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THE USE OF COMPUTER-INTEGRATED TECHNOLOGIES
IN THE PROCESS OF TEACHING PHYSICS

Viktor Dzis!
Olena Diachynska’

DOI: https://doi.org/10.30525/978-9934-26-298-2-4

Abstract. Currently, there 1s a need to design an open informational and
educational environment that will ensure a decent level of organization of
the educational process in the mixed and distance forms of learning, make
it flexible and personalized. The use of the Mathcad mathematical package
when solving problems is an effective tool for improving the quality of
the professional education in general and physics in particular. Facilitating
learning due to the automation of calculations increases the level of
students' mastery of the physical essence of the tasks, the level of students'
educational achievements, and their motivation for the learning process.

The purpose of the work is the development of methodical material
for optimizing the process of learning physics, which should help students
overcome barriers associated with the imperfect educational skills and
skills in the field of mathematics, simplify mathematical calculations
and focus all attention on the physical essence of the task. Calculations
of the electrical circuits of the alternating current are quite typical tasks.
Branched electrical circuits of the alternating current are described by
cumbersome mathematical functions of a complex variable. They are well
suited to illustrate the benefits of the Mathcad system. The algorithm for
solving the problem in this case consists of three quarters of the analysis
of the electrical circuit, and the mathematical calculation is reduced to the
solution of the system of equations [14]. Their exact solution is quite a
difficult task, however, to solve most engineering problems, it is enough
to construct their approximate solutions. When calculating real electrical
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circuits, it is necessary to take into account voltage fluctuations, changes in
the parameters of electrical circuit elements caused by heating during the
passage of current, accuracy classes of resistors, inductors, and capacitors.
Therefore, such calculations are performed with approximate parameter
values, so it 1s necessary to estimate the limit value of the calculation error.
But with the general simplicity of setting the problem of error estimation, it
1s the mathematical calculation that causes significant difficulties, which is
connected with the differentiation of cumbersome functions of a complex
variable. A set of differential calculus functions is built into the Mathcad
package, using which the student will successfully cope with the task,
despite the complexity of its mathematical component.

A method of researching the frequency characteristics of the alternating
current electric circuits is proposed. Its use makes it possible to determine
the main frequency characteristics of an electric circuit quite effectively and
to estimate their errors.

As a result of research, there is no need to explicitly find the roots of
complex equations in this method. The resonant frequencies of the oscillating
circuit are determined by the method of optimizing the mathematical
model. The initial approximations of resonance frequencies are determined
from the resonance curve and refined to the required accuracy by means of
the Mathcad system. The limit values of the oscillating contour parameter
errors are estimated by the classical method of logarithmization, which has
been modernized for the function of a complex variable.

It was found that at resonant frequencies of the circuit, the value of
the relative error of the current increases sharply. It is shown that for the
function of the relative error of the current force in the electric circuit from
the frequency €= f1(v) at the resonance frequencies of the circuit, a series
of peaks is observed, which correlate with the change in the current strength
on the resonance curve I = f2(v).

Practical implications. In most cases, the problems of electromagnetism
can be solved accurately using a wide range of analytical methods. However,
to simplify calculations when investigating the frequency characteristics
of the branched electric circuits and the oscillating circuits, it is advisable
to use approximate numerical methods of the Mathcad system. Value/
originality. The proposed method can be useful in solving a number of
applied problems in physics, radio engineering, and electrical engineering.
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1. Introduction

The full-scale war in Ukraine and the introduction of martial law had a
detrimental effect on the field of education. Every citizen's right to education
is under threat. Teachers once again faced the question of improving
the teaching of educational material, expanding the possibilities of its
acquisition and processing by students of higher education, regardless of
the form of education. An increase in the number of hours for independent
processing of educational material by students leads to a review of the
methodical support of the educational process, modernization of practical
classes with the active introduction of information technologies.

Computer mathematics systems include Mathematica, Derive, Mathcad,
MatLab, Maple, and others.

Consider the Mathcad system. The Mathcad mathematical package
works under the Windows operating system. The Mathcad work window is
similar to the Word work window. This allows a novice user to quickly learn
how to work on a computer, implement various complex mathematical
models, without delving into the intricacies of programming as in the
traditional programming languages (Pascal, Python, C++, etc.). The main
advantages of the Mathcad system over other systems [2; 6; 8; 12; 18]:

— generally accepted form of writing mathematical symbols, operations,
formulas and graphs is used;

— there 1s no hidden information, everything is displayed on the screen,
the output results have the same appearance as on the display screen;

— to enter simple mathematical expressions, it is enough to simply print
them on the worksheet of the system. Writing equations is simplified with
the help of special toolbars that contain various mathematical operators,
operands and templates;

— Mathcad makes it possible to build graphs, calculate derivatives and
integrals or operate with other mathematical expressions, by filling in only
the free fields in the proposed templates (special forms);

— computational algorithms have a modular structure;

—a library of mathematical functions and its own programming language
are built into Mathcad;

— Mathcad numerical algorithms use standard and well-studied reliable
methods;

— performs calculations with functions of a real and complex variable;
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— Mathcad numerical algorithms use standard and well-studied reliable
methods;

— Mathcad has its own reference systems with detailed descriptions of
all topics. With the help of reference books, you can study any topic, they
are equipped with various illustrative materials;

— a set of standard procedures and programs that are most often used in
Mathcad is designed in the form of a set of easily accessible documents —
“cheat sheets” (QuickSheet). To solve many specific problems, it is possible
to find a suitable blank in the “cheat sheets” and transfer it to your working
document;

— Mathcad has its own Electronic Books, which contain a variety of
information, a large number of useful formulas, constants and graphs,
which are easily transferred to a working document;

— carrying out mathematical calculations in numerical form (the result of
calculations is a number) and analytical transformations over mathematical
expressions (the result of transformations is an analytical expression);

— the package has the ability to perform calculations with dimensional
physical units in the international system of units (SI).

