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YCEPEJHEHHA 3AJTIAY OIITUMAJIBHOI'O KEPYBAHHS
3 ®A30BUMHU OEMEXEHHSAMHJ TUITY HEPIBHOCTEMN

YCPEOHEHUE 3A0AY ONTUMAJIbHOIO YNMPABJIEHUA C ®A3OBbIMU
OrPAHUYEHUAMU TUNA HEPABEHCTB

HOMOGENIZATION OF OPTIMAL CONTROL PROBLEMS WITH STATE
CONSTRAINTS OF INEQUALITY TYPE

Hocnidxyembcs npobriema ycepedHeHHs1 3adadi onmumMaribHo20 KepyeaHHs1 3 ¢ha308UMU OBMEXEeHHSMU
muny HepigHocmel Ona Kea3iniHiliHo20 pigHSAHHS eninmuyHoz2o mury. [Npunycmuswiu, wo 6Ci KOMIOHeHmu
Mamemamuy4yHoe2o onucy OaHoi 3adayi 3anexams 8i0 0esiKo20 Masio2o napamempa, eus4yaemscs ii acumrnmo-
muyHa rnogediHka, a makox i0eHmucgikyembcsi Mamemamuy4Ha Mooersib epaHUYHoI (ycepeOHeHoI) 3adadyi on-
mumarnbHO20 KepysaHHs1 ma ii eapiauiliHi enacmusocmi.

U3yqaemcs npobriema ycpedHeHuUs1 3a0aqu ornmuMasibHO20 yrpasseHusi ¢ (ha3osbiMu O2paHUYeHUsMU mu-
rna HepaseHcme Orisl K8a3UIUHEUHO020 ypasHeHUs annunmuyeckoeo muna. pednonoxus, 4mo 8ce KOMIMOHEH-
mbl MameMamu4ecko2o onucaHusi 0aHHOU 3adayqu 3asucsim Om HEKOMOPO20 Masio20 rnapamempa, u3y4yaemcsi
ee acuMmnmomuyeckoe rnogedeHue, a makxe udeHmugpuyupyemcss Mamemamudeckass mooesnb npedesibHou
(vcpedHeHHoU) 3a0ayqu onmumaribHO20 yrpasieHus U ee apuayloHHble ceolicmea.

Problem of homogenization of optimal control problem with the state constraints of inequality type

for kvazilinear equation of elliptic type is investigated. Assuming that all the components of mathemat-
ical description of the given problem depend on a small parameter, its asymptotic behavior is studied
and mathematical model of limit (homogenized) optimal control problem and its variation properties are
investigated.

Beryn

B po6oTi mocnimKyeTbes aCHMITOTHYHA MTOBEAIHKA 3a1a4 ontuManbHoro kepyBanHs (30K) 3 ¢aso-
BUMHU OOMEKEHHSIMU THITY HEPIBHOCTEU JUISI CUCTEM, IO OMUCYIOTHCS PIBHSIHHSAMHU B YACTHHHUX ITOX1/I-
HUX. OCOONHBICTIO PO3TIASHYTHUX 3a]ad € Te, M0 iXHI MaTEeMaTUYHI MOJIENI CYTTEBO 3aJeKaTh Bija Je-
akoro mapamerpa €. I[lpW JOCHTh MajuX 3HAYEHHSIX € YHCENbHI METOJIU, SK TPaBUIIO, €
HECIIPOMOXXHUMHU B aHalli31 TaKuX 3a7ad. TakKuM YHMHOM, MPUPOTHO PO3TIISLAATH 337a4y B yCEPEIHEHHI,
TOOTO BHBYATH il aCHMITOTHYHY MOBEAIHKY, Ko € — 0. Bigomo, mo skoro 6 He Oyna mporeaypa
TPaHUYHOTO aHaJli3y, BOHA MOBHHHA 30epiraTu ToJIOBHY BapialliiHy BIACTHBICTb: 301KHICTh ONITUMAIIb-
HUX PO3B'SA3KIB 1 HAMMEHIINX 3HaUY€Hb (PYHKIIIOHATIB AKOCTI BUXIAHOI 3a1a4i (ko € — 0) 1o aHano-
TIYHAX XapaKTePUCTHUK TpaHudHOi (ycepemHenoi). Y 3B'si3ky 3 muM 30K miis pi3HUX 3HAYCHB € Tpe-
CTaBIISETHCSA Y BUTIIANI TOCIIJOBHOCTI BiAMOBIIHUX 3amady yMoBHOI MiHiMmizamii (3YM), a moTim
BH3HAYAETHCS IMIXOSINA IS IHOTO CiMEHCTBa ycepe HeHa 3a1a4da K, TaK 3BaHa, BapialliiiHa rpaHuLs
JTaHOi MOCTiMOBHOCTI [1].
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BBepeHune

