown that, in order for the minimum of the functional (3.2) to be reached
at the extremal y(x ) , it is sufficient to fulfill the condition

F 20, (3.68)
and for the maximum -
F . »<0. (3.69)
Yy

3.6 Python programs for finding unconditional extrema of functionals

The Python program for exploring the unconditional extremum functioned

b
J1 :f Fi(t,y,y)dt
a

in case when a=0, b=1, F{(t,y,y) =t>?+y* + ty + (¥')? and the extremal y(?)
starts at the point (y(0) =0, y'(0) =1).
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(Program 11)

In [1]: import sympy
In [2]: from sympy import*
In [3]: from IPython.display import*
In [4]: init_printing(use_latex=True)
In [5]: t,C1,C2=symbols(t C1 C2')
In [6]: y=Function('y")(t)
In [7]: z=Function('Z')(t)
In [8]: z=y.diff(t)
In [9]: u=Function('u')(t)
In [10]: u=t**2+y**2+t*y+z**2
In [11]: de=Eq(u.diff(y)-u.diff(z,t),0)
In [12]: display(de)

dZ
t+2y(t) — ZFy(t) =0

In [13]: des=dsolve(de)
In [14]: display(des)
t
y(t) = Cie™t + Cret — 3
In [15]: eq1=des.rhs.subs(t,0)
In [16]: eq1
Out[16]: C; + C,
In [17]: eq2=des.rhs.diff(t).subs (t,0)
In [18]: eq2
Out[18]: —C; + C, — 5

In [19]: seg=solve ([eq1, eq2-1], C1, C2)

In [20]: seq
Out [20]; {cl: -3 cz:z}
In [21]: rez=des.rhs.subs([(C1,seq[C1]),(C2, \

seq[C2])])
In [22]: rez

Out [22]; —% + %et - %e‘t
In [23]: F=Lambda (t, rez)
In [24]: display(Latex('$y(t)="\

+str(latex(F())+'$"))
t 3et 3e’t
y() =— 2 + 4 4

In [25]: import numpy as np

In [26]: import matplotlib.pyplot as plt

In [27}: x=symbols('x)

In [28]: expr=-x/2+3*exp(x)/4 \

-3*exp(-x)/4

In [29]: f=lambdify(x,expr,"numpy")

In [30]: x=np.linspace(0,1,21)

In [31]: f=f(x)

In [32]: fig=plt.figure(facecolor="white")

In [33]: plt.plot(x,f,"-r' linewidth=3)

Out [33]: [<matplotlib.lines.Line2D \
at 0x1d0a7047970>]
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Figure 5. Graph of the extremal of the functional J; = f: Fi(t,y,y')dt in case
when a=0, b=1, F{(t,y,y') = t* + y* + ty + (¥')%, and the extremal y(f) begins in points

0(0)=0,y'(0) = 1)

End of program 11.



The Python program for exploring the unconditional extremum functioned

b
J1 =f Fi(tyy, y"dt
a

in case whena=0,b=1,

Fit,y,y,y)=t2+y>+ )2+ (y")2 +ty+ty +ty” +y'y", and the extremal y(r)
starts at the point (y(0) =0, y'(0)=1, y"(0)=0, y"'(0) =-1)

(Program 12)

In [1]: import sympy In [9]: z=y.diff(t)

In [2]: from sympy import* In [10]: w=z.diff(t)

In [3]: from IPython.display import* In [11]: u=Function('u’)(t)

In [4]: init_printing(use_latex=True) In [12]: u=t**2+y**2+z**2+w**2 \
In [5]: t=symbols('t) Hry+H ZH WHZ'W

In [6]: y=Function('y')(t
In [7]: z=Function('Z')(t
In [8]: w=Function(‘w')(t)

In [13]: de1=Eq(u.diff(y)-u.diff(z,t) \
+u.diff(w,1,4,2),0)

- =

In [14]: display(de1)
d

2 d4 .
t+2y(t) — Zmy(t) + ZWy(t) -1=0

In [15]: des1=dsolve(de1)
In [16]: display(des1)

t Cosi t c t\\ -v3t Cosi t c t\) B 1
t) = —— —_ —_ —_ —_ —_
y(t) > + | Cisin <2> + C,cos <2> e z +|(3sin (2) + C4cos (2) ez + >

In [17]: eq11=des1.rhs.subs(t,0);eq11 Out[21]:
Out[17]: 3 1 3 1
1 _£C1+_C2+£C3+_C4
2 In [22]: eq14=des1.rhs.diff(t,3).subs(t,0)
In [18]: eq12=des1.rhs.diff(t).subs(t,0) In [23]: eq14
In[19]: eq12 Out[23]:
Out[19]: C, + Cs
1 V3 1 V3 1 In [24]: var('C1 C2 C3 C4')
_Cl__C2+_C3+_C4__ . —_
2 2 2 2 2 In [25]: seq1=solve([eq11,eq12-1,eq13,\
In [20]: eq13=des1.rhs.diff(t,t).subs(t,0) eq14+1],C1,C2,C3,C4)
In[21]: eq13 In [26]: seq1
Out [26]:
1 V3 1 2V3 1, V3 1, 2V3
e —3-5 65—+ 5 G 1+ 5

In [27]: rez1=des1.rhs.subs([(C1,seq1[C1]),(C2,seq1[C2]),(C3,5eq1[C3]),(C4,seq1[C4])])
In [28]: rez1
Out [28]:

t 1 V3, . (t 1 2v3 t o3t
—E+((—E—E)Sln(z)+(—Z—T)COS (5))9 2 +
1, V3, . [t 1, 2V3 £y B o1
+<(—E+E)sm (E) + (_Z-I—T)COS (E)>e 2 +5

In [29]: F1=Lambda(t,rez1)
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In [30]: display(Latex('$y(t)="+str(latex(F1()))+'$"))
t 1 3 t 1 2v3 t _—\Et
y(O) =—3+ ((—z = 1Dsin(5) + (=3 = F)eos (z)) e +

1 V3, . (t 1, 2v3 £\ Y3 1
+<(—z +3sin (5) + (= 3+ 5 )cos (z)) ez +3
In [31]: import numpy as np
In [32]: import matplotlib.pyplot as plt
In [33]: x=np.linspace(0,1,21)
In [34]: def y(x):
return -x/2+((-1/2-3**0.5/12)*np.sin(x/2)+(-1/4-2*3**0.5/3)*np.cos(x/2)) \
*np.exp(-x*3**0.5/2)+((-1/2+3**0.5/12)*np.sin(x/2) \
+(-1/4+2*3**0.5/3)*np.cos(x/2)) np.exp(x*3**0.5/2)+1/2
In [35]: fig=plt.figure(facecolor="white")
In [36]: plt.plot(x,y(x),"-r' linewidth=3)
Out[36]: [<matplotlib.lines.Line2D
at 0x1d0a7247250>]
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Figure 6. Graph of the extremal of the functional /; = f: Fi(t,y,y',y")dt in case

when a=0, b=1, F(t,y,y",y") =t*+y*+ () + (") +ty+ty' +ty" +y'y", and
the extremal y(t) starts at the point (»(0)=0, y'(0) =1, y"(0) =0, y"'(0) = -1)

End of program 12.

A Python program for exploring the unconditional extremum functioned

J1= f Fi(t,y1,¥Y2,¥3. Y1, Y2 y3)dt
a

in case when a=0, b=1, F1(t,y1,¥Y2¥3¥1,¥2¥3) =t*+yi+y;+y5+3y1y; +
VD% + (75)% + (¥3)? + 5y,y3, and the extremals y,(t), y,(t), y3(t) start at the points:

(r1(0) = 0, y3(0) = 1), (¥2(0) = 0,y5(0) = 2), (¥3(0) = 0,y3(0) = —1)
(Program 13)
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In [1]: import sympy

In [2]: from sympy import*

In [3]: from IPython.display import*

In [4]: init_printing(use_latex=True)

In [5]: t=symbols('t)

In [6]: y1=Function('y1")(t)

In [7]: y2=Function('y2')(t)

In [8]: y3=Function('y3")(t)
z1')(t)

In [9]: z1=Function(
In [10]: z1=y1.diff(t)
In [11]: z2=Function('z2')(t)
In [12]: z2=y2.diff(t)
In [13]: z3=Function('z3')(t)
In [14]: z3=y3.diff(t)
In [15]: u=Function('u')(t)
In [16]: u=t**2+y1**2+y2**2+y3**2 \
+3*y1*y2+21**2+22**2+23**2+5%y2*y3
In [17]: de11=Eq(u.diff(y1)-u.diff(z1,t),0)
In [18]: de12=Eq(u.diff(y2)-u.diff(z2,t),0)
In [19]: de13=Eq(u.diff(y3)-u.diff(z3,t),0)
In [20]: display(de11,de12,de13)
dZ
2y, (t) + 3y,(t) — 2@3’1(0 =0,
dZ
3y1(t) + 2y,(t) — Zﬁyz(t) + 5y5(t) =0,
2

d
-2 F}%(t) + 2y3(t) + 5y,(t) =0

In [21]: eq11=Eq(y1.diff(t)-z1,0)

In [22]: eq12=Eq(y2.diff(t)-z2,0)

In [23]: eq13=Eq(y3.diff(t)-z3,0)

In [24]: eq14=Eq(y1+3*y2/2-z1.diff(t),0)

In [25]: eq15=Eq(3*y1/2+y2+5*y3/2 \
-z2.diff(t),0)

In [26]: eq16=Eq(-z3.diff(t)+5*y2/2+y3,0)
In [27]: des16=dsolve(eq11,eq12,eq13,\
eq14,eq15,eq16);des16

Out [27]: ValueError: dsolve() and

classify_ode() only work with functions

of one variable, not True

In [28]: import numpy as np

In [29]: from scipy.integrate import odeint

In [30]: import matplotlib.pyplot as plt

In [31]: def f(y,t):
y1,¥2,y3,21,22,23=y
return [z1,22,23,y1+3"y2/2,\
3*y1/2+y2+5*y3/2,\
5*y2/2+y3]

In [32]: y0=[0,0,0,1,2,-1]

In [33]: t=np.linspace(0,1,21)

In [34]: [y1,y2,y3,21,22,z3]=0deint(f,y0,t,\

full_output=False).T

In [35]: fig=plt.figure(facecolor="white")

In [36]: plt.plot(t,y1,-r't,y2,'-g" t,y3,'-c'\

linewidth=3)
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Figure 7. Graph of extremals of the functional J; = f: F1(t,¥1,Y2,Y3, Y1, Y2, ¥3)dt in

case when a=0, b=1, F1(t, 1, ¥2,¥3, Y1, Y2, ¥3) = t* + ¥y1 + ¥3 + ¥3 + 3y1y2 + ()* +
(¥5)? + (¥5)% + 5y,¥3, and the extremals y,(t), y,(t), y3(t) start at the points:
(r1(0) =0, y3(0) = 1), (y2(0) = 0,y(0) = 2),(y3(0) = 0,y3(0) = —1)
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3.7 Tasks for self-testing

1

. Explain the concept of “functional” and give examples of its definition.

2. How to meaningfully distinguish the absolute and relative extremes of the functional? Give

(98]

8.
9.
10

11.

12.
13.

14.

15.

16.

17
18
19
20
21
22
23
24
25
26

27

an example.

. How to determine the distance of zero and first order between two functions?
. When is a strong relative extremum of the functional reached at the extreme? When is a

weak relative extremum reached?

. What is the consistent logical connection between the weak, strong and absolute extremes

of the function? Is the logical sequence preserved in the reverse direction?

. How to get the Euler equation? Give its interpretation.
. How to obtain the Euler equation in the form of a nonlinear differential equation of the

second order?
Obtain the first integral of the Euler equation. Give its interpretation.
Derive Euler's equation in canonical form.
. What are the sufficient conditions for the existence of an extremum of a functional in the
simplest problem of the calculus of variations? How to get them and how to use them to
distinguish the maximum and minimum of the functional?
How to distinguish the minimum from the maximum of a functional, if F,, =07

Which functionals are degenerate and what can be said about their extremals?

Derive the necessary conditions for the existence of an extremum of a functional that

connects several unknown functions and their first derivatives.

What are the sufficient conditions for the existence of an extremum of a functional

connecting several unknown functions and their first derivatives?

Derive the Euler—Poisson equation heuristically (according to Euler). Give its

interpretation.

What are the sufficient conditions for the existence of an extremum of a functional that

connects the extremal with its higher derivatives? How to distinguish the maximum and

minimum of the functional in this case?

. Show the command by which Euler's equation is formed

. Show the command that implements the solution of the Euler equation

. What is achieved by the command seq=solve([eq1,eq2-1],C1,C2)

. What is the command rez=des.rhs.subs([(C1,seq[C1]),(C2,seq[C2])]) for?

. What is the command var('C1 C2 C3 C4') for?

. Why is the command seq1=solve([eq11,eq12-1,eq13,eq14+1],C1,C2,C3,C4) needed?

. Why do we need the command display(de11,de12,de13)?

. What is the purpose of calling the command from scipy.integrate import odeint?

What command does the program use to determine the extremals of the functional?

. Which program command transforms the system of three Euler equations of the 2nd order
into a system of 6 equations of the 1st order?

. What will those few commands look like, how should they be added to the program so

that it determines what is achieved - maximum or minimum?
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Chapter 4. STUDY OF FUNCTIONALS AT THE CONDITIONAL
EXTREMUM

4.1 The method of uncertain Lagrange multipliers
Let the functional be given
b
J:JF(x,y,Z,y',z') dx 4.1)

which is another form of notation of the functional (3.3) for n=2, and it is necessary to find
such functions

y(x),z(x), 4.2)

which deliver the extremum of the functional (4.1) under the condition that
o(x,y,2)=0, 4.3)
that is, under the condition that all points of the curve given by expressions (4.2) lie on the

surface (4.3).
Let's try to find the necessary conditions for the existence of the extremum of the
functional (4.1) in the presence of the constraint (4.3).

Suppose that we found such functions y(x) and z(x), which deliver an extremum, for

example, a minimum, of the functional (4.1).
Let's add to the functions y(x) and z(x) variations & y and & z, which satisfy the

requirements

Sy>0 ona xe[x,x,],
Sy=0 oma xé&[x,x,],
§z>0 o xelx,x, (4.4)
§z=0 om x¢[x,x,),

[xl,xz]c[a,b],

and find the first variation 0 J of the functional (4.1) when passing from the curve on the

surface (4.3) described by the functions y(x), z(x), to the curve on the same surface

described by the functions

y(x)+6 y, 45)
z(x) +0 z.
It is clear that
5I=8J,+5., (4.6)

That is, the first variation ¢ J of the functional (4.1) will be equal to the sum of the
first variation o J, of the same functional by the coordinate y at the constant coordinate g,

and the first variation ¢ J_ by the coordinate z at the constant coordinate y.

It is obvious that at the minimum point (xo, Voo ZO) of the functional (4.1) the relation
will be valid
0J=0. 4.7)
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And this is possible due to independence y and z from each other only under the

condition that
oJ )= 0,
(4.8)
oJ,=0.

But, as we have already seen when deriving Euler's equation, the first variations ¢ J,s

0 J_ can be presented in the form

b
d
5Jy:I(Fy—EFy,j-5y-dx, (4.9)
f d
5JZ:J'(FZ__FZJ.5Z.dx. (4.10)
/ dx
So, substituting (4.9) and (4.10) into the relation (4.6), we will have
[ d [ d
5J:£(Fy —aFy,j-5y-dx+£(Fz —EFZ,)é‘Z-dx:O- (4.11)

Let [xl, xz] is a small circle at the coordinate x of the point (xo, Vos ZO) , in which the

minimum of the functional (4.1) is reached, and X, € [)C1 , xz] .

Then expressions

0'1=J-5y-dx, (4.12)

X

62=I5z-dx (4.13)
will define small rectangular planes o©,, o, on coordinate planes (x, y), (x,z) in the

vicinity of a point X, with sides dx,d y and dx, 6 z, and expressions (4.9), (4.10) will
define the volumes of prisms with bases dx, & y and dx, ¢ z, which are under the surfaces

Fy _diFyry (4.14)
X

Fz_din,. (4.15)
X

But we know that the volume of a rectangular prism with a small rectangular plane at
the base can be found by multiplying the area of the base by the height of this prism, which
gives us the right to rewrite expression (4.11) in the form

5J=[Fy —iFy,] .o, +(FZ —in,]
. dx

dx
As we have already noted, the curve described by the functions (4.5) also lies on the
surface (4.3), so it also has a valid equality (4.3), which in this case takes the form

p(x,y+6y,z+62)=0. 4.17)

‘7, =0. (4.16)

%o
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Let's integrate equations (4.3), (4.17) in the domain X € [xl, xz]. It is clear that as a
result of integration we will get

f@(x,y+5y,z+5z)dx=0, (4.18)

X

fco(x, y,z)dx=0- (4.19)

X

Subtract equation (4.19) from (4.18). We will get

f(co(x, y+8y,z+8z)—p(x,y,z))dx=0- (4.20)

Formally, under the integral in equation (4.20) is the increment A¢ of the function
(p(x, y, z), 1.e

A(p:go(x,y+5y,z+5z)—g0(x,y,z), (4.21)

which it receives when moving from a point on the surface with coordinates(x, V, z) to a

point on the same surface with coordinates (x, y+0y,z+0 z).

We remind that around a point x,, € [xl, xz] , the increment of the function is equal to its

first variation, i.e
But
Sp=¢,-0y+¢.-0z. (4.23)

So, taking into account expressions (4.21), (4.22), (4.23), equation (4.20) can be
rewritten as follows:

RY)

I(<"y'5y+(ﬂz-52)dX=0, (4.24)
or like this:
T(Py'5J"dX+T(DZ-5Z-dx:O. (4.25)

Taking into account the expressions (4.12), (4.13), the volumes of rectangular prisms
given by the integrals in the expression (4.25) can be written as follows:

T(py -5y-dxz(py|xo -0y,
% (4.26)

J%gozﬁz-dxz(ozho ‘0,.

X

Substituting the expression (4.26) into (4.25), we have in the neighborhood of the point
X, € [xl, xz] -
P, 0, ==¢. 0, (4.27)
where
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o, =2 4. (4.28)
?.

Substituting the expression (4.28) into (4.16), we have in the neighborhood of the point
X, € [xl, xz] -

(F _iF'J'GI_&.(F;_iF;'j.GIZO. (4.29)
Yodxe ®. dx
It follows from equation (4.29) that
F —iF, F, —iFZ'
" odx T _ " dx (4.30)
?, ?.

Since we carried out all the operations before obtaining relations (4.30) using the
operation of integration by the coordinate x , we can equate each relation in the expression

(4.30) to an unknown function ﬂ(x), ie.,

F-2F,
— ()
Py (4.31)
F-F
—=A(x)
?.
In turn, relation (4.31) can be rewritten as follows:
d
Fy—EFy,m(x)-(py =0, w2

d
F——F. +A(x) @ =0.
z dx z + (X) (Dz

After all these explanations, we can state that in order for the functions (4.2) to deliver
the extremum of the functional (4.1) in the presence of constraints (4.3), it is necessary that
they be a solution of the equations (4.32).

Proceeding from the expression (4.31), formally in the relations (4.32) it would be
necessary to put a “minus” sign on the members A(x)¢,, A(x)¢., but since the function
l(x) is still undefined, any sign can be put on it. Why it is convenient for us to put a “plus”

will become clear from the statements that follow. And let's start these calculations by
constructing a function

L=F(x,y,z,y,2 )+ A(x)-¢(x,1,2). (4.33)

At the minimum point (xo, Vo» ZO) of the functional (4.1), the expression (4.3) is valid,

so it is clear that at this point
L=F. (4.34)
And therefore we have the right to go from finding the necessary conditions for the
existence of the minimum of the functional J (4.1) to finding the conditions for the existence

of the minimum of the functional J* , Where
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Jsz).dezji(F+/1( ) (x v,z ))d (4.35)

a

This transition allows us to transfer the problem of finding extremals that deliver the
conditional extremum of the functional (4.1) into the problem of finding extremals that
deliver the unconditional extremum of the functional (4.35), which we already know how to
solve, since we know that in the absence of restrictions, the minimum of the functional is
reached at functions that are the solution of the system of Euler's equations obtained from the
integral function of several variables of this functional.

It is quite obvious that for our case this system takes the form:

L, —iLy, =0,

dx (4.36)
L —iLZ, =0.

dx

Finding L,L,L, L, wesee that system (4.36) is identical to system (4.32).

But the two equations of the system (4.36) or, which is the same thing, the system
(4.32) do not allow us to unambiguously find the three unknown functions

y(x), z(x), A(x). (4.37)

So they need to be supplemented with a third equation, which should be taken as the
constraint equation (4.3). In this case, the system of defining equations is closed and such that
it gives an unambiguous solution to the problem of finding a conditional extremum.