The Mathcad system is a powerful and at the same time simple universal
environment for solving problems in the various fields of science and
technology [2; 6; 8; 9; 12; 18], mathematics and statistics [1; 5], physics
and ecology [1; 7; 8; 14; 15; 17; 18], finance and economics [1; 5]. Mathcad
remains one of the systems in which the description of the solution of
mathematical problems is given using ordinary mathematical formulas and
symbols. Mathcad allows you to perform both numerical calculations and
symbolic transformations, has extremely developed graphic tools.

Therefore, it is advisable to use the Mathcad system in physics when:

— performing cumbersome calculations;

— performing analytical transformations on expressions;

— solving equations and their systems;

— solving differential equations and their systems;

— differentiation and integration of complex mathematical functions;

— processing of physical experiment results and error estimation;

— construction of graphs (two-dimensional, three-dimensional) based on
the results of theoretical calculations or the results of a physical experiment;

— modeling of physical phenomena.
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The use of the Mathcad software package during the study of the academic
discipline “Physics” makes it possible to effectively solve problems of the various
levels of complexity, not only physical, but also professional, which require
a complex mathematical apparatus. Quite often, cumbersome mathematical
calculations relegate the essence of physical phenomena and processes to
the background. The Mathcad system allows you to simplify cumbersome
mathematical calculations, and therefore does not distract from the physical
content of the task and saves time for its solution. Graphs constructed using the
Mathcad system contribute to reliable assimilation of educational material and
a deeper understanding of physical phenomena and laws.

As an example, consider the possibilities of using Mathcad in the process
of studying the section “Alternating electric current”, namely, the calculation
of branched electric circuits of alternating current, the study of frequency
characteristics and the estimation of calculation errors, the knowledge
of which is important in the future professional activity of specialists of
various specialties of the Faculty of Engineering and Technology.

In most cases, the problems of electromagnetism can be solved
accurately using a wide range of analytical methods. However, to facilitate
calculations in certain cases, it is advisable to use approximate numerical
methods, in particular, optimization methods of the Mathcad system.

Resonance is a mode of operation of an electric circuit containing inducta-
nces and capacitances, in which the reactance or reactance of the circuit is zero.

X=X,-X,.=0. (1)

In relation to the external circuit, the oscillating circuit acts as a purely
active resistance, and therefore the voltage and current at the input of the
circuit coincide in phase; accordingly, the reactive power at the circuit
terminals is zero. The resonance mode can occur only when the frequency
of external oscillations of the current is equal to the natural frequency of
oscillations of the circuit. Therefore, the resonance frequency of the circuit
is determined by the values of resistance, capacity and inductance.

Resonance of voltage and current in alternating current circuits is
described by a simple mathematical apparatus [11; 13; 16]. The calculation
of branched circuits of the alternating current is conveniently carried out in
a complex form. But the situation becomes much more complicated when
analyzing the phenomenon of resonance in the alternating current circuits
with mixed connections of inductors, capacitors and active resistances.
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Calculations become cumbersome, therefore they require effective methods
and it is advisable to carry them out on a computer.

The ratings of the elements of electrical circuits (sources, resistors,
inductors, capacitors) have certain tolerances, therefore, when examining
the frequency characteristics of the alternating current circuits, in addition
to the values of the resonance frequency, the current in the branches of the
electrical circuit, and the voltage on the circuit elements, it is necessary to
estimate the errors of these physical quantities [3].

A number of software have been developed to simulate the operation of
electric circuits: Electronics Workbench, Multisim, Micro-Cap, Circuit Magic
[6; 8]. They make it possible to obtain general frequency characteristics of
electrical circuits, but when it is necessary to obtain detailed characteristics,
they build mathematical models of the operation of electrical circuits and
examine them on a computer. Matlab or Mathcad are most often used to do
this. Simulink subroutine is built into Matlab for developing models. Elements
of the SimPowerSystems built-in library are used to model electrical circuits
in the Simulink routine. The system is quite a powerful software product, but
it requires programming skills. Unlike Matlab, the Mathcad system has much
less capabilities, but it has a graphical interface for entering information and
does not require programming skills. In the Mathcad environment, the entries
of mathematical expressions are close to the entries in ordinary mathematics,
and the use of constants, variables and functions does not require additional
explanations. The system has a large set of built-in functions, wide graphic
capabilities, and enables working with complex variable functions. Therefore,
the Mathcad environment has all the necessary set of mathematical tools for
the study and calculation of electrical circuits of alternating current.

2. Resonance in the simple electric circuits

Before analyzing the resonance of the complex electric circuits with a
mixed connection of elements, we will first consider cases of the resonance of
voltages and currents in the simple electric circuits (simple circuits). Note that the
resonance of voltage and currents in the simple electric circuits and the resonance
in the electric circuits with a mixed connection of elements is described by the
same mathematical apparatus, and it is based on the same physical laws.

In the simple alternating current circuits, there can be two types of
resonance: voltage (series); currents (parallel).
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Voltage resonance. Voltage resonance [11; 13; 16] is observed in an
electric circuit with a series connection of inductors and capacitors (series
oscillating circuit), Figure 1.

N I |

C Li Ry C

N/ 1{2
Cs R3 L
I L1 AN
Figure 1. Voltage resonance

The resonance frequency of the circuit during voltage resonance is recog-
nized only by the value of the inductive and capacitive resistance of the circuit
[11; 13; 16]. At resonance, the resistances of the reactive elements are the same:

XL :XC>
(opL:L,
oopC
1
©®, =, :ﬁ, (2)
v, :_P:;’ (3)
2t 2nLC

where L — is the total inductance, C — is the total capacity, v, — is the
resonant frequency ®, — is the resonant cyclic frequency.
At resonance, the resistances of the reactive elements are the same:

| L
(DL:—: = ) 4
G \E P (4)

where p— 1s the wave resistance.
The voltage values across the inductor and the capacitor will be the same:

U,=U,

U, ,=lLo,L=1p, (%)
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I
Ue === 1, (6)

p
where [, — is the current at resonance.
At resonance, the value of the voltage across the active resistance is
equal to
U,=1IR. (7)
A physical quantity that is numerically equal to the ratio of the reactive
voltage component (capacitance or inductance voltage) to the active one at

resonance is called the Q factor of the circuit.
U U ol 1 1 |L
U, U, R o,C RNC L
and the inverse of the factor is called the extinction coefficient:
dIUR:UR: R ZR(DPL:R\/§:£° (9)
u U. ol L »p

p

For the electrical circuit shown in Figure 1, we have:

3
R=R +R,+R =>R

i=1

L=L+L,,
_ Cl C'2 C3
C,C,+CC,+CC,

The total resistance of such an electric circuit in the state of voltage
resonance is purely active in nature and the smallest in magnitude.