B pabote vccnegyeTtcs acuMmnToTUYECKoe NoBeAeHvne 3agad ontumanbeHoro ynpasneHus (30Y) ¢ da-
30BbIMU OrPaHNYEHUSIMU TUMA HEPABEHCTB AN CUCTEM, OMUCHIBAEMbIX YPABHEHUSIMU B YACTHbIX NMPOU3-
BOAHbIX. OCOBEHHOCTLIO paccMaTpuBaeMbIX 3afay SBASETCA TO, YTO MX MaTeMaTU4Yeckne Mogenm no cy-
LLIECTBY 3aBUCST OT HEKOTOPOro napameTpa €. [Mpn JOCTaTOYHO ManbIX 3HAYEHMUSIX & YUCTIEHHbIE METOAbI,
KaK npaBuUmno, HECOCTOSATENbHbI B aHanM3e Takux 3agad. Takum obpas3oM, eCTeCTBEHHO paccmaTpuBaTb
3ajavy B ycpegHeHun, To eCTb M3ydaTb ee acMMNTOTUYeckoe nosedeHne npu ¢ — 6. Mi3BecTHo, 4TO Ka-
KoM Obl HM Oblna npoueaypa NPeAenbHOr0 aHanu3a, oHa [OMMKHA COXPaHsATb [MaBHOE BapuaLMOHHOE
CBOWCTBO: CXOAMMOCTb OMTUMAIbHbIX PELUEHUA U HAMMEHBLLUMX 3HAYEHUA (DYHKLMOHArIOB KavecTBa UC-
XOAHOM 3afdaum (MpU & — 0 ) K aHanorMyHbIM XapakTepucTukam npedensHou (ycpeaHeHHon). B ceasm ¢
atum 30Y Ana pasnuuHbiX 3HaA4YEeHWI & NPeaCTaBnsSeTCs B BAAE MOCNeO0BaTENIbHOCTM COOTBETCTBYHOLLMX
3agady ycrnosHou MuHmmusaumm (3YM), a 3aTemM onpeaenseTca noaxogdiiasi Ans 9Toro ceMencTsa ycpea-
HEeHHasd 3aJadYa Kak, Tak HasblBaeMbIl, BapyaLMOHHbIV Npeaen aHHOW nocrnegoBaTtenbHocTy [1].

Introduction

This paper studies asymptotic behavior of optimal control problems (OCP) with inequality state
constraints for the systems described by the equations with partial derivatives. Characteristic feature of
considered problems is that their mathematical models depend on some parameter ¢. At rather small
values of ¢ the numerical methods, as a rule, are insolvent at analysis of such problems. Thus it is
natural to consider this problem in averaging, that is to study its asymptotic behavior as ¢ > 6. It is

known, that whatever the procedure for the limit analysis is, but it has to preserve main variational
property convergence of optimal solutions and: minimum value of functionals of the original problem
quality (when ¢ — 6 .) to similar characteristics of limit (homogenized) problem. In this connection the
optimal control problem (OCP) for various values of ¢ is represented in the form of the sequence of
corresponding constrained minimization problems (CMP) and further an appropriate for this family
homogenized problem is determined as so-called variational limit of the given sequence [1].

1. ITocTanoBKAa 3agaui

Hexaii Q — Bigkputa oOMeKeHa 3B's13Ha MHOKHHA B R” 3 JIOCTaTHBO IVIAIKOI0 TpaHMIEto OC, S — Oa-
raToCTaTHICTh B {2 po3MipHOCTi 7 — 1, £ — YacTKOBO BHOPSAKOBAHA 3a CIAJaHHAM MHOXHHA 3 MiHIMAaJIh-
HUAM eneMmeHToM 0. B QQ 3amane ciMeicTBO HEMYCTHX BIAKPUTHX ITIIMHOXUH {ooa cc Q}:36 > 1110 HE 1epe-
THHAIOTEHCS 3 S. MHOKHHU M, B K 33134l PO3TILINAIOTECS SIK HOCI JOMyCTUMHUX KepyBaHb. B 3araapHOMY
BUIIAJIKY 1[I MHOKHHHU MOXYTbh MaTu nepdopoBaHy cTpykTypy. s 3aganux o > 0, 7 € (S i (ikcosa-
Horo € € £ posrmsaemo 30K