Lagrange, who introduced it for the first time, called the function /I(x) an

indeterminate multiplier, and therefore the method of finding extrema at which
functionals acquire a conditional extremum was included in the calculus of variations,
which is an integral part of functional analysis, under the name of Lagrange's method of
indeterminate multipliers.

Remark. After, by introducing the Lagrange function L in the form (4.33), we
transferred the conditional extremum problem to the category of the simplest problem of the
calculus of variations on the unconditional extremum, the Legendre sufficient conditions
introduced by us earlier, which distinguish the minimum from the maximum, also become
valid for it, and the necessary conditions for the existence of an extremum for functionals that
depend on higher derivatives. It is only necessary not to forget to substitute the Lagrange
function L and its derivatives instead of the function F and its derivatives in the relations by
which these conditions are determined. At the same time, if J has the form (3.3), and the
restriction is analogous to (4.3), i.e

(%, 91,350 9,) =0, (4.38)

then the structure of the Lagrange function L will be similar to (4.33), that is, it will have the
form

L=F(X, 01, Y50e s Vs V1> Varees Vo ) F A(x) - 0(x, 31000, - (4.39)

But if a system of equations acts as a constraint

0 (%.212,)=C; j=lm, m<n, (4.40)

then the Lagrange function L should be taken in the form
L:F(x,yl,y2,...,yn,y{,y;,...,yn + Z/ij (goj X, Vs .,yn)—Cj). (4.41)
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In this case, the system of Euler's equations (3.60), in which instead F, 3,0 F vl = Ln of

must be Lyi,Ly;,i =1,n, solved together with the system of equations (4.40), since it is
necessary to find not only n extremals y,.(x), but also m undetermined Lagrange
multipliers A, (x).

4.2 The isoperimetric problem of finding extremals of functionals

In 1732, Leonard Euler made the first approach to solving the problem of finding
extremals of functionals under the conditions of restrictions, also given by functionals,
which was called isoperimetric. In 1744, he published the solution to this problem in the
most general form.

The isoperimetric problem of finding extremals of functionals was formulated as
follows: among curves of the same length, or, what is the same, of the same perimeter, find
the curve that bounds the largest area.

Mathematically, it can be written as follows: find the curve y(x), that delivers the

extremum of the functional (3.1), i.e., the functional

J' = F(x,y,y') dx,

Q)

which estimates the area of a given figure, provided that another functional

b
JX =IK(x,y,y') dx (4.42)

which defines the length of the perimeter of this figure, has a constant value ./, - ,1.e.,

b
jK(x,y,y') dx=JX . (4.43)

a

Euler solved this problem in an extremely complicated way, which today can be
interesting only to specialists in the history of mathematics.

We will present the solution of the isoperimetric problem, which was obtained by
Lagrange 15 years later in a much simpler way using the method of uncertain factors.

The essence of the process of solving the problem by Lagrange is as follows: if we omit
the upper bound in the functional (4.42), then we get an integral with a variable upper bound,
ie.,

X

W(x)zIK(x,y,y’) dx (4.44)

a

the derivative of which 1//'(x), as is known from the course of mathematical analysis, will be
equal to the integrand function, i.e.,

l//'(x)zK(x,y,y'). (4.45)

Equation (4.45) can be considered as a restriction of the form (4.40) for j=1.

Taking into account this limitation, based on (4.41), the Lagrange function for the
isoperimetric problem can be written as follows:
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L=F(x,3,5")+A(x)-(v'(x)-K(x,3,5")). (4.46)
Now we can reformulate the isoperimetric problem as follows: find the functions y(x)

and l//(x) , which deliver the minimum of the functional

b

JE = _[L(x,y,l//,y',l//') dx . (4.47)

a

According to the method of undetermined Lagrange multipliers, the Euler equations for
the functional (4.47) will have the form

L, —iLy, -0,
dx (4.48)
d

L‘// - ELV/ = O

Substituting the expression (4.46) into the system of equations (5.48), we obtain a
system of equations

' T | (4.49)
d
——A(x)=0.
SA)
From the second equation of the system (4.49), we find that
“A(x)=C,. (4.50)

Substituting the expression (4.50) into the first equation of the system (4.49), we obtain
the equation

d
Fy+c1-Ky—E(Fy,+Cl-Ky,)=o, (4.51)

which in its general form is a nonlinear differential equation of the second order. The solution
of this equation y(x, CI,CZ,C3) will depend on three constants C,, C,, C,, the presence of

two of which (C,,C; ) is determined by the second order of the differential equation, and the
third (C,) by substitution (4.50). To determine them, in addition to the equation with three
unknowns C,,C,,C;, which we obtain from condition (4.43) after substituting into the
function K (x, V, y') of the general solution y(x, C,C,, C3) and integrating the result of the

substitution by x in the range from a to b, in the form
0(C,,C,,Cy)=J; (4.52)

it is necessary to synthesize two more equations with the same unknowns, which is easy to do
by using boundary conditions that will have the form

{J’(aanCzaCa):yaa
y(b,Cl,Cz,C3):yb.

Solving the system of three equations (4.52), (4.53) with three unknowns C|, C,, C;,
we find their values

(4.53)
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{c.c.cl. (4.54)

which, after substituting them into the general solution y(x, CI,CZ,C3) of equation (4.51),

transform this solution into an extremal
y(x,C{,C;,C3), (4.55)

which delivers the extremum of the functional (3.1) in the presence of the constraint (4.43),
and therefore is the solution of the isoperimetric problem of finding the extrema of the
functionals under the conditions of the constraints also given by the functionals.

The minimum from the maximum of the functional (3.1) on the extremal (4.55) is
distinguished by considering the Legendre conditions for the function L.

We remind that if

L, >0, (4.56)

then the extremal (4.55) delivers the minimum of the functional (3.1), and if
L, <0 (4.57)

— that's the maximum.

Remark. When considering the isoperimetric problem, we minimized the functional
(3.1), using the functional (4.42) as a constraint (4.43). But, apparently, it was possible to do
the opposite - to minimize the functional (4.42), and to use the functional (3.1) as a constraint.
It is clear that the course of solving such a problem would not change, only its substantive
interpretation would change, since with such a formulation of the problem, we would have to
look for the curve of the smallest perimeter that limits the given area.

So it can be stated that the functions F'(x,y,)") and K(x,y,)") n the Lagrange

function are equal. This fact is reflected in mathematics in the form of the principle of
reciprocity, according to which the form of extremals when solving an isoperimetric
problem will not change depending on which of the two functionals is minimized and
which sets the limit.

4.3 Direct method of finding extremals of functionals

We already know how to find extremals of functionals by solving the Euler,
Euler-Lagrange, or Euler—Poisson equations.

But along with these methods, there is another class of methods for determining
the extremals of functionals, with the help of which this procedure is carried out by
direct minimization of the functional under the condition that the extremal is given by
the partial sum S (t) (1.102), in which the members of the orthonormal sequence are

chosen as functions ¢, (t) from among those considered in subsection 1.3.

The methods of this class are called direct methods for finding extrema of
functionals or approximate methods.
One of the most popular methods in this class is the Ritz method, proposed at the
beginning of the 20th century.
The essence of the Ritz method is as follows.

Let it be necessary to find an extremal Y (x ) , that minimizes the functional (3.1), which

for convenience we will rewrite in the form
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b

J(y)sz(x,y,y') dx (4.58)

a

provided that on the borders of the region [a, b] we have

{y(a) e (4.59)
J’(b) =W
and appearance restrictions are in place
g(x,y,y') =0 (4.60)
or
b
IK(x,y,y’) dx=J, - (4.61)

a

We will look for an extremal y (x ) in the form

7(x)=2.C-0.(x) (4.62)
k=1

where @, (x) are known orthonormal polynomials from among those considered in the first

section, for example, Laguerre, Legendre, or Chebyshov polynomials, which we deliberately
chose and considered in detail in subsection 1.3, based on the convenience of their use for
solving our problem.

By choosing the expression (4.62), we actually reduce the task of finding the extrema of

the functional to the task of determining the coefficients C,, k :I,_n. By substituting the
expression (4.62) into the equation of the boundary conditions (4.59), at the first stage of
solving the problem, we reduce by two the number of unknown coefficients C,, k=1, n that

we need to find in order to uniquely determine the extremal (4.62), which delivers the
minimum of the functional (4.58).

We manage to do this at the first stage because with the help of two equations (4.59)
two coefficients, for example C, and C,, can be expressed in terms of other coefficients

C.k=3n.
After that, the sought extremal (4.62) will already have the form

y=£(xC,.C,.....C,). (4.63)

By substituting expression (4.63) into (4.60) or (4.61), we will obtain at the second
stage an equation with which one more coefficient C, can be removed, for example, C,, by

expressing it in terms of other coefficients C,, k = 4,_n
After that, the sought extremal (4.63) will already have the form

y=f(%C,,....C,). (4.64)

Substituting the expression (4.64) into the functional (4.58), calculating the function
F (x, v, y') and taking the integral, we will obtain the function at the third stage

J(y)=£(C,.....C,), (4.65)

which no longer contains a variable x and will be a function of coefficients only C,, k = E .
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To find the optimal values of these coefficients, we use the standard method of finding
the extremum of the function (n - 3) of variables C,, k =4, n at the fourth stage.

For this, we equate the partial derivatives 8J—(y)’ k=4,n of the function (4.65) to
C

k
Z€ro

6f3(c4g...,c,,)20’ k:4,n’ (466)
oC,

and solve the obtained system of algebraic equations (4.66) with respectto C,, k = 4,_n

We substitute the found values of the coefficients C,, k = 4,_n into the function (4.64).
This will be the extremal y(x) which, under the conditions of the restrictions (4.60) or
(4.61) and the boundary conditions (4.59), delivers the minimum of the functional (4.58).

4.4 Python-Realization Programs Searching for Conditional Functional Extremes

Python language program for research on conditional extremum functioned

b
J1 :f Fi(t,y,y)dt
a

in case where a=0,b=1,F,(t,y,y") = y*> + yy' + (¥')? and the extremal y (f)
begins at the point (y (0) =0, y'(0) = 1) and satisfies the restriction y = 1

(Program 14)
In [1]: import sympy
In [2]: from sympy import*
In [3]: from IPython.display import*
In [4]: init_printing(use_latex=True)
In [5]: t=symbols('t)
In [6]: A =symbols (‘1)
In [7]: y=Function('y')(t)
In [8]: z=Function('Z')(t)
In [9]: z=y.diff(t)
In [10]: u=Function('u')(t)
In [11]: usy**2+y*z+z**2+1*(y-1)
In [12]: de=Eq(u.diff(y)-u.diff(z,t),0)
In [13]: display(de)
d2
A+ 2y(t) — ZEy(t) =0
In [14]: des=dsolve(de)
In [15]: display(des)

A
y(t) = Cie t + Cret — 3
In [16]: eq1=des.rhs.subs(t,0);eq1
Outf16]: C; + C; —2
In [17]: eq2=des.rhs.diff(t).subs(t,0);eq2

In [18]: seq=solve([eq1,eq2-1],C1, C2);seq

out18]: {c;:2 -2, ¢ 2 + 3}

2

In [19]: rez=des.rhs.subs([(C1,\
seq[C1]),(C2,seq[C2])]);rez

outf19l 2+ (2 -3) et + (342 et

In [20]: eq3=rez.subs(t,1);eq3

outiaol 2+ (3 -3) e + (5+1) e

In [21]: expr1=-A/2+(A/4-1/2)/exp(1) \
+(A/4+1/2)* exp(1)

In [22]: expr2=1

In [23]: solveset(Eq(expr1,expr2),A)

Out [23]:

—4.0(—1.0e—0.5+0.5¢2)
(—1.0+1.0e)?

In [24]: import numpy as np

In [25]: A=-4*(-np.exp(1)-0.5\
+0.5*(np.exp(1))**2)/(-1+\
np.exp(1))**2;A

Out [25]: -0,6423909789760494

In [26]: A=np.array(-0.64239097897604)

In [27]: A=A.round(3);A

Out[27]: -0.642

In [28]: d={}

In [29]: d["A"]=-0.642

In [30]: d

Out [30]:{'A": -0.642}

In [31]: y=y.subs({"A":-0.642});y




Out[31]: 0.321 — 0.6605e~¢ + 0.3395¢*

In [32]: F=Lambda(t,y)

In [33]: display(Latex('By(t)="\
+str(latex(F(t)))+'$")

y(t) = 0.321 — 0.6605e¢ + 0.3395¢*

In [34]: import matplotlib

In [35]: import matplotlib.pyplot as plt

In [36]: x=symbols('x')

In [37]: expr=0.321-0.6605*exp(-x) \
+0.3395%exp(x)

In [38]: f=lambdify(x, expr,'numpy")

In [39]: x=np.linspace(0,1,21)

In [40]: fig= plt.figure (facecolor="white")

In [41]: plt.plot(x,f(x),"-r' linewidth=3)
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Figure 8. Functional Extremal Graph J; = f: F,(t,y,y)dtin case when
a=0,b=1,F,(t,y,y) = y* + yy' + (y)? and the extremal y (¢) begins
in point (y (0) =0, y'(0) = 1) and satisfies the restriction y =1

End of program 14.

Python language program for research on conditional functional extremum

b
J1 =] Fi(t,y,y)dt

in case wherea=0,b=1,F(t,y,y) =y +y*+y + (y')?% and the extremal y (t)
begins at the point (y (0) =0, y'(0) = 1) and satisfies the restriction J, = f:(y + y')dt,

where J, = 0.5

(Program 15)

In [1]: import sympy

In [2]: from sympy import*

In [3]: from IPython.display import*
In [4]: init_printing(use_latex=True)
In [5]: t=symbols('t)

In [6]: y=Function('y")(t)

In [7]: z=Function('Z')(t)

In [8]: z=y.diff(t)

In [9]: y1= Function('y1')(t)

In [10]: z1 = Function('z1")(t)
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In [11]: z1=y1.diff(t)
In [12]: C3=symbols('C3')
In [13]: u=Function('u')(t)
In [14]: u=y+y**2+z+z**2+C3*(z1-y-z)
In [15]: de=Eq(u.diff(y)-u.diff(z,t),0)
In [16]: des=dsolve(de)
In [17]: display(des)

C; 1
y(t) = Cie "t + Cret + >3
In [18]: eq1=des.rhs.subs(t,0);eq1



Out{18]: C; + C; + 2 — 3

In [19]: eq2=des.rhs.diff(t).subs(t,0);eq2
Out[19]: —=C; + C,

In [20]: var('C1 C2')

Out[20]: (C1,C2)

In [21]: seg=solve([eq1,eq2-1],C1,C2);seq
Out[21]:

{i-F-f e+

In [22]: rez=des.rhs.subs([(C1,seq[C1]),\
(C2,seq[C2])]);rez

Out[22]:

C C 1 _ C 3 1

(-2 H (-3 3

In [23]: inte1=integrate(rez \
+rez.diff(t),(t,0,1));inte1

ou23]: Cs + 8=

In [24]: solveset(Eq(inte1,0.5),C3)
2.5(—1.0+0.6€)
-1.0+0.5 e
In [25]: import numpy as np
In [26]: C3=2.5*(-1.0+0.6*(np.exp(1))/\
(-1.0+0.5*np.exp(1)))

Out [24]:

Out [26]: 4,39221119

In [27]: C3=np.array(4.39221119)
In [28]: C3=C3.round(3);C3
Out[28]: 4.392

In [29]: d={}

In [30]: d["C3"]=4.392

In[31]: d

Out [31]:{'C3": 4.392}

In [32]: y=rez.subs({'C3"4.392});y

Out [32]: 1.696 — 1.348e ¢ — 0.348¢"

In [33]: F=Lambda(t,y)

In [34]: display(Latex('$y(t)="+\
str(latex(F(t)))+'$")

y(t) = 1.696 — 1.348e "¢ — 0.348e"

In [35]: import matplotlib

In [36]: import matplotlib.pyplot as plt

In [37]: x=symbols('x')

In [38]: expr=1.696-1.348*exp(-x) \
-0.348%exp(x)

In [39]: f=lambdify(x, expr,"numpy")

In [40]: x=np.linspace(0,1,21)

In [41]: fig= plt.figure (facecolor="white")

In [42]: plt.plot(x,f(x),"-r' linewidth=3)

0.30 1

0.25 1

0.20 1

015 1

0,10 1

0.05 4

0.00 -

0.0 0.2

0.6 0.8 10

Figure 9. Functional Extremal Graph J; = f: F,(t,y,y)dt,
whena=0,b=1,F(t,y,y) =y +y*+y + (')?

and the extremal y (7) begins at the point (y (0) =0, y'(0) =1)

and satisfies the restriction J, = f:(y + y')dt, where J, = 0.5

End of program 15.



Python language program for research on conditional functional extremum

b
J1 :f Fi(t,y,y)dt
a

the Ritz using the first 5 orthonorimized polynomials of the Legendre, when a =-1,
b=1, F1(t,y,y)=y+y*+y + (y')? and the extremal y(f) begins at the point
@(@©0)=0, y'(0)=1) and satisfies the restriction J, = f: F,(t,y,y')dt, where
Fo(t,yy)=y+y, J2=1

(Program 16)

In [1]: import sympy In [11]: PO=1

In [2]: from sympy import* In[12]: P1=t

In [3]: from IPython.display import* In [13]: P2=(3"t**2-1)/2

In [4]: init_printing(use_latex=True) In [14]: P3=(5"t"*3-3*)/2

In [5]: t=symbols ('t') In [15]: P4=(35*t**4-30*t**2+3)/8
In [6]: PO=Function('P0')(t) In [16]: var('CO C1 C2 C3 C4')
In [7]: P1=Function('P1')(t) Out[16]: (C0,C1,C2,C3,C4)

In [8]: P2=Function('P2')(t) In [17]: y=Function('y") (t)

In [9]: P3=Function('P3')(t) In [18]: z=Function('z') (t)

In [10]: P4=Function('P4")(t) In [19]: y=C0*P0+C1*P1+C2*P2+C3*P3+C4*P4
In [20]: display(y)
3t2 1 5t3 3t 35t% 15t2
C0+C1t+C2 - - = +C3 - - +C4_( - _)

2 2 2 2 8
In [21]; z=y.diff(t)

In [22]: display(z)
15t 3 35t3 15t
C1+3C,t + C3 | — 4

2 2 2
In [23]: eq1=y-séub8(t,0);eq1 Out[30]: C, + 5C5 — ﬁ +2
Out[23]: Co — ==+ 3C,/8 In [31]: seq1-so|ve([eq3 1],C2):seq1
In [24]: eq2=z.subs(t,0);eq2 Outf31]: {C2:-5C; + =% — 1

In [25]: seq= soIve (leq, eq2 1] C0,C1):seq In [32]: rez2=rez. subs([(C2,seq1[C2])])

In [33]: rez3=rez1.subs([(C2,seq1[C2])])

Outf25]: {Co: 2 — 222, C1: 22 + 1 In [34]: ut=Function (u1)()

In [26]: rez=y. subs([(CO seq[CO]) (C1,seq[C1])]) In [35]: u1=rez2+rez2**2+rez3+rez3**2
In [27]: rez1=z.subs([(C0,seq[CO0]),(C1,seq[C1])]) In [36]: w=symbols(‘w')

In [28]: u=Function('u')(t) In [37]: w=integrate(u1,(t,-1,1));w

In [29]: u=rez+trez1
In [30]: eq3=integrate(u,(t,-1,1));eq3

Out[37]:
2
z7ssc3 +81C, — 108C,C, + H776E _ 08¢, | 317
45 5 30
In [38]: eq4=diff(w,C3);eq4 Out[d0]: {Cs: — =2 €, — 2272
o 2755C3 T3 318865 446411
t[38]: —— —108C, + 81 In [41]: rez4=rez2.subs([(C3,seq2[C3]),\
In [39] eq5_dlff(W’C4);eq5 4860t4(C4:587612§t[3C4])B;;itz:1
Out[41]: — - + +t
Out[39]: —108C; + 2954C4 108 63773 127546 = 63773
45 > In [42]: F=Lambda(t,rez4)

In [40]: seq2=solve([eq4,eq5],C3,C4);seq2
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In [43]: display(Latex('$rez4(t)="\
+str(latex(F(t)))+'$"))

4860t* 67149t3 7980t

rez() = ~g3773 ~ 127546 T 63773 T
In [44]: expr=-4860*t**4/63773 \ In [46]: from sympy.plotting import plot
-67149*t**3/127546+7980*t**2/63773+t In [47]: exstremal=plot(expr1,(t,-1,1))

In [45]: expr1=expr.evalf(3);expr1
—0.0762t* — 0.526t3 + 0.125t% + t

= 06 —
0.4 A
0.2 1

=100 075 -050 025 10 0.25 0.50 0.75 100

B S

Figure 10. Functional Extremal Graph J; = f: F,(t,y,y')dt in case when
a=-1,b=1,F{(t,y,y)=y+y*+y + (y')?%, and the extremal y () begins
at the point (y (0) =0, y'(0) = 1) and satisfies the restriction J, = f: Fy(t,y,y")dt,
where F,(t,y,y)=y+y', J,=1

End of program 16.