Z:\/R2+(coL—éj , (10)

Accordingly, the current and power consumed reach the highest values.

Characteristic signs of the voltage resonance:

— the total resistance of the electric circuit is minimal and equal to the
active resistance of the circuit;

— the effective value of the voltage on the active resistor is equal to the
effective value of the applied external voltage;

— voltage and current are in the same phases;
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— the supplied energy is transmitted only to the active resistance;

— useful power of the external source is maximum.

Resonance of currents. The phenomenon of setting the minimum
value of the current in the unbranched part of the circuit with the parallel
connection of circuit elements (inductance coils, capacitors) is called
current resonance.

Figure 2. Resonance of currents

Resonance of currents is observed in an electric circuit with a parallel
connection (parallel oscillating circuit), Figure 2.

If the oscillating circuit is ideal, then the active resistance R = 0 and the
resonant frequency 1
0, =0, =—F—. (11)

: JLC

In the real electric circuits, the active resistance of the inductance is
R # 0, so the resonant frequency is determined from the ratio [11; 13; 16]:

oL
R*+(oL)

1 (RY
(Dpz E—(zj . (12)

If the active resistance is included in the capacitor branch (Figure 3),

—0oC=0,

R,=15 Ohm L=0.4Hn

11—/ Y Y

R,=850hm  C=35\F

L —I

U=36V

O ~ O

Figure 3. Resonance of currents (general case)
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then the resonant frequency is determined from the ratio:
o,L l/w,C

R +(w,L) R +(1/0,C)

1 |[L/C-R} 1 |p°-R}
P JLc\L/C- R ~JIc p°—R}’
© 1 L/C-R} 1 p’—R’

v =—t =

13
" on 2ndIC\L/C—-R:  2ndIC \p’ RZ( )
Let's analyze the ratio (13). Resonance of currents can flow at
2
LIC-R .
L/C-R

Q)

(14)

_p2
If LIC-R
L/C-R
then the systems of inequalities must be fulfilled:
L/C>R2 LN?<R2
L/C> R L /C<R}

The systems of inequalities (15) are equivalent to the system of inequalities

{p>R0{p<R (16)

(15)

p>R p<R

If R =R, #p, then the resonance is described by dependence (11) for
an ideal circuit.

An interesting case 1s when R, =R, =p. The contour resonates at all
frequencies and we observe the phenomenon of so-called “indifferent”

resonance.

L/C-R}
When T < 0, resonance in the electric circuit does not occur.

When the currents resonate in the branches of the inductor and the capacitor,
a small current may flow, the value of which i1s determined by the active
components of the resistance. If the inductor and capacitor are ideal, then there
is no current in the branched part of the circuit, because the currents in the
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inductor and capacitor are opposite in phase and compensate each other in the
non-branched part of the circuit. However, the current in the inductance and
capacity branches can reach much higher values than in the unbranched part.

The dielectric of the capacitor may also be imperfect. Then the capacitor
is shunted by an active resistance and losses in the capacitor must be taken
into account.

Example 1. Construct a resonance curve and determine the resonance
frequency for an electric circuit (Figure 3).

We can find the resonant frequency in two ways: analytical
(equation 13) and numerical methods of the Mathcad system. The numerical
method is reduced to the solution of the optimization problem [3].

For solving optimization problems, two functions minimize and
maximize are built into Mathcad. The first function defines the arguments
of the objective function for the minimum value, the second — the maximum
value. The functions have the format:

minimize (f, x, y), maximize (f, x, y),

where f—is the name of the function, X, y — are the arguments of the function.

The minimize and maximize functions are used in the Given block.

The Given block has the following structure:

— we define the target function;

— we set the initial approximate values of the resonance frequency
(initial values are found from the resonance curve);

— we set the accuracy of calculations;

— open the Given block;

— we write down the restrictions imposed on the objective function
through the signs of Boolean algebra;

— we write an expression with the minimize or maximize functions to
find the optimal value of the arguments of the optimization tasks (in the
Given computing block, the minimize or maximize functions can only be
used once);

— we determine the optimal value of the function argument.

We will make calculations using the Mathcad system (Listing 1).

Therefore, the results of calculations by two methods agree within the
limits of error.
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Listing 1
ORIGIN = 1
_ _ (15
Active resistance, Om R= s Inductivities, Hn L=04
Electrical capacity _6
capacitors, F C = 35-10 Voltage, V U:=36

1

Zkl(v) = Ry +2wvli Zk2(v) = Ry-

Current strength, &

Numerical method

{ = /~1 <= An imaginary unit

Z1
:
2o
o Z2

Equivalent electrical circuit

Functions for calculating the resistance of sections and a complete circle

; Ty = ZK10) ZE2)
27rv.C Zk1(V) + Zk2(V)

Construction of resonance curve v=1,101.120

Ik(v) = U <=Function for calculating the complex value of
Zk(V)  the current

I(v) = |Ik(v)| <=Function for calculating the value of the modulus of
the current

Resonance curve

0.8 Resonant frequencies v, , Hz
0.6
vl =45 Given 1 =vl1 =400
1v) 04|
0.2 _ = Minimize(I,v1) = 42 5296

Yp

[] | |
0 20 40 60 80 100 120

v Analytical method

Frequency, Hz
L 2
o~ (R1) Vo = = 421613
L = 0.982

2

= (R
o~ (Ra)
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3. Frequency characteristics of an alternating current circuit
with a mixed connection of elements

Resonance in alternating current electric circuits with a mixed
connection of elements has its own specific features [2; 3; 10]. Resonance
phenomena can occur in individual branches or circuits of alternating
current circuits with a mixed connection of elements (complex circuits),
and the general frequency characteristic is the result of superposition of
individual resonances on branches and circuits. The elementary processes
occurring in the elements of such circuits have been studied and described
in detail in the scientific and scientific-methodical literature, but their
analysis presents a number of difficulties caused by computational
procedures and process analysis.