Ay + T =%, u; (1)

reHy(Q), uel,={ve P(Q): 1yt <v<r0b); 2)
[ s=2] sy < N

I = | (dx > inf, 4)

€

ne Ay=-div(A(DVy), A :H(Q) - HYQ), T:2(Q) - H'(Q) — weniuiitsmii oneparop
(HenuHelHbIM onepaTop; nonlinear operator), Xw, — XapaKTCPHCTHYHA (yHKIIIST MHOXKMHH ) (Xapak-

TepucTudeckast hyHKLMS MHOXecTBa o; characteristic function of the set w,), y| g — 3BYXKEHHS (QYHKIII

ye l{é(Q) Ha 0araToCTaTHICTH S (CykeHue yHKLMN Y € H&(Q) Ha MHoroobpaswue S; the restriction of the
function y e HJ(Q) to the manifold S).

Oco0nHBICTIO 33/1a4i € MPOCTOPOBA JIOKATI30BaHICTh MHOXKUHU (.. [lependadaeTbes, M0 MHOXKUHU O
MaioTh ephopoBaHy CTPYKTYpy. Sk BurumBae 3 (3), HAC I[IKaBUTh MOBEAiHKA (PYHKIIH KepyBaHHS B
okouti 6araToctaTHOCTI S. Y I1iff CTATTI MPOIIOHYETHCA HETPUBIATbHE y3araIbHeHHS 3a/1a41, PO3TJITHYTOI B
[2]. BigmiHHIiCTD moJsirae B TOMY, 10 HOCIT (yHKIill KepyBaHHs B PO3IIISAHYTIH TYT 3aadi nepeadada-
I0ThCSI 3aJICKHUMU BiJI TapaMeTpa €.
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cepeHeHHs
30K, (prEAHZHMg; homogenization) 30K 2. MeTOH ycepeaAHeHH
(30Y,; OCP,) (30Y; OCP) . .
60 By,I[CMO BUXOJUTH 31 CXCMHU YCCPCAHCHHS, [IOKAa3aHO1 Ha
N
puc. 1. CyTts cxemu B TOMY, 1100:
) 1) 3amucatu Buxizny 30K (1)-(4) y Buarnsai 3amadi
3VM, S—lim 3YM  yMOBHOT MiHiMi3amii
(3YM,; CMP,) (3YM; CMP)
£—0
Puc. 1. liarpama ycepeaHeHHS inf [a (U, )/) ; (5)
Puc. 1. Anarpamma ycpegHeHus (u,y)eE, e E

Fig. 1. Averaging diagram
Ay+ L) =10,
Ee ={(15) € L (Q)x Hy (Q)] 10,&1 <V < Lo, E2» (6)
[ls=2l 2 <@

2) I CyKyIHOCTI 3a1a4 (5) BU3HAUMUTH rpaHuuHy (s € — 0) 3YM;
3) 3a rpaamuHOi0 3YM BigHOBHTH rpanudHy 30K.

3. Anpokcumanis

Yepes HasBHICTD (a3oBUX oOMexeHb (3), 3agaua (1)—(4) 3aMiHIOETHCS TAKOIO 3aJa4el0:

Ay+ L) =y u nB. B 7

YeH (@), uel ={ve P(Q)itnk <V bl (8)
1 2

[s“(u,)/)=(iude+E[v(OL—||)/|5—Zo||Lz(5))] — inf, 9)

ne v: R— R, — onykia MOHOTOHHO criajiHa (DYHKIIisl, CTPOro MOHOTOHHA Ha R i Taka, mo v(£) =0
Vit>0 (BbiNyknas MOHOTOHHO yObiBatowWas (PyHKUMS,, CTPOrO MOHOTOHHas Ha R_ 1 Takas, 4yto v(t)=0
Vvt >0 ; convex monotonously descending function, which is strictly monotonous on R_ and such that v(t)=0
vt >0). 3amumemo mrpadry 30K (7)—(9) y Burnsaai 3YM

{< inf 1, y)>} , (10)
(0.9)eE, cee

Je E¢ — MHOXKMHA JIOMYCTUMHX Tap (MHOXECTBO AONYCTUMBIX nap; a set of admissible pairs)