4.5 Self -Testing Task

1. What is the difference between the search for conditional extremum and the unconditional?

2. Formulate the lagrani problem and the algorithm for solving it using uncertain factors.

3. Prove that the task of minimizing the functional in the presence of restrictions can be
transformed into the simplest problem of variational calculus in relation to the functional,
in which these restrictions are introduced using indefinite Lagrange multipliers.

4. Write down the algorithm of the Lagrange for the functional, which depends on several
functions and their derivatives, in the conditions of restrictions determined by one
equation, as well as the system of equations.
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5. How is the isopermetric problem of optimization and why is it called isopermetric?

6. Construct an algorithm for solving the isoperimetric optimization problem.

7. How to distinguish the minimum functional from the maximum in the problem of
conditional extremum?

8. What is the essence of the principle of reciprocity in isoperimetric problem?

9. What is the essence of direct methods of finding functional extremums? The essence of the
Ritz method.

10. In what form is the extremal of functional in the Ritz method found? What orthonormal
sequences are used in this method?

11. Expand the essence of the stages of solving the problem of search for an extremum
functional by the Ritz method.

12. Show the command that formed the Euler- Lagrange equation

13. Show the command of the application by which Euler- Lagrange equation is summoned to
the monitor

14. Why do we need the seq=solve(feq1,eq2-1],C1,C2)

15. What is the purpose of implementing rez = des.rhs.subs ([(C1, Seq [C1]), (C2, Seq [C2]))?
16. What does the command f=lambdify(x, expr3,"numpy")?

17. How to determine what is achieved on extremities - a minimum or a maximum of
functionality?

18. What will those few teams look like to add to the program to determine what is achieved —
maximum or minimum?

19. Where does the algorithm for determining Fourier coefficients in the program that
implements the Ritz method?

20. Show the program command that implements the determination of coefficients C0O, C1?

21. How is the C2 coefficient determined and what teams in the program are searching for its
value?

22. How are the C3, C4 coefficients determined and what teams in the program are searching
for their values?

23. What is reached by the rez4=rez2.subs([(C3,seq2[C3]),(C4,seq2[C4])])?

24. What is the exstremal=plot(expr1,(t,-1,1))?
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Chapter 5. OPERATORS AND THEIR APPLIED ASPECTS

5.1 Operator, its linearity and norm

In the third and fourth chapters of this tutorial, we studied the properties of functionals
that specify the laws according to which each element of the set of functions is matched by
some element of the set of numbers.

And now let's move on to the study of operators that set laws according to which each
element from a set of functions is matched with some element from another or the same set of
functions.

And let's begin the study of this section of functional analysis by establishing some of
the most commonly used characteristics and properties of operators.

The operator A, which transforms a set X into a set ¥, is called linear if, firstly, it is
additive, i.e. it satisfies the relation

A-(x+x,)=A4A-x,+4-x,, Vx,x,€ X, (5.1)
and secondly, is continuous, i.e., the relation holds for it
A-x,—> A-x,, (5.2)

if x, >x,, Vx,x,€X.

The following is true for a linear operator A :

1) A-0=0, 0eX; (5.3)
2) A(-x)=—-A-x, VxeX; (5.4)
3) A-(z‘-x):t-A-x, V xe X,t — is ascalar. (5.5)

If the relation (5.5) holds for the operator, then it is called homogeneous.
One of the most important properties of the operator S [O, 1] c X , is its boundedness

on the unit ball , for which it is performed
||x||§l,xeS. (5.6)

The boundedness of the linear operator A is set as follows.
Let there exist such a constant K that

|A-x|<K-|x|, VxeXx. (5.7)
Number
Ky=sup | 4-x| (5.8)
[ x[i<t
is called the norm of the operator 4 and denote
Ky = 4]- (5.9)

We remind that the symbol “ sup ” means the “upper limit” of the expression that is on

the right side of this symbol. The set of elements on which the operator acts is indicated under
the symbol.
From the triangle inequality for the norm, it follows that for V x € S is true
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[4-x]<| 4l <] 510

And therefore it can be claimed that the set of linear operators A that transform a set
X intoaset Y, which is symbolically denoted as

A:(X—>Y) (5.11)
or

Ae(X >Y), (5.12)

is a linear normalized space (X —Y).
It follows from relations (5.7) (5.10) that for the norm of the operator

[4-=]

[ x|

A very important theorem: if an additive and homogeneous operator is bounded,
then it is continuous and therefore linear.
Proof.

Let x, — X,, {xn}cX, x,eX.
Then, due to additivity and boundedness,

|| A'xn—A-x()”:” A-(xn—xo) ”SK” xn—x()”. (5.14)

|| A ||—sup (5.13)

But from the fact that x, — x,,, it follows that
| x, —x,|=0. (5.15)
Substituting the expression (5.15) into (5.14), we obtain that
| A-x,— A4 x)=0. (5.16)

The relation (5.16) is the property (5.2) written through the norm, which determines the
continuity of the operator.

But, if the operator 4 is continuous and additive, then it is linear by definition.

For a Hilbert space, the concept of a continuous operator can also be introduced using a
scalar product. That is, in the H-space it is such a linear operator 4 from the set (X ->Y ),

for which the fact that x, — x,, », — y,, implies that

<A-xn,yn>—><A-xo,yo>. (5.17)

Due to the presence of a scalar product in H-space, a special class of linear operators is
distinguished, which are called symmetrizing operators. In this case, the operator

Ae (H —>H ) is called symmetrizing if for V x, ye H

<A-x,y>:<x,A-y> (5.18)

Consider < Ax, y> under the condition that x is a variable element and a y is a fixed

element in the H-space, that is, we assume that
{x}cH, yeH. (5.19)

Under condition (5.19), the scalar product < Ax, y> is a linear functional of x, that is,

we have
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F (x)=(4-x,y). (5.20)

y
By changing the elements of y e H, we will obtain different values of the functional

(5.20), which can be formally denoted by the symbol y* -
y =F,(x), (5.21)
where y e H .
But, on the other hand, you can formally write that
y=Ay, (5.22)
where A’ is a linear operator that transforms elements y < // into elements of )" c H .
This operator A" is called conjugate to the operator A.

Since for the elements x and ) it is also possible to define the scalar product as

<x, y*> , the ratio will also be valid

<x, y*> = <x, A*y> , (5.23)

which we obtain by substituting into the expression of the relation (5.22).
But, if A4 is a symmetrizing operator, it follows from the comparison of expressions
(5.18) and (5.23) that

A=A", (5.24)

i.e., the symmetrizing operator A coincides with its conjugate A4 . In this regard,
symmetrizing operators are also called self-adjoint.
Operator A, for which

A-A =4 -4=1, (5.25)
where [ is a single operator, i.e. such that
I-x=x, (5.26)

called a unitary.

5.2 The inverse operator and the resolvent and spectrum of the operator

Let the operator 4 € (X — Y be given.

The operator A~' (Y —->X ) , which satisfies the equation
A -(A-x)zx, VxelX,
(5.27)
A-(A_1 -y):y, VyeY.

is called the inverse of the operator . It is clear that equations (5.27) can be satisfied only
under the condition that

A A=4-47"=1. (5.28)

Note that by the product of any operators we mean their consecutive application to the
element standing to the right of them.
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After introducing the inverse operator 4~ , it is clear that to solve the equation

A-x=y (5.29)
it is necessary to find A", since
A_I(A-x) =A"y
U
(47'4)-x=4"y
U (5.30)
[-x= A_ly
U
x=Ay.
The question arises: “How to solve the equation:
A-x—A-x=y, (5.31)
A-x—-A1-x=0, (5.32)

where yeY, A4e(X >Y), xe X andis 1 —ascalar?”
Let's rewrite (5.31), (5.32) as follows:

(A=A-1)-x=y, (5.33)
(A=2-1)-x=0. (5.34)

Let there exist an operator R, inverse to (A -A-1 ), 1.€

R, =(4-2-1)". (5.35)
In this case, multiplying equation (5.33) on the left by R, , we get

x=(4-2-1)"-y. (5.36)

Expression (5.36) will be the solution of equation (5.33).
The inverse operator R,, which is defined by the relation (5.35), is called the

resolvent of the operator or the solving operator for equation (5.33).
It is clear that the solution of equation (5.34) will have the form

x=(4-2-1)"-0=0. (5.37)

Those values of the parameter A, that allow having a resolvent R,, are called

regular values of the operator A. All other values of the parameter A, which are not
regular, make up the spectrum of the operator 4.

But, as research has shown, there are such values of A, for which the homogeneous
equation (5.32) has a solution other than zero, that is, (5.37) is not fulfilled for them. Such
values A, are called characteristic numbers or eigenvalues of the operator A. It is clear
that they are points of the spectrum of this operator.

But it should be noted that the spectrum of the operator 4 may include values that are
not its characteristic numbers A, that is, the power of the spectrum of the operator is greater
than the power of the set of its characteristic numbers.

75



The theorem is useful for finding solutions to many inhomogeneous operator
equations of the class (5.31): let A€ (X —-> X ), where is X € B-space. Let there also exist

some parameter 4, which satisfies the condition
| o] <i—- (5.38)

Under these conditions, the operator ( I - yA) has an inverse operator R ” and at the

same time
Ry=(I-p-A) =I+pu-A+p A+’ A+ (5.39)

It is clear that R, is also a resolvent of the operator 4, normalized to A .
(5.39) is proved by decomposing R, into a power series around the point z =0.

Let us give some properties of the resolvent.
1. For the set D of regular points of the operator A

R,—R,=(A—-u)-R,-R,, VA, ueD. (5.40)
From equation (5.40) by means of the limit transition 4 — x, we obtain
d"R
d;t"l =kl R (5.41)
2. If the operator A is bounded, then its entire spectrum lies in a circle
[ 21<]4]- (5.42)
and outside this circle, i.e. at
[ 21>14] (5.43)
the resolvent R, can be decomposed into a series that converges according to the norm of the
operator
1 1 1
Rl:__'(1+_.A+_2'A2+“.j' (544)
A A A

3. The radius of the smallest circle 7, with the center at the origin of

coordinates, which contains the entire spectrum of the operator A, is called the spectral
radius and can be determined by the Gelfand formula

r,=lim | 4"|- (5.45)

It follows from the expression (5.45) that
ro<| 4] (5.46)

4. Let A be a common regular point of two closed linear operators A and B. If
D, > D,,then

R} -R;/=R;-(A-B)-R}. (5.47)

Let us return to equation (5.31) or, which is the same thing, to equation (5.33). Two
statements can be made about it.
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1. Equation (5.31) is said to have a unique solution if the corresponding
homogeneous equation

A-x=0 (5.48)
has only zero solution.
2. Equation (5.31) is said to have a correct solution if for V x € X the relation

|x||<K-|4-x|, Ade(X > X). (5.49)

is true.
It follows from the first statement that there is a left inverse operator A~' for the
operator A€ D,.

It follows from the second statement that the operator A~ is bounded, and therefore the
solution of equation (5.31) depends continuously on the right-hand side.
Let us introduce the notion of a group of operators.

A group u(t) of operators A is understood to mean such a set of them, which have
the following properties:

N u(0)=1 (5.50)
) u(t+7)=u(t) u(r), (5.51)
—0<{f,T<0;
du
. u_ 5.52
) = Ay (5.52)

It is clear that these three properties have only those operators A, that are bounded and
satisfy the relation

u(t)=e". (5.53)

It follows from the expressions (5.50), (5.52) and (5.53) that the operator 4 can be
defined as a derivative of the group u (t) at t=0.

Therefore, the operator A is called the generic operator for the group u(z‘) or,

which is the same thing, the infinitesimal operator.
Expanding the exponent in expression (5.53) into a power series, we obtain

£’ £
u(t):1+t.A+_.A2+_.A3+..., (554)
2! 3!
that is, the group u(t) can be specified not only through the exponent (5.53), but also in the

form of a power series (5.54).

5.3 Method of compressed images

This method is one of the key for many applications of functional analysis in applied
problems of the IT sphere, but before explaining its essence, we give a theorem about the
only common point of a sequence of nested closed spheres and is formulated as follows: a
sequence of nested closed spheres K 5 K, > K, .., which are subsets of the complete

metric space R, such that

B

K = {xn,p(x,xn)é r }, n=123,..., (5.55)

n n

and the radii 7, of which approach zero at n — © , have a single common point x,.
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The proof of this theorem is based on the fact that for the sequence (5.55), no matter how
small we choose the number >0, it is always possible to construct a closed sphere with a

radius 7, < ¢, for which the expression

plx,x, )<, (5.56)

from which, due to the completeness of space R, it follows that no matter which two points
of this space we take, it will always be possible to construct a sphere with a radius smaller
than the distance between these points, and therefore the sequence {xn} is fundamental, for

which it is true
nli—n>laoxn = x() * (557)

And it follows from the expressions (5.55), (5.56), (5.57) that with the insertion of a
sphere into a sphere, the radius of each of the following ones is smaller and smaller, we will

arrive at a single point x, of space R, common to all these spheres, in which this sequence
the ball is formed.

And now let's imagine that we form a sequence of such “balls” [a,-,b,- ], i=0L2,..,n on
a segment [a,b] of the number axis, provided that

b=b,>b >b,>..>b,>.., (5.58)

a=a,<a,<a,<..<a,<..

According to the above-formulated and proven theorem, this sequence, contracting, will
lead to a single common point on the number axisx. So, if we determine the law f(x),
according to which, when compressing a segment [a,b] of the numerical axis x, each point
x,,i=0,12,.,n of the previous segment la,,b,} i=012,..n will correspond to a point
x; ,i=12,..,n of the next segment nested in the previous one, then this single common point
can be found by solving the equation

x=f(x). (5.59)
And then we will write the definition: the mapping given in the metric space R by the

operator A is called compressed if for x, € R and x, € R the inequality holds

p(Ax,, 4x,) < Op(x,,x,), (5.60)
where
0<O<l1 (5.61)

Next, it is appropriate to consider Banach's theorem, which, in fact, is an extension to
operators of the above-proved theorem about the only common point of a sequence of nested
spheres given in a complete metric space, and which is formulated as follows: the
compressed mapping by the operator A of the complete metric space R in itself has one
and only one fixed point. To prove this theorem, we assume that the operator A acts on a
point x, € R,i=0,1,2,...,n such that

X, =Ax,, X, = AXyeeis X, = AX, ... (5.62)

Let's also assume that

p(xz,x3)=9p(xl,x2)=sz(xo,xl), (5.63)

p('xn—l > Xy ) = Hnilp(xoaxl )’
where @ is given by the expression (5.61).
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Let's ask g > n . Then, according to expressions (5.60) and (5.62), we have

p(xn , X, ) = p(Ax,H Ax, ) < 9,0(xH 2 X, ) = Qp(Axnfz, Ax, ) < 492,0()@,72 2 X, o ) =

(5.64)
= Hzp(AxH,AxH)S 03p(xn73,xq73)= = 0”'1p(AxO,qu7n)S H”p(xo,xqfn)

Based on the definition of the metric as the distance between the elements of the metric
space p(xo,xqﬂl), we can write that

p(xo,xq_n): p(xo,x1)+ p(xl,x2)+ et p(xq_(n_]),xq_n) (5.65)

Let's leave only the first and last terms in inequality (5.64), which will only strengthen
it. As a result of such a step, we get that

plx,x, )< 0" plx,x, ., )- (5.66)
Let
g,n—> 0. (5.67)

By substituting expressions (5.63) into (5.65), and the result of this substitution into
expression (5.66), taking into account the condition (5.66), we obtain

n

pl,x,)< 0" plxyx 1+6+6% +.. 40 4. )= 1‘9 50 (5.68)

Note that in obtaining the expression (5.68), we used the formula for the sum of the
members of
an infinitely decreasing geometric progression with the denominator 4.

It is easy to see that with growth n the multiplier 8" on the right-hand side of inequality
(5.68) will approach zero due to the fulfillment of condition (5.61), which, in turn, indicates
that with growth n,q the left-hand side of this inequality will also approach zero, i.e. that the

sequence {x,} is fundamental and therefore for the general term

x, =Ax, (5.69)

x=Ax, (5.70)

which, according to expression (5.59) of the theorem on the existence of a fixed point,
confirms that part of Banach's theorem, which states that the compressed mapping carried out
by the operator A in the complete metric space R has a fixed point x. And it is quite obvious
that this fixed point is a solution of the operator equation (5.70).

It remains to prove that part of Banach's theorem, which states that this fixed point x is
the only one for the operator A.

This proof can be carried out from the opposite, that is, suppose that the mapping
carried out by the operator A in the metric space R has two fixed points x and x". Then

equality (5.70) will hold for each of them, i.e. then we will have for the point x" as well
X = Ax". (5.71)

But then, according to the definition of the concept of compressed mapping and
expressions (5.60), (5.70), (5.71), we can write that

,o(x, x* ) = p(Ax, Ax*)é Hp(x, x* ) (5.72)
Expression (5.72) can be fulfilled only under the condition that
0=1, (5.73)
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1.e., further compression by this operator cannot be performed. And this, in turn, proves that
x=x" (5.74)

i.e., that these points occupy the same place on the axis - this is the confirmation of that part
of Banach's theorem, which states that the fixed point is the only one for the operator A.

As we will show in the next section dedicated to applied aspects of functional analysis,
algorithms for solving operator equations, which are both algebraic and integral equations, are
easily formed using the method of compressed mappings and the Banach theorem proved
above

5.4 Application of the compressed mapping method to prove the existence of a
single solution of differential and integral equations

Consider the space C of continuous functions y = y(x) defined on the segment x € [a,b]

of the number axis, with values defined on the segment y € [M,N] of the number axis, and the
metric

plr3)=—1—ly =y, (5.75)
Xe [a,b]
where y,y, — are the points of this space.
Let the differential equation be given in the space C
y'=flxy) (5.76)
with the initial condition
(x0)=, (5.77)

Let's impose a condition on the function f (x, y) so that it satisfies the Lipshitz
condition, that is, so that

£ (e py)- fey )< Ly -,

where (x, Yo ), (x, yl) are the points of the rectangular area G, bounded by segments x € [a,b],

, (5.78)

ye [M ,N ] , on the plane (x, y), and L is a constant, the numerical value of which will be
determined a little later.
Let's integrate the differential equation (5.76) in the range from x, to x

X X

J %dx = j £, y)dx. (5.79)
We will have | O
0)=3(x)= [ ks, (5:50)
. :
y=yo+jf(x,y)dX- (5.81)

o

It is obvious that the integral equation (5.81) can be rewritten in operator form as
follows
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y=Ay. (5.82)

If we prove that the operator A carries out a compressed mapping of the space of
functions C into itself, then we thereby prove that this mapping defines a single fixed point in
this space, which in the functional interpretation is the solution of the integral equation (5.81),
which, in in turn, is another form of writing the differential equation (5.76), and therefore this
proof will be simultaneously a proof that in the given space both the integral equation (5.81)
and the differential equation (5.76) have a solution which, in addition is the only one.

Applying the compressed mapping method, we have the right to write that

p(yl’yZ):p(AyO’Ayl):—‘ Vo — A)’1 ,”fx)/o (X,ylx‘dX‘S
xe[ ] [ b]
(5.83)
8 s
xel[lg b]J.L‘J’o ylde‘ L\x xo\ up \yo y,\ 0 p(vy 1))
where
0=Llx-x,| (5.84)

According to the ideology of the method of compressed mappings, in order for the
expression (5.83) to realize this ideology, it is necessary that the inequality

0<l. (5.85)

Comparing expressions (5.84) and (5.85), we see that expression (5.83) will implement
the ideology of the compressed mapping method and will direct the sequence

NW=Ave, Vo =Ay, Y3 =AYy ¥, = AV, e (5.86)

to a single fixed point of the domain G, which will be the projection of the function y = y(x)
onto the metric functional space C and the solution of the integral equation (5.81) in the case
when the constant L satisfies the inequality

1
x| < (5.87)
Integral equation
b
o(x)= 1 (x)+ [ K(x, »)o (v )y, (5.88)
which connects continuous functions ¢(x) with the norm in the space of continuous functions C

P 5.89
oo} =21 ol 559
with functions K(x,y) continuous at the points of the plane (x,y), bounded by the boundaries
of the rectangle [a < x,y <b], with norm

sup
HK(x,yX‘ = m‘[((x,y} ) (5.90)
is called the Fredholm equation of the 2nd kind in honor of the mathematician who
constructed it and studied its properties. It is also called the inhomogeneous Fredholm
equation.

If the upper bound of the integral in equation (5.88) is set equal to x , then we obtain the
integral equation
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olx)= £ () + 2] K (. holvhy, (5:91)

which connects in the same space of continuous functions C the continuous functions ¢(x)
with the norm (5.89) with the same continuous functions K(x,y) with the norm (5.90) and
which is called the Volterra equation of the 2nd kind - also in honor of the mathematician
who proposed and studied this structure properties This integral equation is called Volterra's
inhomogeneous equation.