Consider an example (Figure 4).

L

C
1 )|
Y M " ‘.5"_:_5_1.7

L4 R4
O
~U
o LS
C, C, mm
|
R 6 s
1
I. |1
_:l 5 7 T

Figure 4. An electric circuit with a mixed connection of elements

For an electric circuit, investigate resonance characteristics. Determine
the voltages and currents on the circuit elements at a frequency of 50 Hz and
resonance frequencies. Estimate current errors in the unbranched section of
the circuit. Electric circuit parameters:

R =4+0,10hm,R, =12+0,30hm, R, =8+0,20hm,R, =7+0,10hm,
L =0,4%0,002 Hn,L, = 0,140,001 Hn, L, =0,35+0,002 Hn, L, =0,4+0,002 Hn,
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L, =0,1+0,0061 Hn,C, =50+0,2 uf ,C, =12+0,1 uF,C, =1+0,01 uF,
C,=5+0,1uF,C; =15+£0,1uF,U =220£5V, v=50+0,002 Hz.
Let's develop a mathematical model of an electric circuit. We will record
mathematical functions and expressions in a form close to the format of the
Mathcad system. The model is based on the symbolic method of calculating

electric circuits. Let's replace the elements of the branches of the electric
circuit with the complex resistances equivalent to them (Figure 5).

71 Z3

L | 15 I7
Ri. L1, Ci Rs. L3, Cs3
I I
61
(O] R> La R4
~U Zz L2 Z4 C4 ZS L5
Q C> Cs

Figure 5. Equivalent electrical circuit

Let's determine the complex resistances of the branches of an electric
circuit as a function of frequency.

Z1(v)=R +| 2nvL, - i 17
(v)=R ( 1 2chC1] (17)
27WL21'-( ZCJ L
Z2(v)=R, + el R (8)
: —i 4n°v°L,C, —1

2nvL,i+
nvC,
Z3(v)=R, +| 2nvL, - ! i; (19)
nvC,
Z4(v)=|2mvL, - L i (20)
nvC,
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1 :
Z5(v)=R, +(275\/L5 EEye Jz; (21)
5

where i =v-1— is an imaginary unit.

By means of the equivalent substitutions, we will reduce the electric
circuit to a simple form.

Let's replace the complex supports Z4, Z5 with their equivalent Z45:

Z1 73
Ri, L1, Cy L I5 Rs, L3, C3
I
o Ro,
~U 77 | L2 745
C2

245(v) = sz ((vv ))fzss((vv)) ' (22)

Let's replace the complex supports Z3, Z45 with their equivalent Z345:

Z1
I I
R, L, C 1 -
IZ
~U 72 7345
Z345(v)=Z3(v)+Z45(v). (23)

Let's replace the complex supports Z2, Z345 with their equivalent Z2345:
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Z1
I
R1, L1, Ci
o
~U 72345
Q
_ Z2(v)-Z34
72345(v) = 220 Z385(v) (24)
Z2(v)+Z345(v)
Let's replace the complex supports Z1, Z2345 with their equivalent Z:
Z(v)=Z1(v)+Z2345(v). (25)
Z L
~U

So, the dependence of the total complex resistance of the electric circuit
on the frequency is described by the function

Z(v)=Z1(v)+Z2345(v),
and, accordingly, the modulus of total resistance:
Z(v)=|Z(v)|. (26)
The dependence of the complex value of the current on the frequency in
an electric circuit is described by the dependence

F(v)== 27)

and the current module

(28)

We implement a mathematical model of an electric circuit in Mathcad
(Listing 2).
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Listing 2
Research of resonance in an electric circuit with mixed
connection of elements
ORIGIN = 1
0.1
10
0.3
_ ) 12 Absolute errors, Om AR =
Active resistance, Om R = ; 0.2
0.1
7
(0.4 ) 0.002)
0.10 0.001
Inductivities, Hn L:=|035 Absolute errors, Hn AL = | 0.002
04 0.002
0.1 0.001
50 0.2)
12 . 0.1
E]cctrfca] capacity C=1]15]10 Absolute errors, F  AC =01 ]10" 6
capacitors, F 5
0.1
15 0.1/
Voltage, V U= 220 AU =5
Frequency, Hz Av = 0.002

i'=4/-1 <= Animaginary unit

Functions for calculating complex resistances of electric circuit branches
(equations 17-21):

1
Zl . (v) =Ry +| 2wyl - —— |4
k() =Ry [ 1 2-'7r-v-C1]1
2mv-La4
22y (v) = Ry - 7 3
4”7 Ly Cy—1
23, (v) =Raz+| 2mvL 1
= R P - 1
k . 3 2.-qt.1v-Cq

1
ZAk(v) = (2-“-1:’-];4 - m]l
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(Continuation of listing 2)

1
Z5,() =Ra+ | 2w Lg— —— |1
(V) = Ry [w 5 2@_05)1

Graphs of the dependence of the resistance of the branches of the electric
circuit on the frequency

v =1,105.300

Full branch resistance

|Z51(1) |
—_— 1
100 o 2
-~ 23
R Z B
Z5
. :
0 100 200
|5
Frequency, Hz
Dependence of resistance on frequency for branch Z2
£ 8x10°
© 3
o fx10
8 |Z2(w)
g i ax10°
2 2107 - K
0 IS
0 50 100 150 200 250 300
|5

Frequency, Hz
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(Continuation of listing 2)

Functions for calculating the resistance of sections and a complete circle

ZAy (V) + 25, (v)

ZA5 (V) =

2345, (V) = Z3, (V) + ZA5,. (V)

22, (v)-Z345, (V)

22345, (v) =
Z2, (V) + Z345, (V)

Z (V) = Z1,.(v) + 22345, (V)

The resistance of sections of the electric circuit varies in a wide range of
0-4000 Ohms. For clarity, we build graphs on different scales: along the main Y
axis (interval 0-500 Ohms) and auxiliary (interval 1-4000 Ohms).