Ay+ L) =y, 1,

- 2 A
B, =1(uw,y)e I (Q)x Hy (Q) o (11)
Xmg‘z1 SuUs Xo)8§2'
yoepemenns Ockinbku 3amada (7)—(9) € nBomapaMeTpU4HOIO, TO
30K, (ycpeaHeHue; homogenization) 30K 4 : : : HC)
(30Y 05Py) - (30Y; OCP) rpgimqmm mepexix y BiIMmOBITHIN 3VM (IQ) TTOBUHEH
& 3MIIMCHIOBATHCS TI0O KOXXHOMY 3 TIapaMETPiB |l 1 € OKpEMO.
Ilomani HmwxK4Ye pe3yabTaTH IOBOJSATH KOMYTAaTHBHICTH
30K JlaHOi omepallii TPaHUYHOTO Tepexoay. TakuM YHHOM,
30Y,; OCP, .
( ) Jliarpama ycepeJIHEHHs Ha0yBa€ BHIIISY, TIOKAa3aHOTO Ha
puc. 2. Tyt misa mrpadHUX 33124 BUKOPUCTOBYIOTHCS TaKi
3YM, S—lim 3ymM nosHauenus: 30K, 3YM.
(3YM,; CMP,) s (3YM; CMP)
u—>0l 'HO\L 4. S-30i:xHicTh (32 napamerpoMm €) 3YM (10)
3VM, S—lim 3y M — | Benemo npumyieHHs:
(3YM,; CMP,) ———— > (3YM; CMP) . . . .
£—0 a) CIMEeICTBO {Ag} PIBHOMIPHO KOEPIUTHBHE 1 PiBHO-

Puc. 2. Po3mmpena piarpama ycepeaHeHHs MipHO OOMesKeHe;
Puc. 2. PaclumpeHHast gunarpamMmma ycpeaHeHust ’
Fig. 2. Extended averaging diagram
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b) ”75()’1) - Ta(y2)”;r1(g) <An _Y2||L2(Q) (1 + ||-y1||[,2(§2) +||y2||L2(Q)) Vi, e L(Q);
C) omeparopu {7;} PIBHOMIpHO MOHOTOHHI;

w
d) omepatopn {7} wmatote BuactuBicte (M): V {H&(Q)a yk}kﬁ) y, Takoi Mo

L) — i lim sup (T (vi), i) < (0, ), maemo n = T ()
—
€) B, #J;

f) icuye omeparop Tj: I’ (Q) > H ! (Q), s sKOro BHKOHYIOTBCS YMOBH b)—c), i

S Woiq
B ——" B0 V{H@) > | — y e Hy(@);

€

g) icHye HemycTa BiJKpUTa MHOXHMHA ) CC €, Taka 1m0 ®, C®) Ve € E, 1 mpu npomy

@y = int(sup p(xg)), ae %o = W*Eﬁ(Q) = lim y,, -

£—0
h) my' € I (o), ne my =7 ‘mo — 3BYXeHHs QYHKIIT ¥ Ha .

BukopucTtoByroun KOHIEMIIT 301KHOCTI MHOXKHWH B ceHci KypartoBcbkoro [3], I'-36ixkHO0CTI QyHKITIO-
HayiB [3], G-301kHOCTI oniepaTopiB [4] 1 S-30ixkHOCTI 3YM [1], IETKO BCTAHOBHUTH TaKHH pE3yibTarT.
Teopema 1. Hexaii suxonyromscsi npunywenus a)—h). Tooi npu xoocnomy 3uavenni u > 0 nocuioos-

nicmo (10) abcorromno S-36icacmovcsa 0o 3YM

< inf ]5‘(u,y)>; (12)

(u,y)eE,

) =y 15
=, =1(u, L2QXH19AM+T° ‘”0} (13)
’ {(uy)e (£) A (©) %081 < U< %08y
2
Iy y) = fH70_1U2(X)dX+H_1{V(0€—||)’|5—Zo||Lz(S))J — inf. (14)

9

A() = G_ hIIl Agy 76 = SH_I(Q) - hIIl 7;7 XO = WLOO(Q) _Elzij)%Xms’ H70 = XO ‘0)0 . (15)

£—0 £—0

5. 36ixknicTh 32 mapameTpoM P mrpapuux 3axad (10) i (12)