If in equations (5.88), (5.91) we put

f(x)=0, (5.92)

then these integral equations are called, respectively, the Fredholm equations of the 1st kind
and Volterra equations of the Ist kind or, again, respectively, the homogeneous Fredholm
equation and the homogeneous Volterra equation.

An operator A4 that in space C transforms a class of functions ¢ into itself according to
an expression

Ag= ﬂTK (x. 7)oy )y, (5.93)

is called the Fredholm operator with kernel K (x, y) .

Taking into account the expression (5.93), the Fredholm equation (5.88) can be
rewritten in operator form as

p=f+Agp, (5.94)
and its n-th iteration with successive approximations to the solution will have the form
q)n = f + A¢rz—l : (5'95)

It is obvious that the Volterra operator will formally differ from the Fredholm operator
only in that the upper limit of the integral in it will not be a constant b, but an independent

variable X, but, in fact, due to this, we will have the power of the set of functions formed by
the Volterra operator, greater than the power of the set of functions, which is formed by the
Fredholm operator. But since the properties of the Fredholm and Volterra operators coincide,
we will focus further explanations on the Fredholm operator. And this operator has three such
basic properties: firstly, it is linear, secondly, it is continuous, thirdly, it is bounded, which is
sufficient to prove that its mapping in metric space has a single fixed point, which is a
solution using the Fredholm equation, and to build a resolvable algorithm for obtaining this
solution. So,
1) the Fredholm operator is linear because

Alp+9,)= 2| K(x, Yo (0)+ 0,0y = 2 K (x, 3 o, () +
) ‘ ‘ ; (5.96)
+ A[K(x, ), (v)dy = g, + A9,

2) the Fredholm operator is continuous, because if there is a limit ¢ of the sequence {(on}
, l.e.,

Jim g, =@, (5.97)

where
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0, (x)= £ (x)+ A[ K(x, )0, (v)dv = f + 4, ,, (5.98)
then

lim.g, -, mw(ﬂxw Jz<<x,y)¢,,l(y>dyj 1)+ A Ky lim,, () =

(5.99)
b
= f(X)+ A[K(x.y)p(y)dy = f + dp =0
3) the Fredholm operator is bounded because
b

sup sup
Aol = = A K <
H (DH [a<x,y£b]‘ | [a<x,y<b] -[ (v )y |<

Su;

b

) j m\ (x,) m\(p( v = 2K (e, ) |ov)] [dv =

= 2[& ) fplv) (b-a)

a

We will show that the Fredholm operator performs a compressed mapping of the space
of functions ¢ into itself. To do this, we will apply the standard algorithm of the compressed

mapping method, but not with respect to metrics, but with respect to norms, according to
which we will have

¢1>§02” P\x @2(x]:%|(f+14¢0)_(f+14¢11:

[< <b|
b

@1)| :% Z_L!‘K(xoy)(%(y)_(ﬁ(y))dy <

sup |
<x<b

|4
[a<x<b] (7 5100

b
Su
Slj'[a<xy<b]|nyX<—<b]|¢o gol(y)Idy—

= 2|K(x.y) oo 0 Idy = 2|k (x, )| (b - @)oo 01| = 6] 0001

¢2:¢3H ]‘gaz (/’3()5}:&]‘(f“'A(A(po))_(f“'A(A(A))‘:

a<x<b [anSb
b

2 Ko ] K (3,0 0) - 0 ek <

sup

sup ]\Az(% 0= la<x<p]]

:[a<x<b

(5.102)
<fj{[

(a)x j doldy =

-0

[a<xy<b]‘ ] [a<w<b‘%

= 2K (e p) |

Do P D> Py

\(b—a)fdy=/12HK(x,y1\ (b-af| 2001

Continuing, by analogy, for the sequence (5.95) we obtain

,(x)-9,..(x)=

sup
[a <x Sb]

P> Psa| = ](f+A(An 1¢0)) (f+A(An71¢1)]:

la<x << (5.103)
|

_sup

e

(b—a ‘

o

n((”o_(plj— (ZH% Do> Py
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In expressions (5.101), (5.102), (5.103)
0=A|K(x.y)|(b-a). (5.104)

As we remember, in order for the expressions (5.101), (5.102), (5.103) to carry out
compression leading to a fixed point, which is a solution of the integral equation (5.88), it is
necessary that the inequality

0<l. (5.105)
And since the norm |K(x,y) of the kernel K(x,y) of the Fredholm operator and the

segment [a,b] of the numerical axis on which the integration is carried out in the integral
equation (5.88) are determined by the conditions of the problem for which this equation was
synthesized, it follows from the expressions (5.104), (5.105) that in order for the
inhomogeneous Fredholm's integral equation (5.88) had a unique solution ¢(x), it is necessary
to choose the parameter A based on the relation

1
A<W. (5.106)

Since the norm specifies the distance between two points ¢, and ¢,,, the

(pn s ¢)n+1
metric space C of continuous functions with the metric (5.75), and therefore

__ sup
[a <x<b]

: (5.107)

p(,.0,.1) 0,(x)=0,.(x)=[e,.0...

then the expression (5.103), which we used to prove that the Fredholm operator compresses
mappings in a given functional metric space, can also be used to decide at which stage the
iterative process can be stopped

oo(x)=f(x)=4"F,
0,(x)= £ (x)+ A K, Yoo (0)ly = f(x)+ 2[ K (e, ) (My = 4°f + 4F,

0.(0)= () + A[ K. y)p (p)dy = 4°f + Af + 4F. (5.108)

0(5)= 10+ 2] Klx Oy =341,

calculation of approximations @, (x) to the solution o(x) of equation (5.88). To do this, it is
necessary to set the permissible value ¢ of the approximation error and stop the calculation
according to the expressions (5.108) at the value n for which the inequality will be fulfilled

<e. (5.109)

q)n ’ anJrl

And at the end of this section, we will construct the resolvent of the Fredholm operator.
Let’s rewrite the operator equation (5.94) in the form

p-Ap=f. (5.110)
The operator equation (5.110) can also be presented as follows:
(I-A)p=f. (5.111)

1

Let's define the inverse operator (/- 4)" and multiply the operator equation (5.111) by

it on the left. We will get
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(1-4)'(1-A)p=(1-4)"f, (5.112)
or
p=(I-A)" f=R,f .(5.113)

According to the expression (5.39) given in subsection 5.2, the operator

Ry=(1-A)' == Ts s A A b= Y A (5.114)
i=0

and is the resolvent of the Fredholm operator equation. And since, in determining it, we used
the formula for the sum of members of an infinitely decreasing geometric progression with
denominator A4, then there will be a resolvent R,, only if

4] <1, (5.115)
that is, when

, (5.116)

1
g e [

which is fully consistent with the expression (5.106).
Taking into account the expression (5.114), the solution (5.113) of the operator equation
(5.110) can be rewritten as

pla)=> 4f(x) (5.117)

And applying the limit transition to the last equation in the system of approximations
(5.108), we have

0

i, (x)=, lim, >4 ()= 4 £ (x). (5.118)
i=0 i=0
It follows from expressions (5.117) and (5.118) that
im0, (x) = plx) . (5.119)

With this, we have confirmed that in the process of successive approximations (5.108)
we will necessarily arrive at an approximate solution of the Fredholm equation of the 2nd
kind, the error of which will not exceed the given value «¢.

5.5 Example of solving operator equations

As an example, we will demonstrate how to apply the method of compressed mappings
to solve an operator equation that has the form of an integral Fredholm equation of the 2nd
kind given in the form (5.88).

Let

a=0, b=1, f(x)=x, K(x,y)=x+y, £=0,l. (5.120)

Substituting conditions (120) into expression (5.88), we will have a concretized
Fredholm integral equation of the 2nd kind in the form

plx)=x+ A[ (x+ y)yay, (5.121)
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We need to start solving this equation by the method of compressed mappings by
determining the admissible value of the parameter A, for which we should use the inequality
(5.106), in the right-hand side of which we must also substitute the norm of the kernel of the
Fredholm operator, the numerical value of which is determined by the expression (5.90). For
the conditions specified by expressions (5.120), the numerical value of this norm will be equal
to

& (x, y) = sup S—<1]x+y =[1+1=2 (5.122)

[an,ySb]‘ (y)= [0<
Substituting the numerical values of the corresponding parameters from the expressions
(5.120) and (5.122) into the inequality (5.106), we will have

su
—[0<xy<l]‘x+y‘—‘1+l‘— (5.123)

We accept
A=04. (5.124)

For our conditions, the iterative process (5.108) of approximations to the solution of
equation (5.121) will have the form

(Do(x): X,

1 (5.125)
®, (x)z X+ 0,4I (x + y)qanfl(y)dy, n=12,3,...
0

We will stop this process and declare the last approximation that satisfies the criterion
(5.109) to be the approximate solution of equation (5.121), which for our conditions (5.120)
will be

<0,1 n=012,.. (5.126)

¢n s ¢n+l

And then we proceed to iterations.
Let n=1.
In this case, from the expression (5.125), we have

1 1 1 2
o(x)=x+ 0,4] (x+ y)ydy = x+ 0,4xj ydy + 0,4Jy2dy =x+ 0,4){);]2) +
0 0

+0 4( j x40 4){;} 0,4@) =1,2x+0,133

Let's check the obtained approximation ¢ (x) to the solution ¢(x) using the criterion

(5.126), substituting the value ¢, (x) from the expression (5.125) and the value ¢,(x) from the
expression (5.127) into which and revealing the norm based on the expression (5.107), we
will have

(5.127)

0.1 H ]I% — g (x) = : ]|x ~1,2x-0,133) =

0< <1 0<x<1 (5.128)
=|(-0,2)e1-0,133/=0,333
Comparing the numerical value of expression (5.128) with the right-hand side of

expression (5.126) when n=0 ,we see that the inequality is not satisfied, so it is impossible to
stop the iterative process upon obtaining the approximation (5.127).

And so let it now n=2.
In this case, from expressions (5.125) and (5.127) we have
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1 1 1
?,(x)=x+ 0,4“‘K(x,y)(pl (v)dy =x + 0,4J (x+ y)1,2y +0,133)dy =x + 0,48xj‘ydy +
0 0 0

})+o,48(y j
3

+0053[ j =x+0,24x+ 0,16 + 0,053x + 0,026 = 1,293x + 0,186

(5.129)

1 1 1 2
+ 0,48j y2dy +0,053x j dy +0,053 j ydy =x+ 0,48){%} +0,053x(y )\

We will check the obtained approximation (oz(x) to the solution qo(x), by using the
criterion (5.126), substituting the value ¢, (x) from the expression (5.127) and the value

0, (x) from the expression (5.129) into which and revealing the norm based on the expression
(5.107), we will have

S
|(01 %(xl = [O%xpﬂ] >

A W ~1,293x - 0,186 =

=|(=0,093)e1-0,053= 0,146

(5.130)

Comparing the numerical value of the expression (5.130) with the right-hand side of the
expression (5.126) when n =1 ,we see that the inequality is not satisfied, so it is impossible to
stop the iterative process upon obtaining the approximation (5.129)

So let it now n=3
In this case, from expressions (5.125) and (5.129), we have

1

1 1
o,(x)=x+ 0,4J.K(x,y)(p2 (y)dy =x + 0,4'[ (x+ y)1,293y +0,186)dy =x + 0.5 16x‘[ydy +
0 0

0
1 y3 1
0+0,5 1 6(;) 0

2
+ 0,074(%}‘1): x+0,258x+ 0,172 +0,074x + 0,037 = 1,332x + 0,209

1 1 1 2
+0,516[ ydy +0,074x [ dy + 0,074 ydy = x + 0,5163{%)
0 0 0

+0,074x(y)y+ (5.131)

Let's check the obtained approximation ¢, (x) to the solution (p(x) using the criterion

(5.126), substituting the value @, (x) from the expression (5.129) and the value ¢3(x) from

the expression (5.131) into which and revealing the norm based on the expression (5.107), we
will have

H(DZ’%H ‘(02 — Qs (XX = [OSS% s

[0 <x<l1]
=|(~0,039)¢1-0,023| = 0,062

(5.132)

Comparing the numerical value of the expression (5.132) with the right part of the
expression (5.126) at n =2, we see that inequality is performed, so the iterative process after
receiving the approximation (5.131) can be stopped and assume that with an error not
exceeding the specified conditions (5.120) the numerical value 0.1 approximate solution of
integral equation (5.121) is an expression

o(x) = ¢,(x)=1,332x +0,209. (5.133)
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5.6 Python-realization of algorithms of calculating the norm of operators and
Solving operator equations

Python program to calculate the norm of the function differentiation operator
in the metric functional space C |a, b] for the case whena=1,b=3

(Program 17)

In [1]: import sympy

In [2]: from sympy import *

In [3]: import numpy as np

In [4]: t = symbols('t)

In [5]: x = Function('x')(t)

In [6]: y = Function('y")(t)

In [7]: z=Function('Z')(t)

In [8]: x=2*1-0.5"t"*2+t**0.5

In [9]: y=x.diff();y

Out[9]: 0.5*t**(-0.5) - 1.0*t + 2

In [10]: z=y.diff();z

Out[10]: -0.25*t**(-1.5) - 1.0

In [11]: t=np.linspace(1,3,21)

In [12]: g1=lambda t: 2*t-0.5*t**2+t**0.5

In [13]: g1vec=np.vectorize(g1)

In [14]: g11=g1vec(t)

In [15]: g111=np.piecewise(g11,[g11<0,\
g11>=0],[lambda g11:-g11,\
lambda g11:g11])

In [16]: ng1=g111.max();ng1

Out[16]: 3.4715750888103103

In [17]: ng1=np.round_(ng1,3)

In [18]: ng1

Out[18]: 3.472

In [19]: g2=lambda t: 2-1.0*t+\

0.5t**(-0.5)

In [20]: g2vec=np.vectorize(g2)

In [21]: g22=g2vec(t)

In [22]: g222=np.piecewise(g22,[g22<0,\
g22>=0],[lambda g22:-g22,\

lambda g22:922])
In [23]: ng2=g222.max()
In [24]: ng2
Out[24]: 1.5

In [25]: nd_dt=ng2/ng1;nd_dt

Out[25]: 0.43202764976958524

In [26]: np.round_(nd_dt,3)

Out[26]: 0.432

In [27]: g3= lambda t:-0.25*t**(-1.5) -1.0

In [28]: g3vec=np.vectorize(g3)

In [29]: g33=g3vec(t)

In [30]: g333=np.piecewise(g33,[g33<0,\
g33>=0],[lambda g33:-g33,\

lambda g33:933])

In [31]: ng3=g333.max()

In [32]: ng3

Out[32]: 1.25

In [33]: ndd_dtdt=ng3/ng1;ndd_dtdt

Out[33]: 0.36002304147465436

In [34]: np.round_(ndd_dtdt,3)

Out[34]: 0.36

End of program 17

Python program to calculate the norm of the function differentiation operator in the
metric functional space L;|a,b] for the case whena=0,b=2

(Program 18)

In [1]: import sympy

In [2]: from sympy import *
In [3]: t = symbols('t)

In [4]: x = Function('x')(t)

In [5]: y = Function('y")(t)

In [6]: z=Function('Z')(t)

In [7]: x=142*t-0.5*t**2-0.25*t**3
In [8]: y=x.diff();y

Out[8]: -0.75*t**2 - 1.0*t + 2

In [9]: z=y.diff();z

Out[9]: -1.5"-1.0

In [10]: f1=x"x;f1

Out[10]: 4*(-0.125"t**3 - 0.25*t**2 +\
t+1/2)*2

In [11]: f11=expand(f1);f11

Out[11]:

0.0625*t**6 + 0.25*t**5 - 0.75*t**4 - \
2543 + 3.0""2 + 4*t + 1

In [12]: b=integrate(f11,(t,0,2));b

Out[12]: 7.00952380952381

In [13]: nx=b**0.5;nx

Out[13]: 2.64755053011719

In [14]: f2=y*y;f2

Out[14]: 4*(-0.375*t**2 - 0.5*t + 1)**2



In [15]: f22=expand(f2);f22
Out[15]: 0.5625*t**4 + 1.5*t**3 -\
202 -4.0t+4
In [16]: b1=integrate(f22,(t,0,2));b1
Out[16]: 4.26666666666667
In [17]: ny=b1**0.5;ny
Out[17]: 2.06559111797729
In [18]: f3=2"Z;f3
Out[18]:
2.25%(-t - 0.666666666666667)**2

In [19]: f33=expand(f3);f33
Out[19]: 2.25*t**2 + 3.0*t + 1.0

In [20]: b2=integrate(f33,(t,0,2)):b2
Out[20]: 14.0000000000000

In [21]: nz=b2**0.5;nz

Out[21]: 3.74165738677394

In [22]: nd_dt=ny/nx;nd_dt
Out[22]: 0.780189497605494

In [23]: ndd_dtdt=nz/nx;ndd_dtadt
Out[23]: 1.41325249290268

End of program 18

The Python language program for solving the algebraic equation f (x) = 0 in the
variant ax? + bx + ¢ = 0, given on the segment of values x € [e, /] independent variable
by compressed reflection method after representing it in the form x = f (x), i.e in the

axz

variant x = — . c/b

(Program 19)

In [1]: import numpy as np

In [2]: import sympy as sm

In[3:a=1.0

In[4]:b=-6.0

In[5]:c=8.75

In [6]: po =0.05

In[7]:e=0

In[8]:h=2

In[9]: N =21

In [10]: x, y = sm.symbols('x ')

In [11]: fx = -a*x**2/b-c/b

In [12]: fy = -a*y**2/b-c/b

In [13]: expr1 = -a*x**2/b-c/b

In [14]: expr2 = -a*y**2/b-c/b

In [15]: fO0 = sm.lambdify(x, expr1,\
"numpy")

In [16]: f00 = sm.lambdify(y, expr2, \
“numpy")

In [17]: x = np.linspace(e, h, N)

In [25]: if e1 < f11 and f12 < h1:
print("1st if")
x[0]=1.0
foriin range(N):

print(f"i: {i}")
X[i+1] = -a*(x[i])**2/b-c/b
xx = X[i+1]-x]i]
axx = abs(xx)
if axx < po:
print(x[i+1])
break
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In [18]: print(f"x: {x}")

x:[0.0.10.20.30.40.50.60.7 0.8\
091.111213141516\

1.71.8192]

In [19]: f1 = fO(x)

In [20]: print(f'f1: {f1}")
f1:[1.458333331.46 1465 \
1473333331485 15 \
1.518333331.54  1.565 \
1.5693333331.625 166 \
1.698333331.74  1.785 \
1.833333331.885 194 \
1.998333332.06 2125 ]

In [21]: 111 = f1.min()

In [22]: f12 = f1.max()

In [23]: print(f"f11, f12: {11, f12}")
f11, £12: (1.45833333333333,\

2.124999999999998)

In [24]: e1 = float(e); h1 = float(h)



else:
i+=1
print('1st else")
else:
for jin range(1,4):
print(f': {j}")
e2=e-
h2 = h+j
N1=(h1-e1)/0.1+1
N2=int(N1)
y = np.linspace(e2, h2, N2)
f2 = f00(y)
f21 = f2.min()
f22 = f2.max( )
e3 = float(e2); h3 = float(h2)
if e3 < f21 and f22 < h3:
print("2nd if")
y[0]=1.0
for k in range(N2):
print(f"k: {k}")
y[k+1] = -a*(y[k])**2/b-c/b
yy = y[k+1]-y[K]
ayy = abs(yy)
print(f"ayy: {ayy}")

if ayy < po:
print(f'ylk+1]:{ylk+11}")
break
else:
k+=1
print('2nd else")
Printing the results obtained in the cycle:
i1 k: 2 k:5
2nd if ayy: 0.16057332356770804 ayy: 0.054731667403494555
k:0 2nd else 2nd else
ayy: 0.625 k:3 k: 6
2nd else ayy: 0.1059101050271205 ayy: 0.041356092063042915
k: 1 2nd else y[k+1]: 2.3355681973111864
ayy: 0.2734375 k: 4 j: 2
2nd else ayy: 0.07455950924982035 i3
2nd else

End of program 19.