Full branch resistance

: - Z45
i |1 Elese Z345
i 72345
400f—— ~H—Z I
" : } —3x103
'-. {
o 300 ;
B 245 ()| _ |223453,(v) |
g - v g Jax10® ----
B |2345,(v)| Ll i |2(v) |
b e ¢ < : e
i 200 = -
X: |} ) _Ax10®
100 //
[T .

Frequency, Hz
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Current strength, A

(Continuation of listing 2)

Construction of resonance curve

K@) = U <==Function for calculating the complex value of
Z(V)  the current
I(v) = & <=Function for calculating the value of the modulus of
Ze(W) | the current
v:=1,1.01. 300
Resonance curve (1-300 Hz)
8
f
I(v)
4
2
0
0 100 200

v

Frequency, Hz
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(Continuation of listing 2)
Checking the 115-120 Hz interval for the existence of ¢ntical points
Vo= 115,115.01.. 120

Resonance curve (interval 115-120 Hz)
0.62

0.41

Cument strength, A
=

0.6

115 116 117 115 119 120
v

Frequency, He

Let's elanify the found approximaticns of resonant frequencies . To do thus,
we will use the built-in functions of the Mathead system: minimize(f,x) and

maximize(f,x)
TaLs= 1-10_9 Resonant frequencies Vo s Hz
Vi 2 Gwen 10217 £ 50
V1, = Mazimize(I,11) = 31.54 <= Voltage resonance
V2= 65 Given MW=visi3

V2, = Minimize (I,12) = 70.352 <= Resonance of currents

vi=Ti Given 7= 03 %00

V3, = Mazimize (I,13) = 75.989 == Voltage resonance
w4 = 110 Given 110 =14 = 117

v4p ‘= Mhngrruze (T, 14) = 16,104 P e T L
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(Continuation of listing 2)

v5 = 116.5 Given 116 = v5 = 120
vSp ‘= Maximize(I,v5) = 117.379 == Voltage resonance
v6 = 150 Given 125 = v6 = 170
v6p = Minimize (I,v6) = 166.141
<== Resonance of currents
v7 =175 Given 170 = v7 < 200

V7, = Maximize(I,V7) = 181442 <== Voltage resonance

Currents in the branches of an electric circuit and currents on its elements for
an industnial frequency of 50 Hz and resonant frequencies: 31.54; 70.392;
75.989; 116.104; 117.379; 166.141; 181.442 Hz.

Calculation of an electric circuit for an industrial frequency 50 Hz:
v = 50 T =220
XI(LO) = 2.77-v-L0-
-1
2.7rv.CO
Current strength in the unbranched section of the circle (element Z1), A

Complex current value Current module
Ik = IK(v) = 0.525 - 2.0051 I1 =I(v) = 2.073

<=Functions for calculating the value of

Xe(CO) = ; complex reactive resistance

Phase shift between current and voltage, deg

cos w = 0968 = @-acos cos M = 14.506
o) T

Stresses on the components of the element Z1, V
Complex voltage value Voltage module

Ukry = Ik1-Ry = 5.248 — 20.0521 Ury = |U1<11‘ = 20727

UkLj = Iky-XI(L1) = 251.979 + 65.944 ULy = [UKLy| = 260.465

UkCj = Iky Xe(Cy) = ~127.654 - 33.407 UC = [UKCy| = 131953

UZ1k = Ik)-Z1y (V) = 129.573 + 12.484i U, = [UZ1k| = 130.173
Voltage and current on Z2
UZ2k = Tky 22345, (V) = 90.427 - 12.484i U, = |UZ2k| = 91.285
UZ2k
= = 0.453 - 2.3851 2= || = 2428
22, (V)
Ukry = kg Ry = 5433 - 2862 Ury = |Ukry| = 29.131
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(Continuation of listing 2)
Voltage and current on the cireuit 1, C,

(L) XefC
ULk = Tky. (L2) Xe(C2) | _ 24.994 + 16.136i ULC2 = [ULkg| = 86,512
(3(La) + Xc(Ca))
- ULkg )
Tky = m = 0514 - 2705 My = |]I,k2| — 2754
- ULkg .
ICky = XC(CQ) =-0061+ 0321 ICy = |IC1-:3| — 0.326
Voltage and current on Z3
. UZk _
3= 723451{(1)) = 0.072 + 0.358 I3 = ‘]k3| = 0.387
Ukrs = Ik3-Ry = 0.576 + 3.03% Urs = |Ukrs| = 3.093

UkL3 = Tk3 XI(L3) = —41.765+ 7.914i ULz = |UkL3| = 42,508

UkC3 = k3 Xc(C3) = 80.604 - 15.273i UCy = [UkCs| = 82.038

UZ3k = Tk3-Z3, (V) = 39.414 - 4.321; Uy = [UZ3k| = 39.651

Voltage and current on Z45, Z4, Z5

U45k = Tk3-Z45, (V) = 51.013 - 8.164i U45 = |U45k| = 51.662
T TSk oo U4 :=T45 U5 := U45
ZAy (V) 14 = |Ikg| = 0.101
UkLyg = Tk XI(Lg) = —12.546 + 2.008i ULy = |UkLg| = 12.706
UkCy = Tky Ke(Cyq) = 63.559 - 10.171i UCy4 = |UkC4| = 64.368
Iks = Zgi?; = 0.056 + 0.28i I5 = |Iks| = 0.286
UkLs = Tks XI(Ls) = —8.796 + 1.75% ULs = |UkLs| = 8.971
UkCs = Tks Xc(Cs) = 59.417 - 11.8831 UCs = [UkCs| = 60.594
Ukrg = Iks-Rq = 0.392 + 1.96i Urg = |Ukrg| = 1.999
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"R1" Ry 11 Ury
"R2" Ry 12 Ury
"R3" R3 13 Ur3
"R4" R4 15 Ury
"1 Ly I ULy
"2 Lj L, ULC2
D= "L3" Ls I3 ULs
4" Ly I4 UL4
"L5" Ls I5 ULs
"c1" Cy n Uy
"c2" Cy ICy ULC2
"Cc3t C3 I3 UCs
"C4" Ca I4 UCq
"C5" Cs 5 UCs y,