Ockinbku 115 dikcoBaHOro € € E MOCiioBHOCTI {Ig(u, y)} , {[5‘(11, y)} MOHOTOHHO 3POCTa-
u>0 u>0
I0Tb, KOJIU p — 0, TO, nepexofsun 1o rpanuui B (10) i (12), ogepxumo [5]
inf_ 7*(u, y) _ Sl inf  7.(u, ) ; (16)
(u,y)e= cc E n—0 (u, ez, e E
inf_ If(u, y) _Slim 0 g L(uy)), (17)
(u,y)e=0 u—0 u,y)eE,
e
inf  [,(y,p)), (18)
(u, ez,
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Ay + L) = %6, 1,
= =1 (0.0) € 22 (@) H) (©)| 208 < 1 10 (19)
5= 25y < @
Ly, )= | my P (x)dx —> inf . (20)
o
6. S-30ixkHicTH (32 mapamMeTpoM €) Buxianoi 3YM (5) i pe3yabTat ycepeqHeHHS
BBenemo Taki mpUIynieHHs:
D1-LmE; #QD, 1=0p X0y
j) icHy€ T-301>KHA TIOCIIJIOBHICTh JOIyCTUMUX Tap {( U, yg) € Eﬁ}ge > TPanuIs SIKOT HaJISKUTh 10

MHOHHH 11 A — BiIHOCHOI BHYTPILIHOCTI MHOKMHHU
A:{(u,y)e 2(Q) x H(1)(Q)“|y|5—zo||L2(5) Soc}; (21)

k) cL (Eg Nri A)=EgNA, ne ¢l () — t-3aMEKaHHSI MHOXXHHH (3aMblKaH/e MHOXeCTBa, closure of
the set).

Teopema 2. Hexaii guxonyiomscs npunywenns ay—Xk). Tooi npu xoocrnomy snavenni | > 0 nocrioos-
Hicmb (5) abconromno S-30icaemucs 00 3YM (18).

CTpykTypa MHOXUHU =, H03BOJAE BiAHOBUTU 1o rpaHuudiil 3YM (18) rpanudny (ycepenHeHy)
30K:

Ay + T =%, Us (22)
ve Hy(Q), uely={vel(Q): 1 <v<xk; (23)
7152 g < @ (24)
I, p) = [ my'v*(x)dx — inf. (25)
@

7. Illpukaan
%, Hexait Q — nigo6macts B R 3 nocTa-
THBO TJIQJKOI0 TPAHHUICI0, ®; — JeIKa

Hemycra migMHOXMHa B Q (puc. 3).
MHOXHHA ®; IHTEPIPETYETHCA K 30HA
8 KepyBaHHSA 1 Ma€ 'pardary MepiogudHy
CTPYKTYPY 3 MEPioJIOM &, KA 3aJIAEThCS B
Takwii croci6: o, =0y N 0., O, =€0,

0

0 £oom — i 61actb B R’
Puc. 3. O6macts €2 Puc. 4. Kowi . e Q OZIHOTIEPIOANHE O : .
4. pKa I1epioAMYHOCTI _
Puc. 3. O6nacts (2 Pucto 4. Avenka nepmognyHocTn E(?Cfiﬂc. 4 moxasaHa KoMIpka Heploant
Fie. 3. The d in Q Fig. 4. The periodicity cell . )

® ¢ domam Ha o6macrti Q posrissaemo taky 30K:

. X
—dIVE 8 Vyj ot 26)

S €
Y& 0( )’ ue U Ve ( )'Xmg§1—V—XmeE.a2’ (27)
7152 g < @ (28)
L(u, p) = | (x)dx — inf. (29)
(O]

&€
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ITepenbadaroThest Taki KOEQIIiEHTH SMITHYHOTO OIepaTopa:

a(x/e)={B(B>0), xeQNQ; v(r>0), xeQ\ O}. (30)

3acTOCOBYIOUM ONMCaHy BUIIE MPOLENYpPY YCEPEIHEHHS, MOKHA MOKa3aTy, mo rpanndHa 30K B npo-

My BHIIQAKY ICHYE 1 MOke OyTH TipeacTaBiieHa y BUTIsAA1 Takoi 30K:

78

A)AY = Yo U (31)
ve Hy(Q), uely={ve L(Q):1 <V r0b): (32)
[N s=2] 5 s (33)
I, ) = [ my'v*(0)dx — inf; (34)
@y

a0={3_1(28—62)+(1—6)zj, my =28-8%, %9(x) ={26-8%, x ey 0, xe Qg . (39)