Python language program to solve the integral equation of Fredholm of the second kind

b
@) =f(x)+ Af K(x,y)o(y)dy,

in which: @ = 0, b = &, f (x) = sin (x), ,K(x,y) = xe™ , £ = 0.01, compressed reflection
method
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(Program 20)
In [1]: import numpy as np
In [2]: import sympy as smp
In[3:a=0
In[4]:b=3
In [5]: po =0.05
In [6]: N = 31
In [7]: X, y = smp.symbols('x ')
In [8]: fxy = x*smp.exp(-y)
In [9]: expr=fxy
In [10]: f0= smp.lambdify((x,y),expr,\
"numpy")
In [11]: x = np.linspace(a,b,N)
In [12]: y = np.linspace(a,b,N)
In [13]: f1 = fO(x,y)
In [14]: print(f"f1: {f1}")
f1:[0. 0.09048374 0.16374615
0.22224547 0.26812802 0.30326533
0.32928698 0.34760971 0.35946317
0.36591269 0.36787944 0.36615819
0.36143305 0.35429133 0.34523575
0.33469524 0.32303443 0.31056199

In [28]: for i in range(20):
print(f"i: {i}")

0.297538 0.28418038 0.27067057
0.2571585 0.24376695 0.23059534
0.21772309 0.2052125 0.1931113
0.18145488 0.17026818 0.15956734
0.14936121]

In [15]: 111 = f1.max()
In [16]: print(f"f11: {f11}")

f11: 0.36787944117144233
In[17]: q = 1/(f11*(b-a))
In[18]:q1=q-0.5
In [19]: q1=q1.round(1)
In [20]: print(f"q1: {q1}")
q1:0.4
In [21]: X, y = smp.symbols('x y')
In [22]: g = smp.Function('g’)(x)
In [23]: h = smp.Function(*h")(x)
In [24]: f2 = x**2
In [25]: g = f2
In [26]: 99 =]
In [27]: gg.append(g)

g = f2 + smp.integrate(q1*x*smp.exp(-y)*(ggli]).subs(x,y),(y,0,3))

gg.append(g)
h = gg[i+1] - gg[i]

mh = smp.integrate(h**2,(x,0,3)).n(3)
print(f'mh: {mh}, {type(mh)}")

nh = mh**0.5
print(f'nh: {nh}, {type(nh)}")
if nh > po:
i+=1
else:

print(fgg[i+1]: {ggli+1].n(3)}")
break

Printing the results obtained in the cycle:

i:0
mh: 1.92, <class 'sympy.core.numbers.Float™>
nh: 1.38437852708354, <class 'sympy.core.numbers.Float'>
i:1
mh: 0.197, <class 'sympy.core.numbers.Float>
nh: 0.443458310822449, <class 'sympy.core.numbers.Float>
i 2
mh: 0.0202, <class 'sympy.core.numbers.Float™>
nh: 0.142055441765376, <class 'sympy.core.numbers.Float>
i3
mh: 0.00207, <class 'sympy.core.numbers.Float’>
nh: 0.0455071838073526, <class 'sympy.core.numbers.Float>
ggli+1]: x*2 + 0.672*x

End of program 20.
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5.7 Self -Testing Task

W N~

O 0 3 O L K~

18.

19.
20.

21.
22.

23.
24.

25.

26.
27.

. Give a definition of the operator. Give examples.
. Which operator is linear? What properties of a linear operator do you know?
. What is the norm of the operator? Write down the inequality of the triangle for the norm of

the operator.

. Which linear operator is symmetrical?

. What is a conjugated and self -burned operators?

. Which operator is called unitary?

. How to determine the inverse operator?

. What is the resolve of the heterogeneous operator equation?

. What are the values of the operator regular and what are its spectrum?
10.
11.
12.
13.
14.
15.
16.
17.

What are the characteristic numbers or own values of the operator?

Are the characteristic numbers of the operator within the set of its regular values?

How can resolvets express through a row by the operator's degrees?

What are the properties of the operator resolvents?

Under what conditions does a heterogeneous operator equation have a correct solution?
What is meant by a group of operators and what properties of such a group do you know?
What is the essence of the idea of the compressed reflections of the operator?

Formulate and prove Banah's theorem about a single fixed point in the compressed display
of the operator.

Using the compression method of reflections, prove that the algebraic equation has a
single fixed point on a given segment of the numerical axis.

If the algebraic equation has several roots, how to find all its fixed points?

Using the compression method of reflections, prove the existence of a single fixed point
of differential operator.

How to transform an integral operator into a differential?

Using the compression method of reflections, prove the existence of a single fixed point
of Fredholm operator.

What is Fredholm's resolution?

Construct an algorithm for sequential approximates to a single fixed point of Fredholm
operator.

What is the criterion for achieving the necessary accuracy of the approximate solution of
the heterogeneous integral equation of Fredholm of the 2nd kind?

What is the fundamental difference between Fredholm and Voltaire operators?

How are the capacity of the sets of integral equations of Fredholm and Voltaire
compassionate?

28 Show the commands in the programs that set cycles.
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Chapter 6. SPECIAL OPERATORS AND THEIR APPLICATIONS
6.1 Direct and inverse Laplace operators

From the general course of higher mathematics, which is taught to students of technical
higher education institutions, it is known that with the help of the Laplace operator

LU O =F(p)=] £ (0)e @

each continuous time function £ (7), given on the set of real numbers, which satisfies
the condition f (t) =0 at 7 <0, the Dirichlet condition and is called the original, can be

matched with a function F of the complex variable p=o+ jo, which is called the image
of the original on the complex plane. This correspondence is recorded as follows:

f(t)&F(p) (6.2)
For example, the time function of a unit jump
I, t>0
xlt)= 1 )= i ’ (63)
W=100-{ "%
on the complex plane corresponds to the image
i —pt T —pt L m C
=jl dtz.[e dt=—-e =—, (6.4)
0 —P o P
or
1
(1) &—. (6.5)
p
Another example — the exponent e * at >0 onthe complex plane corresponds to the
image
F(p)=[e e Pdr= [ ig=—L__olrea| ] (6.6)
0 0 —(p+a) . Pta

The main advantage of the analysis in the area of images F ( p), i.e. on the

complex plane, compared to the analysis in the area of originals f (t) , i.e. In time space,

is that under zero initial conditions, the operation of differentiation di of the original
t

£ (¢) in time space corresponds to the operation of multiplication by a complex variable

p of its image F ( p) on the complex plane, i.e

L iepFp) (©.7)

since

L{Z} j‘g et =(f(t) "”°°j F)-pe ”’)dt—pff dt=pF(p)- (6.8)
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We draw attention to the fact that when integrating according to expression (6.8), we
used the well-known method of integration by parts, assigning new variables u,v values
u=e”, dv=df, as a result of which we will have v=f,du=—-pe”dt and a zero initial
condition f{0) =0 .

Applying the same technique, we get that

L fe () 69)
and
=100 F () 10

And the operation of integrating the original f (t ) in time space corresponds to the
operation of division by the complex variable p of its image F ( p) on the complex plane,

i.e.

L . F(p)
dr &, (6.11)
£ f(7)de & .

{! dr}—z(j dr]e Pt = [_lp - j dTJ

LW ra=Lr(p)
Py p

since

e
0 (6.12)

When integrating according to expression (6.12), we also used the method of integration

by parts, assigning new variables u,v the values 4 = J' f(z)dz, dv=e"dt, as a result of which
0

we will have y = (Le—w} du = f(¢)dr-
-p
Applying the same technique, we get that
t
. F
I f(rl,rz,...,rn)dtl dr, ...drn<:>(—np).
0 P (6.13)

o'—.N

(R —
n

Deu to the properties (6.7), (6.11) and their consequences (6.10), (6.13), differential
and integral equations written in time space correspond to algebraic equations on the
complex plane, which are much easier to solve, since this is taught in school.

For example, to the differential equation in the domain of the originals x(t) , y(t)

d2y t dy(t dx(t
a, a’tz( )+a1 d(t)+a0y(t)=b1 d(t)+b x(1) (6.14)

on the complex plane corresponds to the algebraic equation
azsz(p)+ale(p)+aOY(p):ble(p)+b0X(p) (6.15)

relative to images X (p) and Y(p). Its solution is the function Y(p), which can be
determined from equation (6.15) as follows:
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lﬁ}7'+'bb

Y(p)= X (6.16)
(p) a2p2+a1p+a0 (p)
or
Y(p)=W(p)-X(p) (6.17)
where
W(p)=—nP¥bh (6.18)

ap* +ap+a

If we consider X ( p) as the image of the signal x(t) which enters the input of a linear

dynamic system (LDS), the mathematical model of which can be written in the form (6.14),
where y(r) is the response of this system to the input signal x(¢), then the function W ( p)

can be interpreted as a transfer function of the system (Fig. 11).

X(p) 7 (p) Y(p)

Figure 11 — Generalized structural diagram of a linear dynamic system in the image area

As can be seen from the expressions (6.16)—(6.18), the transfer function W( p) does not

depend on the external signals acting on the system, but uniquely characterizes its ability to
transfer these signals from its input to the output. And therefore, this function is one of the
most important mathematical models of linear dynamic systems, for which the Laplace
transform (6.1) specifies a mutually unambiguous correspondence between the originals and
their images.

It follows from the expression (6.17) that, knowing the image X ( p) of the input signal

x(t) and the image Y( p) of the system response to this signal, the transfer function can be
obtained by taking their ratio, i.e.

Y
W( p) = ﬁ (6.19)
X(r)
An inverse operator exists for the Laplace operator defined by expression (6.1)
. 1 7Y . 1 t
LF(p)=— [ Fplerdp=——§F(ple"dp= 1(t)» (6.20)
7 27

T — jo
according to which the original f (z) can be found from a known image F ( p), which,

as a rule, is used only for constructing tables of correspondence between f (t) and F ( p),

and in the practice of analysis, decomposition formulas obtained by applying the remainder
theorem when integrating in expression (6.20) are more often used, one of which is for
multiple image poles p;

Y(p)= (p), (6.21)

where C ( p) , D( p) are polynomials in powers p of orders m and n, accordingly, has the

form
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_ < C(pl) pit
_;‘D

Recall that p; these are the roots of the equation

a which are called the poles of the expression (6.21), and

, dD
D (Pi):d_
P=p;

We will give an example of the use of the decomposition formula (6.22).

Let us have an image of an unknown original in the form
2p+1
F(p)=——> '
p +5p° +6p

It is necessary to determine its original f (z)

It is obvious that for our example

C(p)=2p+1,
D(p)=p3+5p2+6p,

d—D=3p2+10p+6.
dp

Let's find the poles of the image (6.25), that is, the roots of the equation
p3+5p2+6p=O.

Bringing equation (6.27) to the form
p(p2 +5p+6)=0,

it is easy to see that the poles of the image (6.25) are

p =0,
Py =-2,
p3 = -3.

Substituting (6.26) and (6.29) into the expansion formula (6.22), we obtain
C(p) e, C(2) pi, C(p3)

TO= 500" D D
_ 2-(0)+1 1 2-(-2)+1 J
3:(0)+10-(0) 46 3:(-2)" +10-(2) +6

+3 22'('3)"'1 e-3t % ; -2t ie-St‘
+(-3)"+10-(-3)+6

Function

_1 3 5 5 3
f(t)—6 2e 3e
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(6.22)

(6.23)

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)



and is the original image F(p) given by expression (6.25). We remind you once again that the
original is defined only for the values of 7> 0.

Note that if among the poles of the image (6.21), or, that is the same, among the roots of
the equation (6.23) of the n-th order there is a multiple root, for example p,, of multiplicity £,
1.e., when the equation (6.23) takes the form

(p-p) D, (p)=0, (6.32)

then instead of the expansion formula in the form (6.22) we will have the expansion formula
in the form

¥ir)= ( g’((l;,-)) e (6.33)

k1) dp"*™ D(p)

(k-1) I )i n-1
BPRICERSIEI IS
p=p 72

or

1 d* C(p)ept 'S C(pi) pit
=Gy g {an(p)l,-p, 2 D) o0

Let's relate the transfer function W( p) of a linear dynamic system with its transient
h(t) and impulse transient g(t) characteristics.

The transient characteristic h(t) of the system is its response to the input signal
x(t) in the form of a single jump. That is, in case when x(t)=1(¢) , we have y(7)=h(7).

The graphic interpretation of this definition is shown in fig. 12.

SRR I ) ) (o S,

Figure 12 — Response graph h(t) of a linear dynamic system per unit jump 1(t)

The impulse transient or weight characteristic g(7) of the system is its response to

a single impulse input signal x(t) in the form of a delta function ¢ (t), for which the
following is true:

5(t):{oo’ £=0, (6.35)
0, t=#0,

[ o(e)de=[o(r)de=1- (6.36)
—00 O

It follows from the expressions (6.35), (6.36) that the delta-function is an idealization of
the pulse of a unit area with an extremely high height and an extremely short length (Fig. 13).
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‘Y(p)=L{5(t)}‘ (o) }"(p):(}(p) /\ o »f
- (V4

Figure 13 — Response graph g(t) of the linear dynamic system of LDS per unit impulse 6(t)

It is very important that the signal x(t) that acts on the input of a linear dynamic
system with an impulse transient characteristic g(t) (Fig. 14) and the response of the system

y(t) to this signal are related by the convolution integral

0

y(l‘)z_[x(t—r)g(r) dr, (6.37)
0
which belongs to the class of integral Fredholm equations, which we considered earlier, and
which has an extremely transparent meaning - the output signal of a dynamic system is
formed by the sum of reactions to each pulse of the input signal during the presentation of this
input signal in the form of a sequence of pulses with a height equal to the value of the input
signal in appropriate moment in time.

x(1) »(1)

—  g(t) —

Figure 14 — Generalized structural diagram of a linear dynamic system

Since, according to relation (6.17), the Laplace image Y (p) of the output signal of a
linear dynamic system is the product of the transfer function W( p) of this system and the
Laplace image X ( p) of the input signal of the system, which in case of fulfillment of (6.3),
according to (8.5), will be equal to l, then for the image according to Laplace H ( p), we

p
will have the transition characteristics

H(p):M, (6.38)

h(t)=L" {M} (6.39)



It is easy to see that the Laplace imae of the delta function is equal to

L{s(0)} = [8(r)ePdr=e "= [5(1)dr =" 1=1. (6:40)
0 0
So, if
x(t)=6(t), (6.41)
by definition
(1)=2(1), (6:42)

then it follows from (6.17) that
G(p)=W(p)- (6.43)

That is, the transfer function of a linear dynamic system is the Laplace image of its
impulse transient characteristic, and vice versa

g(t)=L""{w (p)}- (6.44)
It follows from relations (6.38) and (6.43) that
G(p)=p-H(p) (6.45)
And this, in turn, means that the equation is valid in the field of originals
dh(t)
ty=—12, (6.46)
(=4

that is, that the impulse transient characteristic g(t) of the system can be obtained by

differentiating its transient characteristic h(t) .

Summarizing the above, it can be stated that the mathematical model of LDS in the
form of a transfer function W( p) can be determined by dividing the Laplace-transformed
response of the system y(¢) by the Laplace-transformed input signal x(¢). It is quite

obvious that before the Laplace transformation, both the experimentally recorded input signal
x(t) and the experimentally recorded response of the system y(t) to this signal must be
approximated by the appropriate functions of the argument 7. According to the Weierstrass
theorem, this can almost always be done with the help of polynomials in powers of the
argument ¢, the Laplace transformation of which leads to the ratio of polynomials in powers
of the argument p . It is also obvious that the simplest task of identifying such a system will

be solved by this algorithm if the input signal of the dynamic system is a single jump l(t) or
a single pulse & (t), from the Laplace-transformed responses of the system to each of which

we immediately obtain a transfer function according to the relations (6.38) or (6.43).
At the end of this subsection, we will show how to construct a mathematical model of
this system in the form of a differential equation after obtaining the LDS transfer function

W( p) .
Let the mathematical model of the LDS on the complex plane have the form

m

-1
. W(p):bmpm+bm—1p +..+bp+by (6.47)
a,p" +a, p" "+ +ap+a,

99



Substituting the value W( p) from expression (6.47) into expression (6.17) and moving
the denominator to the left side of the equality, we obtain

(anp” +an_1p"_1+...+a1p+a0)~Y(p):
:(bmpm+bm_1pm_1 +...+b1p+b0)-X(p).

Opening the brackets in equality (6.48) and taking into account that the multiplication
of the image by p corresponds to the differentiation of the original with respect to t, we

(6.48)

arrive at a differential equation of the n-th order

n i m /
>, dy =Zb,d—f, (6.49
iz dtt % dt

for which the condition is fulfilled

m<n, (6.50)

which is due to the ability of the system to be physically implemented under such a model.

It is quite obvious that in order to obtain a solution of a differential equation of the n-th
order, it must be integrated n-once, which causes the appearancen of constant integrations,
for the specification of which it is necessary to know at the initial moment of time not only
the value of the initial coordinate y(t), but also the value at this initial moment of all its

derivatives up to (n - l) order inclusive, that is, the initial conditions for equation (6.49) have
the form:

=0 (6.51)

It should be noted that a significant number of LDSs is characterized by the fact that all
elements of their structures, which are able to store energy, lose this energy after the system is
turned off, which gives reason to consider the initial conditions for the model in the form of
(6.49) before the system is restarted zero, that is, in the system of equations (6.51), consider
all right-hand sides to be equal to zero. This immediately leads to the advantages of solving
this differential equation due to its transformation into a complex plane using the Laplace
operator with the subsequent application to the obtained image of the inverse of the Laplace
operator in the form of one of the forms of the decomposition theorem.

Summarizing all of the above, we can state that the direct Laplace operator
implements the law of mapping a set of continuous functions of a real argument, given
on the number axis, into a set of continuous functions of a complex argument, given on a
complex plane, the coordinates of the points of which are also real numbers. And the
inverse Laplace operator works on the contrary, implementing the inverse process of
transforming the specified sets into one another.

And we will conclude the consideration of direct and inverse Laplace operators by
referring to the fact that in functional analysis and related sections of mathematics, the theory
and practice of applying these operators carries operational calculus.
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6.2 Autoregressive operators in time series display problems

During the systematic analysis of dynamic processes that have a random nature and the
creation of information technologies suitable for the implementation of this analysis, a
significant role is assigned to the prediction of the development of these processes over time.

To date, the most effective mathematical models that can be used to predict the
development of processes are those that use time series during their construction.

We remind that a time series is a set of values of a random process taken at equal

time intervals 7 . Let us denote this set by the symbol z,.

In fact, z, this is a random process discrete in time.

The task of forecasting is that, knowing the value of the process at the moment 7, it is
necessary to forecast its value at the moment ¢ +/, where / is the bias time. To distinguish the
forecast value of the process from the actual value, the actual value of the time series at the
moment f+/ is denoted by the symbol Z;,;, and the forecast value by the symbol Z; (l ) .

It is clear that it is in principle impossible to accurately predict the value of a random
process, which is a time series, and therefore the forecast is carried out by achieving the
minimum of some functional chosen as a criterion for the adequacy of the forecast model.

If the value is small ¢ (1, 2 steps), then one of such criteria can be the variance of the

deviation z, (l ) from Z,,;, which should be minimal for the optimal forecast model, i.e.
E{(ZH, - (1))2} > min, (6.52)

where E is the symbol of the mathematical waiting operation.
Like any other random process, the time series z, can be stationary (Fig. 15, a) or non-
stationary (Fig. 15, b).

Az Az m,=mo+k-t .
* -

m,=const I { [ ‘ / 1
> mo—Ii

»

a) b)

Figure 15 — Graphs of realization of stationary (a) and non-stationary (b) time series

A stationary time series is characterized by the equilibrium of its values z, near the
average value m, , which is a constant, as shown in Fig. 15, a.
For a non-stationary time series, the moving average value m, (t) of the process is a

function of time 7, as shown in Fig. 15, b.
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We will introduce a number of useful operators that will be needed later.

1. The operator B shifts back by one time unit
z,_1 = Bz,.
It is clear that, according to the expression (6.53), the expression is also valid
z =Bz .
Substituting the values z,_; from expression (6.53) into (6.54), we obtain
z,, =B(Bz,)=B’z,.
Generalizing the expression (6.55), we have
Zig = B" Z;
2. The forward shift operator F' by one time unit
Zp =1z,
It is clear that, according to the expression (6.57), the expression is also valid
Ziyy =z
Substituting the values z;,; from expression (6.57) into (6.58), we obtain
2y =F(Fz,)=F?z.
Generalizing the expression (6.59), we have
Ziom =F mzt .
3. Difference operator V with a shift back by one time unit
Vz,=z,-2z,_,.
Substituting the values from expression (6.53) into (6.61), we get
Vz,=z,—z,_,=z,— Bz, =(1 —B)Zt .
It follows from the expression (6.62) that
V=1-B.
4. Difference operator A with forward shift by one time unit
Azy =z~ 2.
Substituting the values z;,; from expression (6.57) into (6.64), we obtain
Az, =Fz;—z,=(F -1)z,.
It follows from the expression (6.65) that
A=F-1.
5. Sum operator S

o0
Sz, =z, 4z, 1+z,_,+ ... = Zzt—j'
j=0
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Substituting the values z,_,, from expression (6.56) into (6.67), we get

Sz, =(1+B+B>+ ...)thl letz(l—B)_lzt. (6.68)

We draw attention to the fact that during the derivation of relation (6.68) we used the
formula for the sum of the terms of an infinitely decreasing geometric progression with the
denominator B, which, under the condition of considering it as a number and the condition of
convergence of the series (6.67), must be less than unity.