(Continuation of listing 2)

Formation of the final table

"Element” "Denomination: Ohm, Hn, F* "Current, A" "Voltage, V" 3

Summary table (frequency 50 Hz)

V = 50 Phase shift between current and voltage deg

"Element"
R
RO
R
R4
AL
W] o
w2
" 4"

v 5

o
o
-
o

IICSII

"Denomination: Ohm, Hn, F"

10
12

0.4
0.1
0.35
0.4
0.1

5% 10"

1.2x 107

1.5% 107

5% 10°

1.5% 107

f

2.073
2.428
0.387
0.286
2.073
2.754
0.387
0.101
0.286

2.073
0.326
0.387
0.101

0.286

"Current, A"

© = 14.51 cos[%- ] = 0.968
"Woltage, V"
20.727
29.131
3.093
1.999
260.465
86.512
42,508
12706
8.971

131.953
86.512
82.038

64.368

60.594
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(Continuation of listing 2)
Summary table. The resonance frequency 31.54 Hz

Phase shift between current and voltage,deg = 5729 cos(% -&p] =054
“Element" "Denomination: Ohm, Hn, F" "Current, A" "Voltage, V"
"R1" 10 9.539 95.388
"R2" 12 9.941 119.287
"R3" 8 0474 3793
"R4" 7 0.354 2476
"L1" 04 9.539 756.129 vlp = 3154
"L2" 0.1 10,432 206.737
. L3 0.35 0.474 32.887 U = 220
"L4" 04 0.12 9.548
"L5" 0.1 0.354 7.01
"c1e 5% 107° 9539 962681
"c2" 1.2x 10 3 0.492 206.737
"c3n 15%x10° 3 0474 159.507
"C4" 5% 10_6 0.12 121.56
"Cse 15%107° 0.354 118.994
Summary table. The resonance frequency 70.392 Hz
Phase shift between current and woltage,deg = 3267 cos[% -&p] = 0842
"Element" "Denomnation: Ohm, Hn, F" "Current, A" "Voltage, V"
"R1" 10 0.865 8.655
“R2" 12 2.279 27.349
"R3" 8 1.825 14.6
"R4" 7 1.316 9.209
L1 04 0.865 153.113 'I.)2p = 70.392
"L2" 0.1 2.978 131.718
- L3 0.35 1.825 282.501 M= 290
VS 04 0.51 90.244
"L5" 0.1 1.316 58.189
"C1" 5% 10" > 0.865 39136
“Cor 12x 1077 0.699 131.718
"C3" 1.5x 107 5 1.825 275.077
"C4" 5% 10" 6 0.51 230.666
'C5" 15x107° 1316 198308
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(Continuation of listing 2)
Summary table. The resonance frequency 75.989 Hz

Phase shift between current and voltage,deg = 3091 cos [% ] = 0.858
"Element" "Denomination: Ohm, Hn, F* "Current, A" "Voltage, V"

"R1" 10 1.869 18.687

"R2" 12 2.048 24.574

"R3" 8 3438 27.503

"R4" 7 245 17.147

"L1" 04 1.869 356.886

L2 0.1 2.819 134592 V3, = 75.989

"L3" 0.35 3438 574.5 U = 220

"L4" 0.4 0.99 189.151

"L5" 01 245 116.952

"C1” 5x107° 1.869 78.278

"c2" 1.2x lCl_5 0771 134,592

"C3" 1.5%10° 3 3438 480.031

"C4" 5% 10" 6 0.99 414.875

"C5" 1.5% 10" > 245 342.024

Summary table. The resonance frequency 116.104 Hz

Phase shift between current and voltage,deg ©w=419 cos [% -tp] = 0.997
"Element" "Denormmation: Ohm, Hn, F* "Current, A" "Voltage, V"

"R1" 10 0.605 6.053

"R2" 12 0.298 3.573

"R3" 8 0.311 2.488

"R4" 7 0.779 5451

"L1" 0.4 0.605 176.634

"L2" 0.1 0.824 60.11 v, = 116.104

"L3" 0.35 0.311 79.396 U = 220

"L4" 0.4 0.87 253.996

"L5" 0.1 0779 56.807

"C1" 5% '10_5 0.605 16.595

"ce" 1.2x 10_5 0.526 60.11

"C3" 1.5x% 10_5 0.311 28417

"4 5% 107° 0.87 238.64

"C5" 1.5x% 1(]_5 0779 71.163
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172

Summary table. The resonance frequency 166.141 Hz

Phase shift between current and voltage,deg

p = 5599

"Element" "Denomination: Ohm, Hn, F* "Current, A" "Voltage, V"

lRll
IR2I
IR3I
IR4I
-Llll
IL2|I
IL3|I
IIAu
ILSII
uc -ll
IC2I
IC3I
IC4I

IC5I

10
12
8
7
0.4
0.1
0.35
0.4
0.1

5% 1072

12x107°

15%107°

5% 107 °

15%x10°°

0.048
0.637
0.643
0.545
0.048
2.0m
0.643
0.099
0.545

0.048

2,708

0.643

0.099

0.545

0.478
7.645
5.146
3.817
19.973
216.151
235014
41.435
56.916

0.916

216.151

41.079

19.012

34.82

Summary table. The resonance frequency 181.442 Hz

Phase shift between current and voltage, deg
"Denommnation: Ohm, Hn, F"