1. NocTaHoBKa 3apaun
|_|yCTb Q— OTKpPbITOE OrpaHn4eHHoe CcBA3HOEe MHOXEeCTBO B R" C AOCTaTO4HO FJ'IaLI,KOI7I rpaHmueVl aQ,
S — MHOF006pa3Me B Q pasmMmepHOoCTn n — 1, E — yactuyHo ynopsago4veHHoe no y6bIBaHVIrO MHOXXeCTBO
C MWUHUManbHbIM 3nemeHToM 0. B Q 3a4aHo CceMeuncTso HenyCTblX OTKPbITbIX MNOAMHOXEeCTB
{(0S cC Q}seE’ HE nepecekarLmnxca ¢ S. MHOoXecTBa o, B aTon 3agadvye paccMaTpmBaroTCAd Kak HOCUTE-

nv gonycTnMbIX ynpasneHuin. B obwem cnyyae aTm MHOXeCTBa MOryT MMeTb NepdOpUpOBaHHYIO CTPYK-
Typy. [ina 3agaHHbIX o >0, z5 € L2(S) n pmukcmpoBaHHoro € € E paccmotpum 30Y: (1)—(4).
Ocob6eHHOCTbIO 3aaun ABNsSeTCA NPOCTpaHCTBEHHAs NOKann3oBaHHOCTb MHOXECTBa o,. [pegnona-
raeTcsl, YTO MHOXeCTBa ®, MMelT nepdopMpoBaHHyto CTPYKTYpy. Kak cneayet u3 (3), Hac uHTepecyet
nosegeHue (OyHKUMI ynpaBreHns B OKPECTHOCTU MHoroobpasus S. B aTon ctaTbe npegnaraeTcs He-
TpuBManbHoe obobLieHre 3agayum, paccmoTpeHHon B [2]. OTnnymne 3aknovaeTcd B TOM, YTO HOCUMTENU
YHKLUIA ynpaBneHns B pacCMOTPEHHON 34ecCb 3afave npeanonaratTcs 3aBUCALLMMI OT NapameTpa &.

2. MeTop, ycpepHeHus

Bynem ncxogutb U3 cxeMbl ycpeaHeHusl, nokasaHow Ha puc. 1. CyTb cxembl B TOM, YTOObI:
1) 3anucatb ncxogHyto 30Y (1)—(4) B Buae 3agayum ycrnoBHoW MuHuMmmsaumm (5)—(6);

2) onsa coBoKynHocTv 3agad (5) onpegenuTb npegensHyto (Npy € — 0 ) 3YM;

3) no npegenebHon 3YM BoccTaHoBUTL NpegernsHyo 30Y.

3. Annpokcumauums

Beuay Hanuuns casoBbix orpaHunyeHui (3), 3agadva (1)—(4) 3ameHsieTca 3agaden (7)—(9). 3anu-
wem wrpadHyto 30Y (7)—(9) B Buge 3YM: (10), (11).

MockonbKy 3agava (7)—(9) sBNseTca AByxnapameTpuyecKkon, TO npedernbHbI nepexo B COOTBET-
creytowenn 3YM (10) gormkeH OCyLLEeCTBRATbCS MO KaxaoMy M3 napameTpoB p M € oTaensHo. [Npuse-
[OEHHble HWXe pe3ynbTaTbl [0Ka3blBaloT KOMMYTaTUBHOCTb AaHHOWM onepauun npegenbHoro nepexoaa.
Takvum obpasom, guarpamma ycpegHeHus npuHumaet Bug (puc. 2).

3aecb ans wrpadHbIX 3a4ay Ucnonb3yoTca cneayowme obosHadveHns: 30Y, 3YM.

4. S-cxopumocTb (No napameTpy ¢) 3YM (10)

Beegem npeanonoxeHus:
a) cemeiicTBO {A;} paBHOMEPHO KOIPLMTMBHO 1 PABHOMEPHO OrPaHUYEHO;

b) [T (y4) - To(y2 )||H—1(Q) <Ay —Y2||L2(Q)(1 +||Y1||L2(Q) + ||y2||L2(Q)) V1Y, €L (Q);
c) onepatopsl {T,} PaBHOMEPHO MOHOTOHHI;

w
d) onepatopsbl {Tg} obnapgatotr cBovictBom (M): ¥ {H&(Q)ayk}kﬁw, Takoh 4TOo
W:—H(Q) . .
T () ——sn w limsup (T, (vk).yk) <(n ), umeem n=T, (yy);

k—0
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e) E, 27,
f) cywecTtByeT onepaTop TO:LZ(Q)—>H‘1(Q), AN KOTOPOro BbINOSHAKTCSA YCrnoBua b)—c), u

S W,
Ty ) ——oTo(y) V{HI(Q)5y,] — oy e Hy(Q);

g) CyluecTByeT HemycToe OTKPLITOE MHOXECTBO moCC (, Takoe 4To o, C wo Ve € E, 1 npu atom
wy =int(supp(xo)), rae xo = Wiriy ™ IM Lo, ;

h) my' el (w9), roe mg = x0|% — cyxeHune PyHKLMM o Ha @y.