It follows from relations (6.63) and (6.68) that

Sz,=Vz, (6.69)
or
s=v1 (6.70)

Therefore, the sum operator is the inverse of the difference operator with a
backward shift.

Next, we remind that a sequence of uncorrelated and normally distributed random
pulses a, with zero mean and variance

(73 = const (6.71)

called discrete white noise.
Let's try to use white noise pulses @, to build a time series z, model in the following
way

Zy=p+a,+ya,  ty,a, 5+ .., (6.72)

where u is the reference level (average value) of the time series z;, and v, k=1,2,...are

the weight coefficients of the white noise pulses with which they are included in the sum
(6.72).
Let's perform the operation of centering the time series z, by subtracting the average

value x.
For a centered time series

Zy=z,— . (6.73)
From the expression (6.72), we obtain
Zy=a,+ Y0, +Woaa; 5+ .. (6.74)
Using relation (6.56) for pulses a;_,, , from (6.74) we have
Z=a,+y, Ba, +y,B%a, + ...:(1+yxlB+1,y2B2 + ...)-at. (6.75)
Let's mark
¥ (B)=1+y; B+y, B>+ ... (6.76)

Taking into account (6.76), the relation (6.75) can be written as follows
z, =¥ (B)a,. (6.77)
The expression ‘P( B) in the form (6.76) is a filter operator that transforms a sequence

of white noise pulses @, into a time series with given properties (Fig. 16), i.e., matches a

discrete stochastic function from one zero-dimensional set with another discrete stochastic
function from another zero-dimensional set.
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— > ¥(B) —

Figure 16 — Block diagram of a linear filter

The coefficients ., k=1,2,...0f the filter operator are selected in the procedure of
minimizing the criterion (6.52) at [ =0.

In the model of the linear filter (6.72), the values of the time series z, are determined by
the weighted sum of the current and previous pulses of white noise a, .

A characteristic feature of the filter operator ‘P( B) given by expression (6.76) is that it

theoretically has an infinite number of members, which creates certain inconveniences in case
of its practical use.
Therefore, the proposal to build a time series model z, based on a finite set of power-g

weighted pulses of white noise @, in the form

Et = at — Hlat_l — 9261[_2 — i ant_q (678)

Since the ratio (6.78) uses ¢ of the previous values of white noise 4;_;, I =1, ¢, which
are weightedly subtracted from the current pulse g, this ratio actually specifies a “moving
average” that “shifts” along the sequence @, with growth 7, keeping the same number of
members during the “shift” .

Applying the ideology of relation (6.56) to impulses a,_,, , from expression (6.78) we
obtain

Z,=a,—0,Ba,—0,B°a,— ...-0,B%,, (6.79)

or
z,=0(B)a,, (6.80)

where @( B) is the moving average operator —
©(B)=1-6,B-0,B* - ...-0, B’ (6.81)

of order q , which is actually also a filter operator, but with a limited number of components,

that is, a “shortened” filter operator.
The ratio (6.80) defines a model of a stationary time series z,, which uses the moving

average operator (6.81), and therefore in mathematics it is agreed to call this model the model
of the moving average order g (abbreviated: the MA(q) model).

We will show how the filter operator is related to the autoregression operator.

From a philosophical point of view, the regression model is a model “looking back,
towards where it came from”; that is, it is a model that sets the value of some process coordinate
at a given moment of time based on its independent components determined at a previous
moment. The number of components taken into account determines the regression order.

Based on this interpretation, the autoregression model is a model that sets the value of
some process coordinate at a given time based on its previous values. The number of taken
into account previous values determines the order of autoregression.

For a centered time series Z,, the order p autoregression model (abbreviated: AR(p) )

can be written as
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=Wt DI ot L BE Tt (6.82)
where a, is the white noise pulse, the definition of which is given above.
Taking into account relation (6.56), expression (6.82) can be rewritten as follows
- - 2~ ~
Z, —¢Bz, -, Bz, —...—¢pozt=at,
or

®(B)z, =a,, (6.83)

where CD( B) is the autoregression operator of order , which has the form

O(B)=1-¢B-$, B —...—¢,B" . (6.84)
Let's use the identity further
o(B)o ' (B)=0""(B)®(B)=1, (6.85)

in which [ is the unit operator; and the operator CD_l( B) is the inverse of the operator
®(B).
Multiplying by @ (B) the left side of equation (6.83), we get
®'(B)®(B)z, =0 ' (B)a,, (6.86)
or (taking into account (6.85)) -
E, =0 (B)a,. (6.87)

Since multiplication by the unit operator does not change the result, expression (6.87)
can be written as follows

z,=07"(B)q,. (6.88)
Comparing the expression (6.88) with (6.77), it can be stated that
¥(B)=d"'(B). (6.89)
So, by synthesizing the autoregression operator ®(B) based on the realization of the
studied time series z, , which is easy to do, as will be shown below, and defining the operator
®~'(B) inverse to @(B), which is also quite simple, we simultaneously define the linear filter
operator V' (B), which forms a time series z, from white noise @, with given properties.

We pay attention to the fact that in this case ‘P(B) the criterion (6.52) is not

minimized when / =0, which was discussed above.
When solving the problem of identifying a time series z, model based on the order p

autoregression operator, it is necessary to determine p+2 the unknowns, which are the
coefficients ¢, ¢, ..., ¢, of the operator CI)( B), the average value u of the process z, and

the variance aﬁ of white noise a, .

We will talk about how to solve this problem after we define the concepts of
utocovariance and autocorrelation of a time series.
The autocovariance y, of a time series z, with a delay £ is called an expression

7k :cov{z,,z,+k}:E{(zt — 1) (zp+x —y)}, (6.90)
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in which FE is the symbol for calculating the mathematical expectation from the expression in
curly brackets.
It is clear that

2
yO:E{(Zt_/“) }=a§ (6.91)
is the variance of the time series z;.

To obtain a statistical estimate ;/Z of the autocovariance y; defined by the expression

(6.90), the expression is used
N—-k

Z_: (Zt _/u)'(zwk _/U)' (6.92)

* 1
/e —
N-k 5
Autocovariance y, characterizes the degree of linear relationship between the

values of the time series Z; and z,_ .
It is clear that

<
{| Yk |—70, (6.93)
Vi =V —k-
The autocorrelation o, of a time series z, with a delay k is called an expression
g =2 E G #) G ) (6.94)
2 E|(z- )|

The following relations are valid for arbitrary autocorrelation p; :

| i | < Pos
oo =1, (6.95)
Pk = P

The entire possible population y, is the autocovariance function of the time series
z,. It belongs to the class of lattice functions. Similarly, the set of all values p, defines
the autocorrelation function of the time series z,.
An example of the graph of the autocorrelation function p, is shown in Fig. 17.

Figure 17 — One of the possible graphs of the autocorrelation function p;, kK =—-N, N

And now let's return to the already formulated task of determining the coefficients of the
autoregression operator, that is, we will get an answer to the question: “How to determine the

coefficients of the autoregression of the time series model in the form of AR( p) .
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We will show that the answer to this question is provided by the Yule-Walker
equations.

To synthesize them, first multiply the expression (6.82) by Z,_, . As a result, we get
Lk = hZaZa T Ik E ot T PRk E ey (6.96)
Let's replace the discrete variable in expression (6.96) by putting
t—k=1. (6.97)
We will get
220k =Wk Y DTt 02yt Ag . (698)
Let's find the mathematical expectation from both parts of equation (6.98). We will get

E{Z 2 ) =hE{Z 2+ BED Z )+ ot

(6.99)
+¢pE{ZﬂZﬂ+k—p}+E{Z/1a/l+k}-
Considering the expression (6.90), from the expression (6.99) we have
Vi =Rkt B k2t By (6.100)
forall £ from1to p.
But with & =0, taking into account the expression (6.93), we get another equatio
2
Yo=dn+dyas+ .. +dyy,+0g- (6.101)

The absence of mathematical expectation FE { Zy-ay, k} calculation results in equations

(6.100) and their presence in equation (6.101) in the form of white noise dispersion 65 is

explained by the fact that, according to the properties of white noise, each of its impulses is
correlated (interrelated) only with itself and not at all correlated with no other, even placed in
time next to it. So

(6.102)

E{Z; ay.) ={
From equation (6.101), taking into account expression (6.91), we have

Co=0l—n—brr— .= b7, (6.103)

So, if for the implementation of a stationary time series z, of length N the estimated

0, npu k=#0
0'3, npu k=0 '

average value ¢ and variance 022 have already been calculated according to known formulas

N
ﬂzizzl, (6.104)
NS
a%LN(z —u)’s (6.105)
FON-12Y
the coefficients ¢, ¢,,..., ¢, are somehow found and calculated according to the expression

(6.92) of the autocovariance yq, 75, ..., Vpo then it is not difficult to find the dispersion of

white noise 02

- according to the expression (6.103).
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Before giving the algorithm for obtaining the numerical values of the coefficients
¢, @y5..., $,, let's divide all the equations of the system (6.100) by, .

As a result, we will get a system of equations no longer relative to autocovariances
7r» k=1, p,butrelative to autocorrelations p,, k=1, p, thatis, a system

APy + D1+ B0+ A PPy = Pl
KoL+ G P+ B3P+ PPy =P
1
¢1p2+¢2p1+¢3p0+"‘+ ppp—3:p3a (6 06)
¢1pp—1 +¢2pp—2 +¢3pp—3 t.o..t+ pp() :,Dp,
or, in matrix form,
M-®=p, (6.107)
where the matrices M (px p), ®(px1), p(px1) have the form
1 P Py Py
P 1 P Pp2
M=\ p, P L pps
_pp—l pp—2 pp—3 1 J
4 ] o]
o P2
D=4 |, p=| P3
K3 LPp
In equations (6.107), the values of the coefficients ¢, ¢,,..., ¢p are unknown.

To solve the system (6.107), we first define the matrix M ~! which is the inverse of the

matrix M . Then we multiply the matrix equation (6.107) on the left by M ~1. As a result, we
get

MM -o=M""p, (6.108)
or
[-®=M"'p, (6.109)
and finally
o=M"p. (6.110)

Equations (6.106), (6.107) are called Yule-Walker equations. Their solution in the
form of (6.110) makes it possible to determine the vector (1)( p X 1) of coefficients

1 S ¢p of the autoregression operator in the AR( p) model based on previously

calculated autocorrelations p;, k=1, p of the time series Z.
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In the time series z, model based on order p autoregression, only one current pulse of
white noise @, is involved in the formation of the current value of the series. It is natural to

assume that if we subtract the weighted sum g of previous values of white noise from this
impulse a,, we will get a model that will take into account more “subtle” moments of the

random process and will more adequately reflect its properties, since in addition to
autoregression, this model will also take into account the moving average of the process.
Such a time series z, model is called a moving average autoregression model

(abbreviated: ARMA ( p, ¢) model) and has the form

Z=QZ, 1+ Pz, + o+ ¢p2t_p+

+ay—0a,_ 1 —60a, - ...—0a,_,.

(6.111)

By transferring all the members from z,_,, i= ﬁ to the left side of equation (6.111)
and performing already known transformations, we obtain the equation
®(B)z, =0(B)aq,, (6.112)
in which the operators ®(B) and ©(B) are determined by expressions (6.81), (6.84).

Equation (6.112) is the basic form of the time series z, model based on ARMA( J2 q).
To identify this model, we need to determine p + g+ 2 the unknowns, which are the

coefficients ¢, i=1, p of the operator ®(B), the coefficients §;, j =1,q of the operator

®(B ), the mean /4 of the process z; and the variance 05 of the white noise q;.

All time series models constructed above were based on the condition of
stationarity of these series. But in everyday life we constantly encounter non-stationary
random processes. For example, these are the processes of starting or braking any
technological equipment that implements a technological process of a stochastic nature.

We will show that such non-stationary random processes, which, when discretized,
turn into time series, can be adequately described using a model in which autoregression
operators - an integrated moving average - are embedded.

For their synthesis, let us assume that in the ARMA( p>q ) model given by expression
(6.112), the operator @ (B) has d multiple roots equal to unity.

In this case, according to Viett's theorem, the operator @ ( B) can be written in the

form
_ d * * .9 * ]
©(B)=(1-B)"-(1-4B-4B" ~ .- ¢ B'). (6.113)
where
d+l=p. (6.114)
Let's mark
O (B)=1-4B-¢$B*~ ..—¢ B'. (6.115)
Taking into account expressions (6.113) and (6.115), equation (6.112) can be rewritten as
®"(B)-(1-B)" % =0(B)aq,. (6.116)
Since, according to the expression (6.63)
(1-B)' =v7, (6.117)

1.e., (1 - B)d is a difference operator with backward shift of order d, then
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(1-B)' z,=vz, (6.118)

defines a new variable w;, which is associated with z, the relation

w, =Viz,. (6.119)
Substituting expression (6.119) into equation (6.116), we get
@ (B)w, =0(B)q, (6.120)

It is obvious that the expression (6.120) defines the ARMA (Z , q) model with respect to

W, , which can be rewritten as

Wt:¢lwt—l+¢2wt—2+ "'+¢IWZ—1+ (6.121)

ta, —6a,_ 1 —0a,_,— ...—0,a,_,.

Equations (6.119), (6.120) specify the model of a non-stationary time series z, in the
form of autoregression — integrated moving average order (l, q,d ) Abbreviated: model
ARIMA(I,q,d).

We draw attention to the fact that the first difference Vz, of values of any non-

stationary time series z, has a lower degree of non-stationarity than the time series z, itself.
The second difference szt, which is the difference of the first differences V(Vzt) of this
time series z,, will have an even smaller degree of non-stationarity.

Increasing the order d of the difference dew sooner or later we will reach its value

W, , which will already be a relatively stationary time series w; . In fig. 18 provides a graphic
interpretation of this fact.

Az
’ '/,/”,—::iivzl‘:Z[-Zt_l

| :
L | ) >
IRRRRRERRNL
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1[57‘[151'1;1 f
ST 1 >

Figure 18 — Graphical interpretation transformation of the non-stationary time series z,

into a stationary time series for its difference Vz,
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It is clear that from the ARIMA (l, q,d ) model (6.119), (6.120) we get the ARMA
(p, g)model, if d =0.
We will explain why the name of the ARIMA (l, q,d ) model contains the word

“integrated” in relation to the moving average.
We remind that the inverse operator for V is the sum operator S (6.70). Therefore,

having obtained w, from equation (6.120), in order to move to the time seriesz;, it is

necessary to d sum the coordinate w; times, since, multiplying equation (6.119) on the left by

v , we have
vy =viviz, (6.122)
or
Vi =1z, (6.123)
from which, taking into account (6.70), we have
2, =V 4w =5%,. (6.124)

It is clear that the most difficult task when using the ARIMA (l, q,d ) model is to
determine the numerical value of the integration parameter d, or, in other words, to determine
the number of differences that must be successively taken from a non-stationary time series
z, in order to transform it into a stationary series relative to some difference of this series. It

is obvious that it must be solved by substituting the value z, obtained by expression (6.124)

and the experimental value of this coordinate into the criterion functional (6.52) and searching
for the minimum value of this functional in the approximate interpretation.

6.3 Examples of implementation of special operators

First, we consider an example of the application of the direct (6.1) and inverse
(6.20) Laplace operators, which are widely used in the analysis of processes in linear
dynamic systems.

Let the process in a linear dynamic system, at the input of which a signal x(t) arrives
and whose reaction to this signal is the output coordinate y(t ) , be described by a differential
equation

d4

3
f+10d Y
dt

dr’

2
d 2} + 50—
dt dt

dy d

+35 +24y:27);+x, (6.125)

which is a mathematical model of this process in the time domain under zero initial conditions
(6.51).

And let us find out what will be the nature of the response y(l ) of this dynamic system
to the input signal

x(t)=5¢". (6.126)

As you know, under zero initial conditions, the differential equation (6.125) cannot be
solved by the classical method, since the system of equations for determining the integration
constants for each of the exponents will have no solutions other than zero. But this differential
equation (6.125) is easily solved if, using the direct Laplace operator, it is transformed into a
complex plane, i.e., if the transformation
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dy
dr’

d’y
ar’
which is admissible since both the differential equation and the Laplace operator are linear.
And then, applying the expression (6.10) and putting the operator equation (6.125) in brackets
Y(p) and X(p), we get the form

L{%}JrL{lO prLesS e Ls0 e Lpa - LS e L, (6127)

(p* +10p° +35p> +50p +24)Y(p)= 2p + DX (p), (6.128)

which is easily transformed into an expression

2p+1
Y(p)= X(p). 6.129
() 0 +10p° +350% +50p + 24 () (6.129)

Laplace-transforming the signal (6.126) using expression (6.6) under the condition that
o =1, we have

X(p)=—. (6.130)

Substituting expression (6.130) into (6.129), we get

2p+1 5
Y(p)= L5 6.131)
p +10p” +35p " +50p+24 p+1

or

¥(p)= 10p+5 _C(p)
p +11p* +45p° +85p* +74p+24  D(p)

(6.132)

It is easy to see that the expression (6.132) is the Laplace-transformed response of our
dynamic system, defined on the complex plane, to the input signal (6.126). And therefore, in

order to find this reaction in the time domain, that is, to determine y(t) it is necessary to use
an inverse Laplace operator (6.132), which is also linear and therefore the expression will be
fair

10p+5
*+11p* +45p° +85p° +74p + 24

4, Cp)
=L =) (6.133)
D(p)
The inverse Laplace operator in the expression (6.133) will be applied in the form of the
decomposition theorem (6.22) if all the poles of the expression (6.133), i.e., the roots of the
equation (6.23), which for the expression (6.133) will have the form

p +11p*+45p° +85p° +74p +24=0, (6.134)

cLHy(ph =L
p

will be different numbers (real or complex), or in the form (6.34), if there are multiples
among the roots of equation (6.134).

So the next step in the algorithm for applying the inverse Laplace operator is to
determine the poles of the expression (6.133), or, which is the same thing, to determine the
roots of the equation (6.134). It is quite obvious that in order to solve this equation of the 5th
order, it is necessary to apply a suitable program in some application program package, for
example, in PPP MathCAD or MALAB or Python.

Applying one of these packages, we find that the roots of equation (6.134) will be:
multiple root

p =-1 (6.135)
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with multiplicity of 2 and three simple roots
p,=-2, p,=-3, p,=—4. (6.136)

So, since we have among the roots of the equation (6.134) and one multiple, we will
apply the inverse Laplace operator in the form (6.34), for which we need to first find a
polynomial D, ,(p) which for our conditions

n=5 k=2 (6.137)

and, according to expression (6.32), will have the form

5 4 3 2
Dy(p)= L P+ 45p +8p +TAp ¥4 s g2 06,104, (6.138)
(p+1)
In addition, according to expressions (6.24) and (6.233), we will have
D'(p)=ili—D=5p4+44p3+135p2+170p+74- (6.139)
Ip

Taking into account the expressions (6.135)—(6.139) for our example, the inverse
Laplace operator in the form (6.34) takes the form

pt 4
y(t)zi 3 (10]27+5)€ +Z 4 3 10pi+25 e’ (6.140)
dp| p”+9p” +26p+24 = 5p’ +44p’ +135p; +170p, + 74

P=n

Taking the derivative and writing the sum, from the expression (6.140) we will have

0= [L0e”" + (10, + 5)ee™ g +9 g% +26p,+24) (10p, +5)e (3 7 +18p, +26)

> +
(p} +9p7 +26p, +24) (pp +9p7 +26p, + 24
(10p, +5)e” N (6.141)
5p5 +44p +135p +170p, + 74
(10p, +5)e™" . (10p, +5)e™

5p) +44p +135p; +170p, +74 Sp; +44p, +135p; +170p, + 74

And by substituting the numerical values of the poles from the expressions (6.135),

(6.136) into the expression (6.141) and performing the corresponding calculations, we obtain
5 15 25 35
t)=—(23-6t)e ——e '+ e - . 6.142
We)=55(23-61)e = e+ Zme ™ —oe (6.142)

The second example that we consider is the example of solving the problem of
synthesis of autoregression operator using experimentally defined values of the time
series.

This example is borrowed from our same textbook on mathematical methods of
identification of dynamic systems.

Therefore, let 10 values of the original coordinate of the object, recorded by us at the
same intervals in the process of normal operation, were the following as shown in Table 2.

Table 2 - Table Experimentally defined values of the original coordinate of the object

t 1 2 3 4 5 6 7 8 9 10
Y, 20 50 40 20 30 50 10 40 50 20
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Let's build a model of this time series, suitable for the forecast of the following values,
based on the autoregressions of the 1st, 2nd and 3rd orders of magnitude that look like

z,=¢z,,+a, (6.143)
z=¢z_+hz,+a, (6.144)
Z =Pz +hz,+dz 5+a, (6.145)
where
Z,=y,—m, =y, —H (6.146)

Before solving the problem of identification of these models and the choice of them, we
calculate all the necessary parameters of the time row given by Table 2, using expressions
(6.104), (6.105) and (6.92), (6.94).