"Element"
IR 1 "
IR2I
IR3I
IR4I
ILl "
IL2II

-
e
s
o
o
o
g

1051

10
12
8
7

0.4
0.1

0.35
0.4
0.1

5% 10°
1.2%x10°
1.5% 107
5% 107

15%10°°

© = 56.03
"Current, A" "Voltage, V"
2.749 27.487
5754 69.054
3.033 24.263
2,531 17.719
2749 1253x10°
10283  1.172x10°
3033 121x10°
0.505 230.237
2.531 288,572
2.749 48.221
16037  1.172x10°
3.033 177.354
0.505 88,575
2,531 148.023

(Continuation of listing 2)

cos . = 0.559
180

v6p = 166.141

U =220

cos| — .o | = 0.559
180

v?p = 181.442

U =220
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Evaluation of errors
To find the error of the result of the experimental studies for a nonlinear
functional dependence Z = f(a,,a,,a,...a,...a,), it is necessary to
construct a composition of the distribution of the random and systematic
errors. But its construction is cumbersome, so an empirical formula is used
to estimate the confidence error:

A(P)=1t,-S; (29)

where, ty = ®(_P)+;((i)) .Sy :\/SZ(Z)Jr ©°(P) .

3
S|Z)+
2)+°4
The confidence limits of the non-excluded systematic error at the
confidence probability are determined P by the formula:

o(P)= k\/zm:[if o, (30)

i=1 aai
k=1latP=0,9
where, k=11atP=0,95, m — is the number of dependence
k=14atP=0,99

parameters /= f(a13a27a3 . a; am) 5

®,—component of the non-excluded systematic error of the ith parameter.

The confidence limits of the random error at the confidence probability
are determined P by the formula:

e(P)=t-5%(Z), (31)

2
where, S(Z):\/Z(sl] S*(a), t — is the Student coefficient. It
i=1\ 04,

1

depends on the number of effective degrees of freedom f, and the selected
confidence probability P [10].

—2 (32)

Z[[Sfj S‘*(cz)/(ni—l)} |
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where m — 1s the number of arguments, », —is the number of dimensions
a; of the argument.

The considered method is mainly used to estimate the errors of scientific
research. When estimating the errors of a physical experiment or engineering
calculations, the logarithm method is most often used [2; 3; 7; 10].

The logarithmic method gives an over-estimate of the error, so it is
called the margin of error. Such an assessment is in many cases sufficient
for technical purposes. Note that we will not be able to calculate its exact
value, but can only estimate its limiting (maximum) value. For a more
accurate assessment of the error, it is necessary to apply the apparatus of
mathematical statistics and probability theory, to find the distribution of the
composition of the distribution of the random and systematic errors.

The method of estimating errors for functions of a real variable is
developed in detail and described in the literature [3; 10], however, the theory
of errors of functions of a complex variable, which includes calculations
of alternating current circuits, is not sufficiently covered in the literature.
Let's consider a simplified method of estimating the marginal value of the
error using the Mathcad system, while applying the well-known method of
logarithm, modernizing it for the function of a complex variable:

— we write down the calculation formula as a complex function of
several variables:

g=g(x).i=l..n, (33)
— we logarithmize the function:
g(xi)zln[g(xl.)], (34)
— we find the partial derivatives of the function (34):
, 0
g (xi):aln[g(xi)], (35)

1

— we find the components of the relative non-excluded systematic
error through the modules of the products of the partial derivatives on the
corresponding absolute systematic errors of the arguments Ax:

g, =|g'(x,)Ax,|, (36)
— the limit value of the relative non-excluded systematic error is
estimated by the ratio:

i

e =Y. (37)
i—1
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— we find the components of the relative random error through the
modules of the products of the partial derivatives on the corresponding
absolute random errors of the arguments Ox;, :

€, z‘g'(xi)-ﬁxl. , (38)
— the limit value of the relative random error is estimated by the ratio:
8r = Zgre ’ (3 9)
i1

— the limit value of the total relative random error is estimated by the ratio:

g=+lc. +¢. . (40)

The errors estimated by ratios (37, 39) are significantly overestimated.
In these ratios, we found the usual sum of the component mean values of the
errors. If a systematic or random error includes four or more components
and the largest of them have the same order, then the theory of errors
recommends estimating their values by ratios:

Zese,n<4
g =4 (41)

N M
n
2
/Zase ,n=>4
i-1

( n
Zsre,n <4
i-1

g =1 (42)

r 9
n
e’ .n>4
re -
LV i1

The Mathcad system [3; 6; 7; 12; 18] has a complete set of tools for
performing calculations with ratios (29-42), so we will evaluate the errors
using the Mathcad system (Continuation of listing 2).
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(Continuation of listing 2)
Evaluation of the values of the component relative systematic errors, %

The function for evaluation the limit value of the relative error of the current forse

|aR1'(Ry,R2,R3,R4,L1,L2,13,14,L5,C1,C2,C3,C4,Cs5,v,U)| - ARy
|aR2'(R1,R2,R3,R4,L1,L7,L3,14,L5,C1,C2,C3,C4,C5,v,U) | ARy
|aR3'(R1,R2,R3,R4,L1,L7,L3,14,L5,C1,C2,C3,C4,C5,v,U) | AR3
|aR4'(Ry,R2,R3,R4,Ly,L2,13,14,L5,C1,C2,C3,C4,C5,v,U)| -ARq
|aC1'(Ry,R2,R3,R4,L1,L2,13,L4,L5,C1,C2,C3,C4,Cs,v,U)| -AC
|aC2'(R1,R2,R3,R4,L1,L3,13,L4,L5,C1,C2,C3,C4,C5,0,U) | AC;
|ac3'(R1,R2,R3,R4,L1,L2,L3,14,L5,C1,C2,C3,C4,Cs,v,U)|-AC3
|ac4'(Ry,R2,R3,R4,L1,L2,13,L4,L5,C1,C2,C3,C4,C5,v,U)| - ACy
|aC5'(R1,R2,R3,R4,L1,L3,13,L4,L5,C1,C2,C3,C4,C5,v,U) |- ACs
|aL1'(R1,R2,R3,R4,L1,L2,L3,14,L5,C1,C3,C3,C4,Cs,v,U) | ALy
|aL2'(R1,R2,R3,R4,L1,L,L3,L4,L5,C1,C2,C3,C4,C5,v,U) | AL
|aL3'(R1,R2,R3,R4,L1,L2,L3,L4,L5,C1,C2,C3,C4,C5,v,U)| ALz
|aL4'(R1,R2,R3,R4,L1,L2,L3,14,L5,C1,C2,C3,C4,Cs,v,U) | AL4
|aL5'(R1,R2,R3,R4,L1,L2,L3,14,L5,C1,C2,C3,C4,C5,v,U) | ALs
(R1,R2,R3,R4,L1,L3,L3,L4,L5,C1,C2,C3,C4,C5,v,U)| - Av
(