Mcnonb3ysa KoHUenumMmM cxoanumocTn MHoxecTB no Kypartosckomy [3], T'-CxoanMocTn PyHKLUOHaNoB
[3], G-cxoamnmocTu onepatopos [4] n S-cxogmumocTn 3YM [1], nerko yctaHoBMTb CriegytoLmMn pesynbTarT.
Teopema 1. [Tycmeb ebinonHsaomes npednonoxeHusi a)—h). Toada npu kaxdom 3HavyeHuu p >0 no-

cnedosameribHocmb (10) abconomHo S-cxodumcesi k 3YM: (12)—(15).
5. CxogumMmocTb NO nNapameTpy p wrpadHbix 3agad (10) n (12)
Tak kak npu cukcnpoBaHHOM €< E nocnegoBaTenbHOCTU {Iﬁ(u,y)}wo , {Ig(u,y)}u>0 MOHOTOHHO
Bo3pactawT npu p — 0, To nepexoas k npeaeny B (10) u (12), nony4dum [5]: (16)—(17), rae (18)—(20).

6. S-cxogumocTb (No napameTpy &) ucxogHon 3YM (5) u pesynbTaTt ycpegHeHus

Beenem crieaytoLume NpeanonoXeHns:
i) t-LmZ, =g, T=0p2(0) X O -
j) cyllecTByeT t-CxoaALascs nocneaoBaTenbHOCTb AOMYCTUMbIX Nap {(ug, )€ ES}SEE, npegen ko-

TOPOWN NPUHALNEXNT MHOXECTBY i A — OTHOCUTENBbHOW BHYTPEHHOCTUM MHOXECTBa (21);

k) cl.(EgNri A)=EoN A, rAe ¢l (*) — t-3aMblkaH1e MHOXeCTBa.

Teopema 2. [ycmeb ebinonHsomces npednonoxeHusi a)—k). Toeda rnpu kaxdom 3HadyeHuu >0 no-
cnedosamenbHocmb (5) abcontomHo S-cxodumcesi k 3YM (18).

CTpykTypa MHOXecTBa ZE; MN03BOMsSeT BOCCTAHOBUTL Mo npedensHon 3YM (18) npenenbHyto (yc-

pegHeHHyto) 30Y: (22)—(25).

7. Mpumep

Myctb Q — nopobnacTb B R’c JOCTaTOYHO rMNagkon rpaHuuen, o, — HeKOTopoe HenycToe NOAMHO-
xectBo B Q (puc. 3). MHOXeCTBO ®, MHTEPNPETUPYETCA KaK 30Ha YMNpaBieHUs U MMEET peLleTyaTyro
NepuoanYecKylo CTPYKTYPY C Mnepuodom g, KoTopas 3afaetcsa crnefylowmm obpasoMm: o, =0y 1 Q,,

Q. =£Q, rae Q — ogHonepuoanyeckas obnacts B R. Ha puc. 4 npeacTasneHa sueika neproanyHo-

cTu.
Ha obnactu Q paccmoTtpum cneaytowyto 30VY: (26)—(29).
KoadhduumeHTbl annuntuyeckoro oneparopa npeanonaratiotcs cnegytowmmm: (30).
MpumeHasa onucaHHy npoueaypy yCpeaHeHus, MOXHO MNokasaTtb, YTo npegenbHas 30Y B aToM
cnyyae cyuwiecTsyeT u npeactasuma B Buge (31)—(35).

1. Problem statement

Let Q be an open bounded connected set in R” with the smooth enough boundary 6Q, S be
manifold in Q dimensionality n — 1, E be partially arranged in descending order set with minimal

element 6. The family of the nonempty open subsets {mS cc Q}SGE not interesting S is given in

Q. The sets o, can be regarded in this problem as the supports of the admissible controls. In
general case these sets may have perforated structure. For the given o >0, z; € LZ(S) and fixed
¢ e E let’s consider the following OCP: (1)—(4).

The specific feature of this problem is spatial localization of the set w,. It is supposed that
these sets have the perforated structure. As it follows from (3) we are interested in the behavior of
the control functions in the neighborhood of the manifold S. In this paper nontrivial generalization
of the problem considered in the recently published article [2] is suggested. The main difference is

that the supports of control functions in the problem studied here are assumed to be dependent
on the parameter ¢ .
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2. Averaging method
Let us start with the following homogenization scheme (Fig. 1).
The main point of this scheme is:
1) write the initial OCP (1)—(4) in the form of constrained minimization problem (CMP):
(5)—(6);
2) for the problem family (5) define the limit CMP (at ¢ —> 0);
3) recover the limit OCP by limit CMP.