So,
ﬂzm},=110iyt=110(20+50+40+20+30+50+10+40+50+20)=33, (6.147)
yl0l=0l=0} = ;;(yl —m,)’ = g[(—ls)z HATP+ D+ 6ge
+(17) +(=23)> +(7)> + (17)* + (-13)*] =221,
7= E 30, =m0 ) = ([13)e17 41707+ T (1) + (6.149)
+(=13) @ (=3)+(-3) 817 +17 e (=23)+(-23)e 7+ 717 +17 e (=13)] = —105,
2—1 8 _1 13 1 13 3
7L21= 5 200 =m0 =) = S [(13) 0T+ 1T 0 (13)+ 7o () + (6.150)
+(=13) 017+ (=3)e(-23)+17 07 +(=23) @17+ 7 o(-13)] =116,
IB1= g X0 m )3~ m) = (1) e (13) 1170 () + 6.151)
+7017+(~13) e (=23)+(-3)e7+17 017 + (=23) o (—13)] = —173,
_rfll_ =105 6.152
1] S0 22 0,475, ( )
_rf2l_-116_ 6.153
p.12] SR 0,525, ( )
p31= 2Bl 2173 g gg3. (6.154)
y.[0] 221

Now we have all the necessary data to determine the matrices
Ma¢9p’ (6.155)

the use of autoregression models (6.143) - (6.145) is used.
Since the model (6.143) ¢ =1, then these matrices will look like it

M=Nl  ¢=[s]  p=[p.01 (6.156)
Subituting (6.156) in (6.110) and given that in this case M ' =M we will have
¢ =p.l1, (6.157)

and taking into account the expression (6.152) —
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¢ =-0,475. (6.158)
Since the model (6.144) g =2, the matrices for her will look like

M:|:1 p1:|’ ¢:{¢1} p:|:pl:|, (6.159)
ol ¢ P>
And taking into account expressions (6.152), (6.153) -
e { 1 - 0,475} 4 {(/ﬁl } e {— 0,475} (6.160)
0,475 1 é, ~0,525
Since the model (6.145) g =3, the matrices (6.155) will look like it
Lo p 4 Py
M=|p 1 p| ¢=d), p=pr (6.161)
P ool ¢, P
And taking into account expressions (6.152), (6.153), (6.154) -
1 -0475 -0,525 A —-0,475
M=[-0475 1 -0475|, ¢=|d|  p=[-0525 (6.162)
—-0,525 —-0475 1 8 —-0,783

Comparing the expressions (6.103) and (6.157), we see that to identify the model of
autoregression (6.143) we have only to find a variance o of “white noise” a(t), from which

a computer program will form pulses a(¢), for this model. We will find this variance from the
expression (6.103), substituting in which expressions (6.148), (6.149) and (6.158), we will get

o’ =y.[0]-¢ y.[11=221-(-0,475)(-105) =171,125 ~ 171. (6.163)
So in this case the model of the stokastic component z, of the original coordinate y,

will look like
Z, = ¢l z, ta, = _0’4752t—1 +a, (6164)

And the value of the source coordinate y, will be found from the expression (6.146),
which after substitution of its value x from the expression (6.147) will look like

Y, =33+z. (6.165)
Substituting in expression (6.165) value from Table 2, we find that
Zio =V —33=20-33=-13. (6.166)

And if we want to prognoze the value of the source coordinate y,, of the object, then,
first, we generate the computer program of the «white noise» «,,. And let this value a;, be

equal to the average deviation o, =0’ ~13. We substitute this value @, and z, the

expression (6.164) and get a numerical value z;, that in our case will be equal
z,,=-0,475z,, +a,, =-0,475(-13)+13=19,175 %19 . (6.167)

And then the obtained numerical value is substituted into an expression (6.165) and find
that

Y =33+2,=33+19=52. (6.168)
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Similarly, using z,,,y,, and generating the next white noise pulse, we can predict at time
t=10 and value z,,, y,,,and then, using already obtained z,,,y,, and, predict and, however,

it is clear that the more distant moments of time =10 we will use, the accuracy the forecast
will decrease.

But before using the 1-st order identified in the form of a 1-st order (6.164) to predict
the following values of the source coordinate of the object, it is necessary to make sure that
this model specifies sufficient accuracy of the forecast. And for this purpose it is necessary,
using matrices (6.160), to identify the model of the time row given by table 2, in the form of
autoregression of the 2-nd order (6.144) and compare the degree of accuracy of forecasting
according to both models.

And, of course, when processing large arrays of the values of the time series for the
synthesis of autoregression operator requires all those calculations that we have made for the
sake of clearly demonstrating their essence and structure, to perform in some software
environment, in our case it is Python.

6.4 Python programs for implementing tasks with special operators

A Python program for solving problems related to the use of the direct Laplace operator
to transform functions f(rf) of a real variable ¢ into a complex plane in the form of
functions F(p) of a complex variable p

(Program 21)
In [1]: import sympy In [20]: K1 = ((1/(2*(p/2 + 1)), Abs(arg(p))\
In [2]: from sympy import * <=pil2), (Integral(exp(-2*t)*exp(-p*t), \
In [3]: t = symbols ('t') (t, 0, 00)), True))
In [4]: p = symbols (') In [21]: K1[0]
In [5]: f = Function ('f)(t) Out [21]: (1/(2*(p/2 + 1)), Abs(arg(p)) <= pil2)
In [6]: F = Function ('F')(p) In [22]: K1[0][0]
In[7]:f=t Out [22]: 1/(p+2)
In [8]: f1 = fexp(-p*t) In [23]: F2 = K1[0][0]
In [9]: F1 = integrate (f1,(t,0,00)) In [24]: print(F2)
In [10]: F1 Out[24]: 1/(p+2)
Out[10]: In [25]: f4 = f*f2*exp(-p™t)
Piecewise((p**(- ) Abs(arg(p)) < pil2), In [26]: F5 = integrate (f4,(t,0,00))
(Integral(t*exp( ), (t, 0, 00)), True)) In [27]: F5
In[11]: K = ((p**(-2), Abs( rg(p)) < pil2), \ Out [27]:

(Integral(t*exp(-p*t), (t, 0, 00)), True)) Piecewise((1/(4*(p/2 + 1)**2), Abs(arg(p)) \

In [12]: K[0] <= pi/2),(Integral(t*exp(-2*t)*exp(-p*t),\
Out [12]: (p**(-2), Abs(arg(p)) < pil2) (t, 0, 00)), True))
In [13]: K[0][0] In [28]: K2 = ((1/(4*(p/2 + 1)**2), Abs(arg(p))\
Out [13]: p**(-2) <= pil2), (Integral(t*exp(-2*)*\
In [14]: F = K[0][0] exp(-p*), (t, 0, 00)), True))
In [15]: print(F) In [29]: K2[0]
Out[15]: p**(-2) Out [29]:
In [16]: f2 = exp (- 2*) (1/(4*(p/2 + 1)**2), Abs(arg(p)) <= pi/2)
In [17]: f3 = f2*exp(-p™t) In [30]: K2[0][0]
In [18]: F3 = integrate (f3,(t,0,00)) Out [30]: 1/(p+2)**2
In[19]: F3 In [31]: F4 = K2[0][0]
Out[19]: In [32]: print(F4)
Piecewise((1/(2*(p/2 + 1)), Abs(arg(p)) <= pi/2), Out[32]: 1/(p+2)**2
(Integral(exp(-2*t)*exp(-p™t), (t, 0, 00)), True)) In [33]: 5 = f*f2*sin (3*t)
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In [34]: f6 = f5*exp(-p™t)

In [35]: F6 = integrate (f6,(t,0,00))

In [36]: F6

Out[36]:

Piecewise((6/((1 + 9/(p + 2)**2)**2*\

(p +2)™3), 2*Abs(arg(p + 2)) < pi),

(Integral(t*exp(-2*t)* \

exp(-p*t)*sin(3*), (t, 0, 00)), True))

In [37]: K3 = ((6/((1 + 9/(p + 2)**2)**2*\
(p +2)™3), 2*Abs(arg(p + 2)) < pi), \
(Integral(t*exp(-2*t)*exp(-p*t)*\
sin(3*), (t, 0, 00)), True))

In [38]: K3[0]

Out [38]: ((6/((1 + 9/(p + 2)**2)**2*\
(p +2)**3),2"Abs(arg(p + 2)) < pi))
In [39]: K3[0][0]

Out [39]:

6/((1 +9/(p +2)*"2)"*2*(p + 2)**3)
In [40]: F7 = K3[0][0]

In [41]: print(F7)

Out[41]:

6/((1+9/(p +2)"2)"2%(p + 2)**3)

End of program 21

A Python program for solving problems related to the use of the inverse Laplace
operator in the form of expansion formulas for the transformation of the functions F(p)
of the complex variable p to the axis of the real variable 7 in the form of functions f{7)

(Program 22)
In [1]: import sympy
In [2]: from sympy import *
In [3]: t = symbols ('t')
In [4]: p = symbols ('p')
In [5]: x = Function ('x')(t)
In [6]: y = Function ('y')(t)
In [7]: C = Function ('C')(p)
In [8]: D = Function ('D')(p)
In [9]: W = Function (‘'W')(p)
In [10]: X = Function ('X')(p)
In [11]: Y = Function ('Y")(p)
In [12]: D1 = Function ('D1')(p)
In[13]: Y1 = Function ("Y1')(p,t)
In [14]: Y2 = Function ('Y2')(p,t)
In[15]: C = 2*p+4
In[16]: D = p**2+7*p+12
In[17]: W=C/D
In[18]: W
Out[18]:
(2°p + 4)/(p"2 + T*p +12)
In[19]: x =1t
In [20]: x1 = x*exp(-p™)
In [21]: X1 = Function ('X1')(p)
In [22]: X1 = integrate (x1,(t,0,00));X1
Out[22]:
Piecewise((p**(-2), Abs(arg(p)) < pi/2),
(Integral(t*exp(-p*t), (t, 0, 00)), True))
In [23]: K1 = ((p**(-2), Abs(arg(p)) < pi/2), \
(Integral(t*exp(-p*t), (t, 0, 00)), True))
In [24]: K1[0]
Out[24]: (p**(-2), Abs(arg(p)) < pi/2)

—_—

In [25]: X = K1[0][0]

In [26]: X

Out[26]:

p™(-2)

In[27]:Y = W*X

In[28]: Y

Out[28]:

(2°p + 4)/(p*2*(p™2 + T°p + 12))

In [29]: C1 = Function ('C1')(p)
In[29]: expr =Y

In [30]: C1, D1 = fraction (expr)

In [31]: print(C1)

2'p+4

In [32]: print(D1)

p**z*(p**z + 7*p + 12)

In [33]: D2 = Function ('D2')(p)

In [34]: D2 = D1.diff(p)

In [35]: D2

Out[35]:

p™2*(2"p +7) + 2p*(p**2 + 7*p + 12)
In [36]: solveset (Eq(D1,0), p)
Out[36]:

FiniteSet(-4, -3, 0)

In [37]: roots (Eq(D1,0), p)
Out[37]: {-3:1,-4:1,0: 2}
In [38]: d0 ={}

In [39]: d0["a"]=-3

In [40]: dO["b"]=-4

In [41]: dO["c"]=0

In [42]: dO

Out[42]: {'a": -3, 'b": -4, 'c". 0}
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In [43]: p1,p2,p3 = symbols('p1 p2 p3') In[53]: Y2

In [44]: p1 = d0['a’] Out[53]:

In [45]: p1 t*(2*p + 4)*exp(p*t)/(p**2 + 7*p + 12)\
Out[45]: -3 +(-2*p - 7)(2*p + 4)*exp(p*t)/(p**2 +7*p +12)**2\
In [46]: p2 = dO['b] + 2%exp(p*)/(p**2 + T*p + 12)

In [47]: p2 In [54]: y = Y1.subs(p,p1)+Y1.subs(p,p2)+\
Out[47]: -4 Y2.subs(p,p3)

In [48]: p3 = dO['c'] In [55]: y

In [49]: p3 Out[55]:

Out[49]: 0 t/3 - 1/36 - 2*exp(-3*t)/9 + exp(-4*t)/4

In [50]: Y1=C1*exp(p*t)/D2 In [56]: p11 = plot(x,(t,0,2),show=False,\

In [51]: Y1 line_color ="'c')

Out[51]: In [57]: p22 = plot(y,(t,0,2),show=False,\
(2*p + 4)*exp(p*t)/(p**2*(2*p + 7) +\ line_color ='r')

2p*(p**2 + T*p + 12)) In [58]: p11.extend(p22)

In [52]: Y2 = diff(C1*(p-p3)**2* \ In [59]: p11.show( )

exp(p*t)/D1,p)

fit)

200 -
175 A
150 -
125 A f

100 -

0.75 1

Figure 19. Graphs of the input signal x(7) = ¢ entering the dynamic system with a given
transfer function W(p), and its output signal y(¢) on time interval 7 €[0,2]

End of program 22

A Python program to solve a problem related autoregressive identification of the
stationary time series
y.={5.,8.,3.,4.,6.,3.,2.,7.,5.,4.,3.,6.,4.,5.,3.,8.,6.,4.,3.,5.,4.,2.,7.,4.,5.,3.,6.,3.,4.,5.},
given at N points ¢ €[0,/N-1] with N=30, using the AR(3) model with the structure:
Ye=b+m,, b =%21iv=13’i: my=gimg_q+g,my_+gsme 3+ a;

and the Yule-Walker algorithm for determining its parameters
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(Program 23):
In [1]: import numpy as np
In[2]: L=[5.,8.,3..4.,6.,3.,2.,7.,5.,4.,3.6.4..5.,
3.8.6.4.3.5.4.2.,7.,4.5.3.,6.,3.4.,5.]
In [3]: N=30
In [4]: def fun (x):
return np.sum(x)
In [5]: fun(L)
Out[5]: 137.0
In [6]: b=_/N;b
Out[6]: 4.566666666666666
In [7]: b=b.round(3);b
Out[7]: 4.567
In [8]: L1=L-b;L1
Out[8]:
array([ 0.433, 3.433, -1.567,-0.567, 1.433,
-1.567, -2.567, 2.433, 0.433, -0.567, -1.567,
1.433, -0.567, 0.433, -1.567, 3.433,
1.433, -0.567, -1.567, 0.433, -0.567,
-2.567, 2.433, -0.567, 0.433, -1.567, 1.433,
-1.567, -0.567, 0.433))
In [9]: def fun (x):
return np.dot(x,x)
In [10]: fun(L1)
Out[10]:
77.36667
In [11]: q0=_/N; q0
Out[11]:
2.5788889999999998
In [12]: g0=q0.round(3); q0
Out[12]:
2.579
In [13]: L2=L1[:-1];L2
Out[13]:
array([ 0.433, 3.433, -1.567, -0.567, 1.433,
-1.567, -2.567, 2.433, 0.433, -0.567, -1.567,
1.433, -0.567, 0.433, -1.567, 3.433, 1.433,
-0.567, -1.567, 0.433,-0.567, -2.567, 2.433,
-0.567, 0.433, -1.567, 1.433, -1.567, -0.567])
In [14]: L5=LA[1:];L5
Out[14]:
array([ 3.433, -1.567, -0.567, 1.433, -1.567,
-2.567, 2.433, 0.433,-0.567, -1.567, 1.433,
-0.567, 0.433, -1.567, 3.433, 1.433, -0.567,
-1.567, 0.433, -0.567, -2.567, 2.433, -0.567,
0.433, -1.567, 1.433,-1.567,-0.567, 0.433])
In [15]: def fun (x,y):
return np.dot(x,y)
In [16]: fun(L2,L5)
Out[16]:
-22.820818999999993
In[17]: q1=_/(N-1); q1
Out[17]:
-0.786924793103448
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In [18]: g1=q1.round(3);q1

Out[18]:

-0.787

In[19]: L3=L2[:-1];L3

Out[19]:

array([ 0.433, 3.433, -1.567, -0.567, 1.433,

-1.567, -2.567, 2.433, 0.433, -0.567, -1.567,
1.433,-0.567, 0.433,-1.567, 3.433, 1.433,

-0.567, -1.567, 0.433,-0.567, -2.567, 2.433,
-0.567, 0.433, -1.567, 1.433, -1.567])

In [20]: L6=L5[1:];L6

Out[20]:

array([-1.567, -0.567, 1.433, -1.567, -2.567,
2.433, 0.433,-0.567,-1.567, 1.433,-0.567,
0.433,-1.567, 3.433, 1.433, -0.567, -1.567,
0.433,-0.567, -2.567, 2.433,-0.567, 0.433,
-1.567, 1.433, -1.567, -0.567, 0.433)])

In [21]: fun(L3,L6)

Out[21]:

-14.874308000000001

In [22]: q2=_/(N-2);q2

Out[22]:

-0.5312252857142857

In [23]: g2=g2.round(3);q2

Out[23]: -0.531

In [24]: L4=L3[:-1];L4

Out[24]:

array([ 0.433, 3.433, -1.567, -0.567, 1.433,

-1.567,-2.567, 2.433, 0.433, -0.567, -1.567,
1.433,-0.567, 0.433,-1.567, 3.433, 1.433,

-0.567,-1.567, 0.433,-0.567, -2.567, 2.433,
-0.567, 0.433, -1.567, 1.433))

In [25]: L7=L6[1:];L7

Out[25]:

array([-0.567, 1.433,-1.567, -2.567, 2.433,
0.433,-0.567, -1.567, 1.433,-0.567, 0.433,
-1.567, 3.433, 1.433,-0.567, -1.567, 0.433,
-0.567, -2.567, 2.433,-0.567, 0.433, -1.567,
1.433, -1.567, -0.567, 0.433))

In [26]: fun(L4,L7)

Out[26]:

2.6702030000000008

In [27]: 93=_/(N-3); q3

Out[27]:

0.09889640740740743

In [28]: g3=q3.round(3); q3

Out[28]:

0.099

In [29]: r0=q0/q0;r0

Out[29]:

1.0

In [30]: r1=q1/q0;r1



Out[30]:

-0.30515703761147733

In [31]: r1=r1.round(3);r1

Out[31]:

-0.305

In [32]: r2=q2/q0;r2

Out[32]:

-0.2058937572702598

In [33]: r2=r2.round(3);r2

Out[33]:

-0.206

In [34]: r3=93/q0;r3

Out[34):

0.038386971694455214

In [35]: r3=r3.round(3);r3

Out[35]:

0.038

In [36]: L9=[r0,r1,r2,r3];L9

Out[36]:

[1.0, -0.305, -0.206, 0.038]

In [37]: import sympy

In [38]: from sympy import*

In [39]: r,r0,r1,r2,r3 = symbols('r r0 r1 r2 r3')
In [40]: M = symbols('M’)

In [41]: M = Matrix([[r0,r1,r2],[r1,r0,r1],
[r2,r1,r0]]);M

Out[41]:

Matrix([

[r0, 1, r2],

[r1, 10, r1],

[r2, r1, r0]])

In [42]: 9,91,92,93=symbols('g g1 g2 g3')
In [43]: g = Matrix([91,92,93]);9
Out[43]:

Matrix([

[91],

[92],

[93]])

In [44]: M =M.subs([(r0,1),(r1,-0.305),
(r2,-0.206)]);M

Out[44]:
Matrix([
[ 1,-0.305, -0.206],
[-0.305, 1,-0.305],

[-0.206, -0.305, 1]))

In [45]: r=Matrix([r1,r2,r3]); r

Out[45]:

Matrix([

[r1],

[r2],

[r3]))

In [46]: r=r.subs([(r1,-0.305),(r2,-0.206),
(r3,0.038)]); r
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Out[46]:

Matrix([

[-0.305],

[-0.208],

[0.038]))

In [47]: B=simplify(M.inv());B

Out[47]:

Matrix([

[1.23702975377247, 0.501685993913973,
0.40784235742089],[0.501685993913973,
1.30602845628752, 0.501685993913973],

[ 0.40784235742089, 0.501685993913973,
1.23702975377247]))

In [48]: g=B™r; g

Out[48]:

Matrix([

[-0.465143380064886],

[-0.402992022370261],

[-0.180732103116296]])

In [49]: g=g.evalf(3); g

Out[49]:

Matrix([

[-0.465],

[-0.403],

[-0.181]])

In [50]: g1=9[0,0]; g1

Out[50]:

-0.465

In [51]: g2=9[1,0]; g2

Out[51]:

-0.403

In [52]: 93=9[2,0]; g3

Out[52]:

-0.181

In [53]: a = symbols (‘a")

In [54]: ska = symbols ('ska’)

In [55]: ska = q0-g1*q1-g2*q2-g3*q3; ska

Out[55]:

2.01681854248047

In [56]: skv = symbols ('skv')

In [57]: skv = ska**(0.5); skv

Out[57]:

1.42014736646605

In [58]: skv = skv.evalf(3); skv

Out[58]:

1.42

In [59]: a11,a22 = symbols ('a11 a22')

In [60]: @11 = -3*skv; a11

Out[60]:

-4.26

In [61]: @22 = 3*skv; a22

Out[61]:

4.26



In [62]: import random as rnd

In [63]: m = symbols('m:10');

Out[63]:

(m0, m1, m2, m3, m4, m5, m6, m7, m8, m9)

In [64]: | = symbols ('1:10');!