R1,R2,R3,R4,L1,12,L3,14,L5,C1,C2,C3,C4,Cs5,v,U)| AU
Evaluation of the limit value of the relative error of the current force for

g() = -100

v’
[

frequencies: 31.54; 50; 70.392; 75.989; 166.141; 181.442 Hz ,%

"Frequency, Hz"
M=

"Current error, %"

31.54 50 70.392 75.989 166.141 181.442

DO = DEG154) DEG0) D £(70392) DT£(75989) D £(166.141) > £(181.442)

PO = avgment(M ,D0)

563 "Frequency, Hz" 3154 50 70.3%2 75989 166.141 181442
- "Current error, %" 8772 4.307 12458 15214 108.16 59229

The function for calculating the value of the modulus of the curren, A

I(v) = |F1{R1,R2,R3,R4,L1,L2,L3,14,L5,Cy,C2,C3,C4,Cs,v,U)|
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(Continuation of listing 2)
f(v) = Zg{u) <== The function for estimating the limit value of the relative
error of the current force, %
v1:=01,02.250

Dependence of the current force and relative error on the frequency
120 10

n

80

f(v1) I(w1)

Relative error, %
Current force, A

40

.....

0.1 50.08 100.06 150.04 200.02 250

vl
Frequency, Hz

- - -- Relative current error,%
—— Current force, A

A series of peaks is observed on the graph of the dependence of the
relative error of the current force in the electric circuit on the frequency at
the resonance frequencies of the circuit.

A comparison of the graph of the dependence of the current force in
the electric circuit on the frequency and the graph of the dependence of the
relative error of the current on the frequency shows that at a frequency of
v = 116 Hz, a slight local maximum is observed on the graph of the relative
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error. Therefore, a frequency of 116 Hz for this circuit may also be resonant,
but this requires a detailed additional study of the resonance curve of the
circuit (Listing 2).

Continuation of listing 2
v2 = 115,1151. 119

Dependence of the current force and relative error on frequency

9 0.62
7.75
l—-“ o
5 -
o f(V2) 6.5 I(v2) ‘:é
B asaa —
: :
L&} # H
[ NG 0.6 =
5.25 - - - - i g
4
115 115.5 116 116.5 117 117.5 118 118.5 119

v2
Frequency, Hz

- === Relative current error,%
— Current forse, A

Therefore, a detailed study of the frequency interval 115-119 Hz
shows that the frequencies 116,1 Hz and 117,38 Hz are also resonant.

4. Conclusions

To study the frequency characteristics of an alternating current circuit
(of an oscillating circuit) a method is proposed that makes it possible to
determine the main characteristics of the circuit quite effectively and to
evaluate their errors.

In the proposed method, there is no need to explicitly find the complex
roots of complex equations. The resonant frequencies of the oscillating
circuit are determined by the method of optimizing the mathematical
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model. Initial approximations of resonance frequencies are determined
from the resonance curve and refined to the required accuracy by means of
the Mathcad system.

The limit values of the oscillating contour parameter errors are estimated
by the classical method of logarithmization, which has been modernized for
the function of a complex variable.

It was found that at resonant frequencies of the circuit, the value of the
relative error of the current increases sharply.

The proposed method can be useful in solving a number of applied
problems in physics, radio engineering, and electrical engineering.

It 1s important that the use of the Mathcad system in the educational
process when studying physics stimulates the student's work. To develop
a working document of the Mathcad system, a student must know
mathematics, clearly understand the essence of physical phenomena and
the laws of their course. At the same time, the task can be conditionally
divided into two components: mathematical and physical. Calculations
are performed by the system according to the algorithm developed by the
student. The algorithm is based on the laws of physical processes that are
considered in the given problem.

Therefore, the use of the Mathcad system during the study of the academic
discipline “Physics” makes it possible to effectively solve problems of
various levels of complexity, not only physical, but also professional, which
require a complex mathematical apparatus. Graphs built using the Mathcad
system contribute to the reliable learning of educational material and a
deeper understanding of physical phenomena and laws.
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Abstract. The purpose of this paper to investigate the issue of optimal,
extreme (minimum) coverage of the area of one flat figure, namely, a square
(rectangle) of the area of another flat geometric figure, such as a circle
(ellipse). The value of a certain function that determines the difference in
the areas of the mismatch of the given geometric figures at the intersection
has been obtained, in the first case the function is dependent on one variable
argument, in the second case — on two arguments, in both cases the study of
the extreme of this function has been carried out, it is shown that in the found
extremum point, the function that determines the mismatch of the areas of
the figures acquires a minimum value. Methodology. The conditions of such
extremely minimal covering of one area with another area are established,
drawings are provided for a better understanding of the formulation and
solution of the given problem. Results. The conclusions have been made, in
which the values of the sought arguments are given, when the corresponding
function will acquire minimum values. Also, as an alternative criterion for
the optimality of such a mutual placement of one figure relative to another,
this paper proposes such a criterion as an effective assessment of the length
of the set of lines along which the specified figures diverge. The value of
a certain function that determines the length of such a sum of the lines
of divergence of the figures in both cases has been obtained, a study has
been carried out on the extremity of this function, it has been shown that at
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