3. Approximation
Due to the state constraints (3) the problem (1)—(4) is replaced with the following problem:

(7)—9),
Let us write down the penalty OCP (7—9) as CMP: (10)—(11).

Since the problem (7)—(9) is two-parametric, then the limit transition to corresponding CMP
(10) should be carried out by each of the parameters pu and ¢ separately. The results presented

below prove the commutativeness of the given limit passing operation. Thus, the extended ho-
mogenization diagram will take the form: (Fig. 2).

Here for penalty problems the following notations: OCP,CMP . are used

4. S-convergence (by parameter ¢) of CMP (10)
Let us introduce the following assumptions:
a) the operator family {AS} is regularly coercive and is regularly limited;
2
b) |T.(v4) - Ts(v2)||H'1(Q) <AMyi- y2"L2(Q) (1 + ||y1||L2(Q) + "y2"L2(Q)) Vy1Ya €L5(Q)
c) the operators {Tg} are regularly monotonous;

w
d) the operators {Tg} possess the property of (M): v {H&(Q)ayk}kww, such that

w

T, (v ) — 2 and imsup (T, (vc)-vi) < {n. ), we have =T, (y);
—
e) E +J;

f) there is an operator Ty : L (Q)—)H’1(Q), for which the conditions b)—c) hold true and
Sia) 1 Wit 1101 -
Ty ) ——Toly) V{HI(Q)5y,] — oy e Hy(Q);
g) there is nonempty open set wyo> Q so that o, cw, Ve € E and oy :int(supp(xo)),

— lim

where yo =w,.. m
€

(@) o *

h) mg'el” (o), where m :X0|m0 is restriction of the function y, to thew,. Using the con-

cepts of the set convergence in the sense of Kuratowski [3], I'-convergence of functionals [3],
G-convergence of operators [4] and S-convergence of the constrained minimization problems [1],
it is easy to reach the following result.

Theorem 1. Assume that the assumptions a-h are valid. Then for every fixed value of p>0

the sequence (10) is absolutely S-convergent and it takes the form (12)—(15).
5. Convergence by the parameter (M) of penalty problems (10) and (12)

Since for every fixed value of ¢ € E functional sequences {/g‘(u,y)} , {/g(u,y)} are mo-
u>0 u>0
notonously increasing at p — 0, it follows that passing to the limit in (11) and (14) we obtain [5]:

(16)—(17), where (18)—(20).
6. S-convergence (by parameter ¢) of the original CMP (5)
and the result of homogenization
Let us introduce the following assumptions:
i) t-LmE, =, T=0p20) X Opyt )

j) there is t-convergent sequence of the admissible pairs {(u& ys) € Es}aeE the limit of which
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belongs to the set ri A — relative interior set (20);
k) cl. (2o Nri A)=E¢gN A, where cl_(+) is a t-closure of the set.
Theorem 2. Let the assumptions a-k be performed. Then for every fixed value p >0 the se-
quence (5) absolutely S-converges to CMP (18).
The structure of set E, allows to reconstruct the limit (homogenized) OCP by the limit CMP
(18): (22)—(25).
7. The example

Let Q be a subdomain of R? with rather smooth boundary. Let o, be some nonempty subset of
Q (Fig. 3). The set w, is interpreted as the control zone and it has the periodic lattice structure
with the period &, which is set in the following way: o, =0y 1 Q,, Q, =eQ, where Q — is one-
period domain in R%. In Figure 4 the cell of periodicity is presented.

On the domain Q let’s consider the following OCP: (26)—(29).

The coefficients of the elliptic operator are supposed to be the following: (30).

Applying homogenization procedure described above, it is possible to show, that in this case
the limit OCP exists and is presented in the form of: (31)—(35).

BucHoBku

Takum 9MHOM, OTPUMAHO JOCTAaTHI YMOBH iCHYBaHHS ycepeaHeHoi 1o (1)—(4) 3amadi Ta imeHTH(IKO-
BaHO 11 CTPYKTYpYy.

BbiBOAbI

Takum o6pa3om, NosyYeHbl 4OCTATOYHbIE YCIIOBUS CYLLECTBOBaHNA ycpeaHeHHon K (1)—(4) 3apaun
N MOeHTUULMPOBaHa ee CTPYKTypa.

CONCLUSION

Thus, the sufficient conditions of the existence of the averaged to (1)—(4) problem have been
obtained and the structure of the problem has been identified.
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