Out[64]:

(0,11,12,13, 14,15, 16, 17, 18, 19)

In [65]: m=list(m);m

Out[65]:

[m0, m1, m2, m3, m4, m5, m6, m7, m8, m9]

In [66]: I=list(1);!

Out[66]:

[0, 11,12, 13, 14,15, 16, 17, 18, 19]

In [67]: d = symbols ('d:10'); d

Out[67]:

(d0,d1,d2,d3,d4,d5,d6,d7,d8,d9)

In [68]: d = list (d); d

Out[68]:

[d0,d1,d2,d3,d4,d5,d6,d7,d8,d9]

In [69]: d[0] = rnd.uniform (-4.26,4.26); d[0]

Out[69]:

3.7878324717658174

In [70]: m[0]=g1*L1[29]+g2*L1[28]+\
g3*L1[27]+ d[0]; m[0]

Out[70]:

4.09812879744941

In [71]: L1 = np.append(L1,[m[0]]);L1

Out[71]:

array([0.43299999999999983, 3.433,

-1.5670000000000002, -0.5670000000000002,

1.4329999999999998, -1.5670000000000002,

-2.567, 2.433, 0.43299999999999983,

-0.5670000000000002, -1.5670000000000002,

1.4329999999999998, -0.5670000000000002,

0.43299999999999983, -1.5670000000000002,

3.433, 1.4329999999999998,

-0.5670000000000002, -1.5670000000000002,

0.43299999999999983, -0.5670000000000002,

-2.567, 2.433, -0.5670000000000002,

0.43299999999999983, -1.5670000000000002,

1.4329999999999998, -1.5670000000000002,

-0.5670000000000002, 0.43299999999999983

4.09812879744941], dtype=object)

In [72]: 1[0]=b+m[0]; 1[0]

Out[72]:

8.66512879744941

In [73]: L = np.append(L,[I[0]]);L

Out[73]:

array([5.0, 8.0, 3.0, 4.0, 6.0, 3.0, 2.0, 7.0, 5.0,

4.0,3.0,6.0,4.0,5.0, 3.0, 8.0, 6.0, 4.0, 3.0,

5.0,4.0,2.0,7.0,4.0,5.0, 3.0, 6.0, 3.0, 4.0,

5.0, 8.66512879744941], dtype=object)

In [74]: d[1] = rnd.uniform (-4.26,4.26); d[1]
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Out[74]:

-2.587298897242724

In [75]: m[1]= g1*L1[30]+g2*L1[29]+\
g3*L1[28]+ d[1]; m[1]

Out[75]:

-2.08074576204602

In [76]: L1 = np.append(L1,[m[1]])

In [77]: I[1]=b+m[1]; I[1]

Out[77]:

2.48625423795398

In [78]: L=np.append(L,[I[1]])

In [79]: d[2] = rnd.uniform (-4.26,4.26); d[2]

Out[79]:

0.8071389548290568

In [80]: m[2]= g1*L1[31]+g2*L1[30]+\
g3*L1[29]+ d[2]; m[2]

Out[80]:

0.0451337059883733

In [81]: L1 = np.append(L1,[m[2]])

In [82]: I[2]=b+m[2]; I[2]

Out[82]:

4.61213370598837

In [83]: L=np.append(L,[I[2]])

In [84]: d[3] = rnd.uniform (-4.26,4.26); d[3]

Out[84]:

3.5146713080878706

In [85]: m[3]= g1*L1[32]+g2*L1[31]+\
g3*L1[30]+ d[3]; m[3]

Out[85]:

3.59161472387185

In [86]: L1 = np.append(L1,[m[3]])

In [87]: I[3]=b+m[3]; I[3]

Out[87]:

8.15861472387185

In [88]: L=np.append(L,[I[3]])

In [89]: d[4] = rnd.uniform (-4.26,4.26); d[4]

Out[89]:

3.332153915638866

In [90]: m[4]= g1*L1[33]+g2*L1[32]+\
g3*L1[31]+ d[4]; m[4]

Out[90]:

0.178801469969288

In [91]: L1 = np.append(L1,[m[4]])

In [92]: I[4]=b+m[4]; I[4]

Out[92]:

4.74580146996929

In [93]: L=np.append(L,[I[4]])

In [94]: d[5] = rnd.uniform (-4.26,4.26); d[5]

Out[%4]:

2.867785147080328

In [95]: m[5]= g1*L1[34]+g2*L1[33]+\
g3*L1[32]+ d[5]; m[5]

Out[95]:

1.32898394299138



In [96]: L1 = np.append(L1,[m[5]])

In [97]: I[5]=b+m[5]; I[5]

Out[97]:

5.89598394299138

In [98]: L=np.append(L,[I[5]])

In [99]: d[6] = rnd.uniform (-4.26,4.26); d[6]

Out[99]:

1.69270588124252

In [100]: m[6]= g1*L1[35]+g2*L1[34]+\
g3*L1[33]+ d[6]; m[6]

Out[100]:

-0.471995713797095

In [101]: L1 = np.append(L1,[m[6]])

In [102]: I[6]=b+m[6]; I[6]

Out[102]:

4.09500428620290

In [103]: L=np.append(L,[I[6]])

In [104]: d[7] = rnd.uniform (-4.26,4.26); d[7]

Out[104]:

0.10021632009046666

In [105]: m[7]= g1*L1[36]+g2*L1[35]+\
g3*L1[34]+ d[7]; m[7]

Out[105]:

-0.2481499392664 34

In [106]: L1 = np.append(L1,[m[7]])

In [107]: I[7]=b+m[7]; I[7]

Out[107]:

4.31885006073357

In [108]: L=np.append(L,[I[7]])

In [109]: d[8] = rnd.uniform (-4.26,4.26); d[8]

Out[109]:

-2.232660689069062

In [110]: m[8]= g1*L1[37]+g2*L1[36]+\
g3*L1[35]+ d[8]; m[8]

Out[110]:

-2.16719334714070

In [111]: L1 = np.append(L1,[m[8]])

In [112]: 1[8]=b+m([8]; I[8]

Out[112]:

2.39980665285930

In [113]: L=np.append(L,[I[8]])

In [114]: d[9] = rnd.uniform (-4.26,4.26); d[9]

Out[114]:

1.544009122634895

In [115]: m[9]= g1*L1[38]+g2*L1[37]+
g3*L1[36]+ d[9]; m[9]

Out[115]:

2.73738643318719

In [116]: L1 = np.append(L1,[m[9]])

In [117]: 1[9]=b+m[9]; I[9]

Out[117]:

7.30438643318719

In [118]: L=np.append(L,[I[9]])

In [119]: import matplotlib

In [120]: import matplotlib.pyplot as plt

In [121]: plt.plot(L1)

0 5 10 15 20 25 30 35 40

Figure 20. The graph of the time series y,, which in the range 7 €[0,30] is filled with
experimentally obtained values, and outside this range is filled with predicted values
obtained using an autoregression model identified using experimentally obtained values

End of program 23.
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A Python program to solve a problem related to autoregressive modeling of non-stationary
time series y,={ 5.,8.,3.,4.,6.,8.,10.,7.,6.,9.,12.,8.,11.,15.,12.,10., 7.,8.,12.,15., 18.,20.,17.,
14.,15.,17.,16.,19.,22.,25.]}, given at N points 7 €[0,/N-1] with N=30, using the ARIMA(3,0,2)

model with the structure:

Ve =Yt = Y-, We = V¢
91Wi-1 l‘(" g2Wi 2 + g3we 3+ ay,
Yk =Y-1+ Xi=0 Ve

W =

— V-1

— k
Ve =V_1 + XioWe

and the method of its identification in the classical form

(Program 24):
In [1]: import numpy as np
In[2]: L=[5.,8.,3.,4.,6.,8.,10.,7.,6.,9.,12.,8.)\
11.,15.,12.,10.,7.,8.,12.,15.,18.,20.,17.,14.,
15.,17.,16.,19.,22.,25.]
In [3]: N=30
In [4]: L1 = np.diff(L);L1
Out[4):
array([ 3.,-5., 1., 2., 2., 2,,-3.,-1,, 3., 3.\
4., 3,4.,-3,-2,-3,1., 4,3, 3, 2,-3.)\
-3., 1., 2,-1, 3, 3., 3]
In [5]: deffun( ):
return np.sum(x)

In [6]: fun(L1)
Out[6]: 20.0
In [7]: _/(N-1)
In [8]: L11=np.diff(L1);L11
Out[8]:
array([-8., 6.
-1,

- , 0., 0,-5, 2, 4,0,
7, 1.
504

1.,1 4, 3.,-1,0,-1.\
0.,0

o1
, 1,3, 4., .])

In [9]: fun(L1’I)
Out[9]: 0.0
In [10]: def fun (x):

return np.dot(x,x)
In [11]: fun(L11)
Out[11]:
390.0
In [12]: q0=_/(N-2); q0
Out[12]:
13.928571428571429
In [13]: g0=q0.round(3);q0
Out[13]:
13.929
In [14]: L2=L11[:-1]
In [15]: L5=L11[1]
In [16]: def fun (x,y):

return np.dot(x,y)
In [17]: fun(L2,L5)
Out[17]:
-102.0
In [18]: q1=_/(N-3); q1
Out[18]:
SATTTrrTTriiiTTaa
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In [19]: g1=q1.round(3);q1
Out[19]:

-3.778

In [20]: L3=L2[:-1]

In [21]: L6=L5[1]

In [22]: fun(L3,L6)
Out[22]:

-134.0

In [23]: q2=_/(N-4);q2
Out[23]:
-5.153846153846154

In [24]: g2=g2.round(3);92
Out[24]:

-5.154

In [25]: L4=L3[:-1]

In [26]: L7=L6[1]

In [27]: fun(L4,L7)
Out[27]:

49.0

In [28]: g3=_/(N-5); q3
Out[28]:

1.96

In [29]: r0=q0/q0;r0
Out[29]:

1.0

In [30]: r1=q1/q0;r1
Out[30]:
-0.29059829059829057
In [31]: r1=r1.round(3);r1
Out[31]:

-0.291

In [32]: r2=92/q0;r2
Out[32]:
-0.3964615384615385
In [33]: r2=r2.round(3);r2
Out[33]:

-0.396

In [34]: r3=93/q0;r3
Out[34]:
0.15076923076923077
In [35]: r3=r3.round(3);r3
Out[35]:

0.151



In [36]: L9=[r0,r1,r2,r3];L9

Out[36]:

[1.0,-0.291, -0.396, 0.151]

In [37]: import sympy

In [38]: from sympy import*

In [39]: r,r0,r1,r2,r3 = symbols('r r0 r1 r2 r3")
In [40]: M = symbols('M’)

In [41]: M = Matrix([[r0,r1,r2],[r1,r0,r1],
[r2,r1,r0]));M

Out[41]:

Matrix([

[r0, 1, r2],

[r1, r0, r1],

[r2, r1, r0]])

In [42]: 9,91,92,93=symbols('g g1 g2 g3')
In [43]: g = Matrix([g1,92,93]);9

Out[43]:

Matrix([

[91],

[92],

[93]))

In [44]: M =M.subs([(r0,1),(r1,-0.291),
(r2,-0.396)]);M

Out[44]:

Matrix([

[ 1,-0.291,-0.396],

[-0.291, 1,-0.291],

[-0.396,-0.291, 11])

In [45]: r=Matrix([r1,r2,r3]); r

Out[45]:

Matrix([

[r1],

[r2],

[r3]])

In [46]: r=r.subs([(r1,-0.291),(r2,-0.396),
(r3,0.151)]); r

Out[46]:

Matrix([

[-0.291],

[-0.396],

[0.151]])

In [47]: B=simplify(M.inv());B

Out[47]:

Matrix([

[ 1.50854880637025, 0.669522683244447, \
0.792216428146752),[0.669522683244447, \
1.38966220164827, 0.669522683244447],
[0.792216428146752, 0.669522683244447, \
1.50854880637025]))

In [48]: g=B™r; g

Out[48]:
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Matrix([

[-0.584494004568384],
[-0.644039407506937],
[-0.267875093393598 ]))

In [49]: g=g.evalf(3); g

Out[49]:

Matrix([

[-0.584 ],

[-0.644],

[-0.268]))

In [50]: g1=9[0,0]; g1

Out[50]:

-0.584

In [51]: g2=9[1,0]; g2

Out[51]:

-0.644

In [52]: 93=9[2,0]; g3

Out[52]:

-0.268

In [53]: a = symbols (‘a')

In [54]: ska = symbols ('ska’)

In [55]: ska = q0-g1*q1-g2*q2-g3*q3; ska
Out[55]:

7.99764599609375

In [56]: skv = symbols ('skv')

In [57]: skv = ska**(0.5); skv
Out[57]:

2.82801096109859

In [58]: skv = skv.evalf(3); skv
Out[58]:

2.83

In [59]: a11,a22 = symbols ('a11 a22')
In [60]: @11 = -2*skv; a11

Out[60]:

-5.66

In [61]: @22 = 2*skv; a22

Out[61]:

5.66

In [62]: import random as rnd

In [63]: w = symbols('w:10");w
Out[63]:

(w0, w1, w2, w3, w4, wh, wb, w7, w8, w9)
In [64]: v = symbols ('v:10');v
Out[64]:

(v0, v1,v2, v3, v4, v5, v6, v7, v8, v9)
In [65]: w=list(w);w

Out[65]:

w0, w1, w2, w3, w4, w5, wb, w7, w8, w9]
In [66]: v=list(v);v

Out[66]:

[vO, v1,v2, v3, v4, v5, v6, v7, v8, V9]
In [67]: d = symbols ('d:10'); d



Out[67]:

(d0,d1,d2,d3,d4,d5,d6,d7,d8,d9)

In [68]: d = list (d); d

Out[68]:

[d0,d1,d2,d3,d4,d5,d6,d7,d8,d9]

In [69]: y = symbols ('y:10');y

Out[69]:

(v0, y1,¥2,y3, y4,¥5, Y6, y7, y8,y9)

In [70]: y=list(y);y

Out[70]:

[v0, y1,¥2, y3, y4, y5, y6, y7, y8, y9]

In[71]: L21=[ ]

In [72]: L22=[ ]

In [73]: L23=[ ]

In [74]: d[0] = rnd.uniform (-5.66,5.66); d[0]

Out[74]:

-3.949689744213309

In [75]: w[0]=g1*L11[27]+g2*L11[26]+\
g3*L11[25]+ d[0]; w[0]

Out[75]:

-5.02122294733831

In [76]: L23.append(w[0]);L23

Out[76]:

[-5.02122294733831]

In [77]: v[0]=L1[28]+w[0];v[0]

Out[77]:

-2.02122294733831

In [78]: L22.append(v[0]);L22

Out[78]:

[-2.02122294733831]

In [79]: y[0]=L[29]+V[0];y[0]

Out[79]:

22.9787770526617

In [80]: L21.append(y[0]); L21

Out[80]:

[22.9787770526617]

In [81]: d[1] = rnd.uniform (-5.66,5.66); d[1]

Out[81]:

-0.35599763798745787

In [82]: w[1]=g1*L23[0]+g2*L11[27]+\
g3*L11[26]+ d[1]; w[1]

Out[82]:

2.57876987566682

In [83]: L23.append(w[1]);L23

Out[83]:

[-5.02122294733831, 2.57876987566682]

In [84]: v[1]=L22[0]+w[1];v[1]

Out[84]:

0.557546928328509

In [85]: L22.append(v[1]);L22

Out[85]:

[-2.02122294733831, 0.557546928328509]

In [86]: y[1]=L21[0]+v[1];y[1]

Out[86]:

23.5363239809902

In [87]: L21.append(y[1]);L21

Out[87]:

[22.9787770526617, 23.5363239809902]

In [88]: d[2] = rnd.uniform (-5.66,5.66); d[2]

Out[88]:

5.4505096830373745

In [89]: w[2]=g1*L23[1]+g2*L23[0]+\
g3*L11[27]+ d[2]; w[2]

Out[89]:

7.17717253770830

In [90]: L23.append(w[2]);L23

Out[90]:

[-5.02122294733831, 2.57876987566682,\

7.17717253770830]

In [91]: v[2]=L22[1]+w[2];v[2]

Out[91]:

7.73471946603681

In [92]: L22.append(v[2]);L22

Out[92]:

[-2.02122294733831, 0.557546928328509, \

7.73471946603681]

In [93]: y[2]=L21[1]+v[2],y[2]

Out[93]:

31.2710434470270

In [94]: L21.append(y[2]);L21

Out[94]:

[22.9787770526617, 23.5363239809902,\

31.2710434470270]

In [95]: d[3] = rnd.uniform (-5.66,5.66); d[3]

Out[95]:

1.5127310202924091

In [96]: w[3]=g1*L23[2]+g2*L23[1]+\
g3*L.23[0]+ d[3]; w[3]

Out[96]:

-2.99786690654250

In [97]: L23.append(w[3]);L23

Out[97]:

[-5.02122294733831, 2.57876987566682, \

7.17717253770830, -2.99786690654250]

In [98]: v[3]=L22[2]+w[3];v[3]

Out[98]:

4.73685255949431

In [99]: L22.append(v[3]);L22

Out[99]:

[-2.02122294733831, 0.557546928328509, \

7.73471946603681, 4.73685255949431]

In [100]: y[3]=L21[2]+V[3];y[3]

Out[100]:

36.0078960065213



In [101]: L21.append(y[3]);L21

Out[101]:

[22.9787770526617, 23.5363239809902, \
31.2710434470270, 36.0078960065213]

In [102]: d[4] = rnd.uniform (-5.66,5.66); d[4]
Out[102]:

-2.938526432470273

-1.76271953369060

In [106]: L22.append(v[4]);L22

Out[106]:

[-2.02122294733831, 0.557546928328509,
7.73471946603681, 4.73685255949431,
-1.76271953369060]

In [107]: y[4]=L21[3]+V[4];y[4]

In [103]: w[4]=g1*L23[3]+g2*L23[2]+\ Out[107]:
g3*L23[1]+ d[4]; w[4] 34.2451764728307
Out[103]: In [108]: L21.append(y[4]);L21
-6.49957209318491 Out[108]:
In [104]: L23.append(w[4]);L23 [22.9787770526617, 23.5363239809902,
Out[104]: 31.2710434470270, 36.0078960065213,
[-5.02122294733831, 2.57876987566682, 34.2451764728307]
7.17717253770830, -2.99786690654250, In [109]: L555 = L+L21
-6.49957209318491] In [110]: import matplotlib
In [108]: v[4]=L22[3]+w[4];v[4] In [111]: import matplotlib.pyplot as plt
Out[105]: In [112]: plt.plot(L555)
35 1
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Figure 21. The graph of the time series y_t, which in the range 7€[0,30] is filled with

experimentally obtained values, and outside this range is filled with forecast values

obtained using the ARIMA (3,0,2) model, identified using experimental — obtained
values.

End of program 24.
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6.5 Tasks for self-testing

. What is the Laplace operator?

. What properties of the Laplace operator do you know?

. What are the main advantages of image analysis?

. What are the Laplace maps of the derivative of a continuous function and its integral?
. How to determine the transfer function of the system, if the differential equation that

describes the processes in this system is known?

. Define transient and transient transient characteristics of a linear dynamic system.

. What is a single jump and what is its schedule?

. What is a unit impulse and what are its properties do you know?

. How are the Laplace images of transient and impulse transient characteristics of a system

related to the transfer function of this system?
. Prove that the impulse transient characteristic of the system is a derivative of its transient
characteristic.
Given the transfer function of a linear dynamic system, how to reproduce the differential
equation that describes the processes in this system?
What is the inverse Laplace operator? What forms of its implementation do you know?
How to determine the original by its known image?
What is a “time series”? Give examples of stationary and non-stationary time series.
Define the backward and forward shift operators, the difference operator and the sum
operator.
What is a linear filter operator?
What is a white noise? What are its main properties?
What are regression and autoregression? What form do their operators have?
Synthesize a time series model in the form of autoregression.
How are the linear filter operator and the autoregressive operator for time series related?
What are the moving average of a time series and the moving average operator?
Define autocovariance and autocorrelation of a time series. How to find their numerical
values? What are their main properties do you know?
Why are the Yule-Walker equations needed and how are they derived?
How to solve the Yule-Walker equation?
According to the implementation of the time series, synthesize its model in the form of
autoregression with the identification of this model
Build a time series model in the form of autoregression - moving average.
How can a non-stationary time series be transformed into a stationary one?
Build a model of a non-stationary time series in the form of autoregression - integrated
moving average.
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